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Throughout the problem set, A is constant.

la.  Atwhat average rate will income per capita in the USSR have to grow in order to overtake (i.e. to
equal) the industrialized nations’ income per capita in exactly 30 years? Assume the industrialized nations’
income per cagita IS growing at 2%.

Yussr = 5006 = 50006°"*% = yipaystia

30g = In10 + 30(0.02)

g =0.02 +In10/30 = 9.7%.

b. If the USSR sustains the growth rate of part a., how long after it has overtaken the industrialized nations’
GDP per capita will it take for it to attain double the industrialized nations’ GDP per capita? Again, assume
the industrialized nations’ GDP per capita is growing at 2% per year.
Suppose T—t years after overtaking, the USSR will double the industrialized countries GDP per capita. Let
y: be the GDP per capita level when they are equal. Then:
VT UssR = Vi e0.097(T-t) =2y, e0.02(T7t) — 0%
(T-1)(0.097-0.02) = In2
(T-t) =1In2/(0.077) =9.0
So at this pace, 9 years after overtaking, USSR will double the industrialized countries’ GDP per capita. It
would thus take 30 years to catch and 9 more years to double.

YT, Industrial

c. What fraction of national output must the USSR devote to building new capital goods in order to attain
the growth rate of part a.? What fraction would be left for consumer items? [Hint: another word for the
fraction of output devoted to building new capital goods is the investment rate, i.e. the ratio 1/Y:. And,
remember that savings equals investment, so the investment rate equals the savings rate.]
Note that the fraction of production devoted to capital goods instead of consumption goods is just s, and the
fraction devoted to consumption goods is 1-s. One can see this because, in the basic growth model, I; = S; =
sY:. Thus s can be interpreted as the fraction of national income saved and also as the fraction of national
production devoted to investment goods. Similarly, C;=Y;— S;= Y- sY;= (1-5)Y}; so (1-s) is the fraction
of output devoted to consumption goods.
Use the key equation g= sA—d—n, knowing that A=0.5, d=8%, n=2%, g=12%.
9.7% = s*0.5 - 8% — 2%
s=(9.7% + 8% + 2%)/0.5 = 39.4%
1-s = 60.6%
So 39.4% of national output should be devoted to building new capital goods and 60.6% is left for consumer
items.

d. Atwhat rate are the industrialized countries saving if they are growing at 2% per year?
As in part ¢, use g = SA—d-n:
2% =s*0.6 —8% —2%
5=(2%+8%+2%)/0.6=20%
So in the industrialized countries, the saving rate is 20%.

e. What would you calculate the ratio of consumption per capita in the USSR to consumption per capita in
the industrialized countries when the USSR overtakes the industrialized countries (i.e. when GDP per capita
is equal)? Assume the savings rates of parts c. & d. What would the ratio be when the USSR reaches
double the industrialized nations” GDP per capita?



The key equation is ¢; = (1-s)y;. We need to calculate ¢; yssr/Ct industrial 2N CT ussrR/CT industrial, Where t is the

year the countries are equal and T is the year that USSR doubles the rest of the world. So we need:
1-Syssr Yeussr _ _ 0.606 1

Ct,USSR/(-"t,industriaI = (l_SUSSR) Yt,UsSR / [(1_Sindustrial) Yt,industrial] = . -=0.76.
1-Sindustrial Ytindustrial 08 1

Note that y; ussr and Vi industrial are equal, by definition, since t is the year they are equal. Thus their ratio is 1.
So, when the two countries have equal incomes, the USSR is still consuming a lot less — 76% of the
industrialized nations’ consumption — because it is devoting so much of production to investment goods.

However, in this model over time they will eventually reap the rewards of forced savings:
1-Syssr YTUssR __ _ 0.606 2

Crussr/Cr,industrial = (1-Sussr) Yrussr / [(1=Sinaustriat) YT industrial] = T— = 1 152
“Oindustria ,industria .

Note that yr ussr equals twice yrinqustrial, DY definition since T is the year they double, and thus the ratio is
2/1. A mere 9 years later the Soviet Union is enjoying 52% more consumption, in this model, and on their
way to an ever-increasing gap in consumption.

2a. Solve for Soviet long-run GDP per capita (y’) as a function of its savings rate.
y = 400k*® | n = 2%, d = 8%.
In the long run, gk = 0, i.e. SAf(k')/k” = (n+d)

sA/(n+d) =K'/ fgk*) = K23

k" = [sA/(n+d)]*

y = Af(K) = A [sA/(n+d)]¥ ) = A [sA/(n+d)]*? = A¥? [s / (n+d)]H?
Plugging in numbers (except s):
y'= (400)*2 s¥2 /(.02+.08)2 = 8000 * s*? * 3.1623 = 25298.22* s*2

b. What fraction of national output should be devoted by the Soviet Union to building new capital goods in
order to overtake, i.e. equal, the industrialized nations’ GDP per capita in the long-run? What fraction is left
for consumer items?
To equal the industrialized countries’ GDP per capita in the long run, the Soviet Union must reach $10,000:
Y ussr = $10,000; using our formula for y* for USSR from part a:
10,000 = 25298.22 '
s = (10,000/25298)% = 15.625%
The fraction for consumption is 1-s = 1-15.625% = 84.375%

c. What fraction of national output should be devoted by the Soviet Union to building new capital goods in
order to surpass, i.e. double, the industrialized nations’ GDP per capita in the long-run? What fraction is
left for consumer items?
To double the industrialized countries” GDP per capita in the long run, the Soviet Union must reach
$20,000:

Y ussr = $20,000; using our formula for y* for USSR from part a:

20,000 = 25298.22 5"

s = (20,000/25298)% = 62.5%

The fraction for consumption is 1-s = 1-62.5% = 37.5%

d. Inthe long run, what is the ratio of Soviet GDP per capita to GDP per capita in the industrialized
countries, and what is the ratio of Soviet consumption per capita to consumption per capita in industrialized
countries if*the Sovigt Union achieves the goal of part b? of part ¢? (That is, find four ratios.)

Inpartb., y ussr =Y industrial = $10,000, so

Y ussr! Y industrial = 1, and

Cussr/ C industral = (1-Sussr) Y sk / [ (1-Sindustrar) Y industria] = (1-.15625)/(1.1) = 0.9375.
Inpartc., Y ussr = 2 * ¥ industrial = $20,000, 50

y*USSR/ y*industrial =2,and

C*USSR/ C*industrial = (1_3USSR) y*USSR/ [ (1_5industrial) y*industrial] = (1_-625)*2/(1_-1) =0.8333.



e. Comparing the outcomes of part d. of this question to the same question answered using the AK model
(problem 1), which model produces a more optimistic outlook for achieving, by saving and investing at high
rates, the Soviet goals of overtaking and surpassing industrialized countries’ living standards? Remember
that living standards are best measured by consumption here.

Interestingly, the more ambitious goal here of doubling the industrialized nations GDP (which produced
good results if the AK model is true, see 1e. above), would here have a negative effect on what really
matters in the model, consumption per person. Savings would be so high in order to maintain a high level of
capital per person that little would be left to consume, and in fact, living standards measured by
consumption would be less than 85% the industrialized nations’ level. That is, the more ambitious income
goal could actually lead to lower consumer well-being in the short- and long-run, in the Solow model. The
promised eventual rise in consumption would never materialize if there are significant diminishing returns to
capital. Even the goal of equaling industrialized income would not produce equal living standards. By
contrast, the AK model is quite optimistic —a mere 9 years after overtaking industrial income levels, it will
reach twice their income levels and 50% more consumption. In the AK model, high savings always pays off
given enough time. So, clearly the AK model is the more optimistic — one can achieve nearly any goal with
enough savings/investment and enough time.

3. Assume the framework of the AK model, with the following modification. A household’s savings rate,
specifically its marginal propensity to save, is low when its income is below $1000. It then switches to a
higher rate when income exceeds $1000. Specifically:
n=1%
d=5%
A=05
MPSjow = 0.1
L] MPShigh =0.25
Assume there is no income inequality. What are the growth dynamics in this economy? Specifically,
answer the following questions.
a. Derive the average savings rate in the economy as a function of capital per worker, k.
Savings(y) = 0.1*y + (0.25-0.1)*max{y-1000,0}
This reflects the fact that 0.1 of every unit of income gets saved, plus an additional 0.15 of every unit of
income over 1000.
Savings_rate(y) = Savings(y)/y = 0.1 + (0.25-0.1)*max{1-1000/y,0}
Since y=Ak, Savings_rate(k) = 0.1 + (0.25-0.1)*max{1-1000/Ak,0}
= 0.1 + (0.25-0.1)*max{1-2000/k,0}.
You can also write this as:

0.1 if k <2000

s = 300
0.25 _T lf k = 2000



savings rate
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k

b. What is the average income level above which sustained growth will occur, and below which it will not
occur?

The key condition is that gx = SAf(K)/k — (n+d) = 0. In other words, we want to find where the actual
investment curve (sAf(k)/k) intersects break-even investment (n+d). See the graph from the notes.

s(k) A=n+d

0.25 —300/k = (n+d)/A =0.12

Keriticat = 300/0.13 = 2308

Yeritical = AKeritical = $1154

c. What is the asymptotic (i.e. long-run) growth rate for an economy that starts with enough income to
sustain growth? How does the income growth rate evolve over time for such an economy (i.e. does it
increase or decrease)?

Asymptotically, the savings rate approaches 0.25, and we have the simple AK model where g=s,A-d-n =
6.5%.

The growth rate increases over time. One can see this because gk = gy = S(K)A — (n+d), and s(k) increases in
k (see above). Of course, it approaches 6.5% in the long run, but always on a monotonically increasing path.

d. What is the long-run income for an economy that starts poor enough?

The growth rate for an economy that starts below ycriticat Will be negative, since s(k)A — (n+d)<0 in this
region by construction. Eventually the economy will have k<2000, and thus will grow at s)A — (n+d) = —1%.
Growth at this negative rate will leave the economy approaching an income of 0 in the long-run.

e. How would income inequality affect growth prospects in this model? Specifically, holding fixed the
average income level, would higher inequality raise or lower the average savings rate of the economy? A
discussion or diagram without a formal proof is fine.

Note that the savings function (household savings as a function of income, not savings rate as a function of
income) is weakly convex: it is piecewise linear, with an upward Kink at y=$1000. Thus, a mean-preserving
spread in income weakly raises average savings. (This is a basic result in microeconomics, that a mean-
preserving spread in y raises the average of a convex function of y.) But a mean-preserving spread in
income is exactly a rise in income inequality. Thus, in this model higher income inequality raises savings,
and thus growth. The intuition is that high-income households save at high rates, and thus money in their
hands is good for the economy-wide growth rate.

4. Compare the effect on long-run income of a fifty percent increase in the savings rate (for physical
capital), s, e.g. from 20% to 30%, in the Solow model vs. the H-augmented Solow model. In the case of the



Solow model, assume Y=AK*N"* while in the H-augmented Solow model, Y=AK*H*N** (with a<1/2 in
both cases). For example, Y=AKY*N?? in the Solow model, and Y=AK**H*N? in the H-augmented
Solow model. What do you think accounts for the difference?
For the Solow model, y* comes from setting
sAf(k)/k = n+d
k/f(k) = sA/(n+d)
k' = sA/(n+d)
K = [sA/(n+ d)]ll(l-a)
y* - Ak *a Al/(l-a)sa/(l-a)(n+d)-(x/(1-0!)
If s increases 50% to 1.5s, then income goes up to
y*, _ Al/(l-a)(]_ISS)a/(l-a)(n+d)-a/(1-(x) — 1.5(1/(1-(1)A1/(1-(x)sa/(l-a)(n+d)-a/(1-a)
— 1.501/(1-(1) y*-

For the H-augmented Solow model, y* comes from simultaneously setting
sAf(k,h)/k = n+d

gAf(k,h)/h = n+d

Combining, one sees that in steady state, h = k(qg/s)
Using this and the first equation,

k/f(k,h) = sA/(n+d)

k/[k*h"] = sA/(n+d)

k/[k"(ka/s)"] = sA/(n+d)

k% = s"g " Al(n+d)

k — [Sl aq(xA/(n_I_d)]l/(l 2a)

h" = (g/s)k” = [s"q “Al(n+d)] V-2

y = Ak *(xh*(x Al/(l Za)sa/(l 2(1) a/(1 2a)(n+d) 20/(1-20)

If s increases 50% to 1.5s, then income goes up to y~> = 1.5%0129) y*

y.

Summarizing, in the Solow model 3;— = 1.51-« and in the H-augmented Solow model 3;— = 1.51—2a. Thus,
the effect in the H-augmented Solow model is greater than in the Solow model by a factor of

2
1.51-za za/l 51 a = 1.50-20)(1-0)>] .
If =1/3, this is 1.5 = 1.225. Thus, the output effect is 22.5% greater in this example.

Even though capital’s share is the same in both models in this example, a fixed-percentage increase in the
savings rate has a greater impact in the H-augmented model. One can think of this as a result of a greater
overall share of accumulable factors, physical and human capital together (2a rather than o). Accumulating
more physical capital alleviates diminishing returns in human capital and allows more human capital to be
accumulated, and vice versa. Thus there is a kind of feedback effect across the two types of capital.

Optional Challenge Problems

5. Consider a mix of the AK model and the Solow model. In particular, let Y=AK + BK*N" All other
aspects of the economy are the same as in the AK and Solow models.

a. What is the condition for sustained long-run growth to be possible? Is this similar to the AK or Solow
model?

Again, we can see how capital k; evolves using the equation

gk = s y/k — (n+d)

Here, y (=F(k,1)) =Ak + BK".

So gk = S(A + B/kY™®) — (n+d)

If sustained long-run growth is occurring (by which we mean y growing without bound), then k is growing
without bound. So, the asymptotic growth rate of capital in this case would be sA — (n+d), since
limi_--B/k® = 0. This must be positive for long-run growth to occur, so the condition is SA>n+d, exactly as
in the AK model. One can also see this in the following graph; if SA>n+d, the actual investment curve is
always above the break-even investment curve. On the other hand, if SA<n+d, the actual investment curve



intersects the break-even investment curve exactly once, and this defines a steady-state level of capital k
exactly as in the Solow model, which is found by setting gx = 0 and solving for k.

sy k

S8 1

-+

b. Assuming a growing economy, how does the growth rate of k evolve over time (i.e. does it increase or
decrease)? Is this similar to the AK or Solow model?

Since g = S(A + B/k'™) — (n+d) , one can see that gy decreases over time if k is growing, since

J[B/k ™)/ k<0. Thus growth (in capital stock, at least) starts higher and slows down over time, as in the
Solow model. The difference with the Solow model is that here, if SA>n+d, growth does not slow down
toward zero, but toward some quantity greater than zero.

c. If two countries are identical except that one has a small capital stock and the other a large one, how do
the growth rates (of k) of these two countries compare? Is this similar to the AK or Solow model?

For the same reason as in part b., i.e. since gx decreases in k, one can see that the country with the smaller
capital stock k will grow more rapidly (in terms of k) than the country with the larger capital stock k. This is
similar to the Solow model, which predicts conditional convergence — all else equal, poor countries grow
faster than rich ones.

d. How does an increase in the savings rate s affect the long-run growth rate of the economy? What
condition does this depend upon? Is this similar to the AK or Solow model?
Consider an increase from s to s’. Iff s’A>n+d, then the economy ends up with sustained growth. In this
case, the long-run growth rate of k is s’A — (n+d), and so is the long-run growth rate of income.
[To see this, note that y = Ak + k‘fi k, so

: aB . aB
y_ Mt _k <A+k13_ “). Note that the term in parentheses goes to 1 as k—»c.]

ki—a

Similarly, the long-run growth rate of income under the previous savings rate was max{0,sA — (n+d)}, the
zero is in case sustained growth was not achieved under the original savings rate. Clearly, the long-run
growth rate went up. This is the same prediction as in the AK model — a higher s gives a higher long-run
growth rate.
On the other hand, if s’ A<n+d, the long-run growth rate is still zero after the increase in the savings rate (see
graph from part a.) It was clearly zero when the savings rate was s, so there is no change in the long-run
growth rate from an increase in s. The increase in s only raises the long-run level of income, not growth
rate, as in the Solow model.

y  Ak+Bk< k\ a+

e. In what ways does this model capture the best predictions of both the AK and Solow models?

This model (proposed by Jones and Manuelli, 1990) has endogenous growth, where the fundamental
parameters of the model determine the growth rate in non-trivial ways. But it also has the
convergence/catch-up growth phenomenon that the Solow model captures so well, as growth slows down as



an economy gets richer, which also implies that all else equal, poor countries grow faster than rich ones.
Essentially, this is a Solow model with a positive long-run growth rate that does not just depend on
technological progress (outside the model), but key parameters of the model, e.g. savings rate (which can be
endogenized as functions of preference parameters), population growth rate (which can also be
endogenized), etc.

6. Consider the AK or Solow model, except generalize the production function to be of the constant-
elasticity-of-substitution form:

Y = A{a(bK)" + (1-a)[(1-b)L]*}*

where 0<a<1, O<b<1, and y<1. Asy—1, the production function approaches linearity, i.e. capital and labor
are perfect substitutes. As y——oo, the production function approaches a fixed proportion (Leontief) one,
with no substitutability. As y—0, the production function approaches Cobb-Douglas, with elasticity of
substitution equal to 1.

a. Verify the production function exhibits constant returns to scale.

Need to show AF(AK, AN) = AAF(K,N).

Afa(b LK) + (1-a)[(1-b) ALTYIY = A{LY a(bK)¥ + AY (1-a)[(1-b)L]V}MY

= AW)Y{a(bK)Y + (1-3)[(1-b)L]Y}Y = AA{a(bK)Y + (1-a)[(1-b)L]Y}"¥, as needed.

b. Does f(k)/k —0 as k—w? What does it depend upon? Does f(k)/k — as k—0? What does it depend
upon?

f(k) = F(k,1) = {a(bk)" + (1-a)(1-b)"}*".

f(k)/k = kK '{a(bk)¥ + (1-a)(1-b)"}*¥ = {k ™V [a(bk)" + (1-a)(1-b)"]}*" = {ab" + (1-a)(1-b)Vk V}'¥

As a preliminary fact, note that f(k)/k is strictly decreasing in k.

Returning to the question, there are two cases.

First, if w>0, then clearly f(k)/k— as k—0, since the term in brackets goes to infinity. However, as k—oo,
f(k)/k — a*¥b > 0, since the second term in brackets goes to zero.

Second, if y<0, then clearly f(k)/k —0 as k—o0, since the term in brackets goes to infinity, and is raised to a
negative power. However, as k—0, f(k)/k — a'/¥b < .

Thus, in each case only one or the other Inada condition holds, but not both.

[If w=0, we are in the Cobb-Douglas case, where we know both Inada conditions hold.]

c. Under what conditions is sustained growth possible? Be as specific as possible.

Recall gk = sAf(k)/k — (n+d). Long-run sustained growth is clearly not possible if f(k)/k —0 as k—oo, which
is true in the Solow model and in this model with w<0. However, if y>0, sustained growth is possible; the
condition needed is that limy_,., SAf(k)/k > (n+d), i.e. sAa'¥b > n+d.

In sum, we need >0 and sAa'/¥b > n+d.

In this case, we have the following graph (defining X=a¥h):



sAF(k)/k
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d. Under what conditions is long-run income zero? Be as specific as possible.

Recall gk = sAf(k)/k — (n+d). Long-run income of zero is clearly not possible if f(k)/k —o0 as k—0, which is
true in the Solow model and in this model with y>0; this condition implies that countries with very little
capital are growing. However, if lim,_ SAf(K)/k < (n+d), i.e. w<0 and sAa*"b < n+d, then growth is
negative even at very low levels of capital (and even lower for higher levels of capital, since gx declines in
k). In this case, the economy is approach zero capital and zero income. Graphically:

=80 —

saf(k)/k

e. If the conditions in c.&d. are not met, what is the steady state income level? Does it increase or decrease
with s, A, and n, respectively?

If the conditions in c.&d. are not met, then the actual investment curve starts above the break-even
investment line, and goes below it for high enough levels of capital, so that there is a unique intersection of
the two curves. As in the Solow model, where the curves intersect, capital per person k; is no longer
changing and is thus at its steady state level. This is found by solving gk = 0:

sA{ab" + (1-a)(1-b)Vk Y}V = n+d.

(1-a)(1-b)"k ™Y = [(n+d)/(sA)]Y — ab"

kY = (1-a)(1-b)¥{[(n+d)/(sA)]Y — ab"}

k"= (1-)YY(@-b){[(n+d)/(sA)]Y — ab"}V



1/9
* *, *. —_ —_ 1!’
Y = ATK) = Afa(bk’)" + (1-a)(1-b) "} = 4 (E))[f’p—“f +(1-a)(1- by
. 7 —ab
One can show that y increases in s and A, and decreases in n, as in the Solow model. This also clear from

shifting the curves in the following graph, knowing that y” increases in k :

sAF(k)/k

n-+d

f.  Why is sustained growth sometimes possible even with diminishing returns to capital?

It is not just diminishing returns to capital that gives the Solow model its prediction that growth cannot be
sustained by capital accumulation alone — the Inada conditions are also important for this neo-classical (e.g.
Solow) model prediction. Here, the production function has diminishing returns to capital, but with y>0,
the returns to capital approach some positive number rather than zero. The returns to capital can remain
high enough to allow for indefinitely sustained capital accumulation. Clearly important for diminishing
returns to capital to end up not too severe is that labor can more easily substitute for capital.



