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Optimal transportation problems (OTPs)

Information and entropy

Optimal channel problem (OCP)

Dual formulation of OTP

Geometry of information divergence and optimization
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Relation between K_[p, gl and Dy, [p, q]

@ ¢ : XXY — R — a cost function (e.g. a metric).
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Relation between K_[p, gl and Dy, [p, q]
@ ¢:XXY — R — a cost function (e.g. a metric).
@ gePX), pePY) I'lg,p] CPXXY):

[lg,p] :={wePX®Y) : axyw=gq, myw =p}
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Relation between K_[p, gl and Dy, [p, q]

@ ¢c: XXY — R — a cost function (e.g. a metric).
e gePX), peP) I'lg,pl C PXXY):
Ig,pl :={wePXQY) : ixyw=gq, myw =p}

Proposition

Kantorovich (aka Wassershtain) metric (Kantorovich, 1939, 1942;
Vasershtein, 1969; Dobrushin, 1970) between q, p:

K.p.ql :=inf{/X chw : WEF[q,p]}
X
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Relation between K_[p, gl and Dy, [p, q]

@ ¢c: XXY — R — a cost function (e.g. a metric).
° g€ PX), pePY) I'lg,pl CPXXY):

I'g.pl . ={wePXQ®Y) : ayw=gq, nyw =p}

Proposition

Kantorovich (aka Wassershtain) metric (Kantorovich, 1939, 1942;
Vasershtein, 1969; Dobrushin, 1970) between q, p:

K,[p.ql(2) i= inf{/

cdw :wellg,pl, DgiIw,q®pl < /1}
XxY
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Relation between K_[p, gl and Dy, [p, q]

@ ¢c: XXY — R — a cost function (e.g. a metric).
e gePX), peP) I'lg,pl C PXXY):
Ig,pl :={wePXQY) : ixyw=gq, myw =p}

Proposition

Kantorovich (aka Wassershtain) metric (Kantorovich, 1939, 1942;
Vasershtein, 1969; Dobrushin, 1970) between q, p:

K.Ip.ql(2) i= inf{/ cdw : wETIgpl, Dlw,q®ql— Dy, lp.ql < /1}
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Relation between K.[p, g] and Dy, [p,q]

@ ¢c:XXY — R — a cost function (e.g. a metric).
e gePX),pePX) I'lg,pl C PXXY):

I'lg,p] :={wePXQY) : zyw=gq, myw =p}

Proposition
Kantorovich (aka Wassershtain) metric (Kantorovich, 1939, 1942;
Vasershtein, 1969; Dobrushin, 1970) between q, p:

Shannon’s OCP

K.[p.ql(4) = inf{/ cdw : w€Tllg,pl, Dg[w,q® ql — Dy, [p.q] < /1}
XxXY

v
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Relation between K.[p, g] and Dy, [p,q]

@ ¢: XXY — R — a cost function (e.g. a metric).
e gePX),peP), I'lg,pl C P(XXY):

Ig.p] := {(w € PX®Y) : myw = q, myw = p}

Proposition

Kantorovich (aka Wassershtain) metric (Kantorovich, 1939, 1942;
Vasershtein, 1969; Dobrushin, 1970) between g, p:

Shannon’s OCP
K.[p.ql(4) 1= inf{/ cdw : we€llg,pl, D Iw.q® ql — Dy Ip.ql < /1}
XxY - D)

Shannon-Pythagor

v
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Optimal transportation problems (OTPs)

Optimal transportation problems (OTPs)
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Optimal transportation problems (OTPs)

Kantorovich's OTP

Optimal Transportation Problem (Kantorovich, 1939, 1942;
Vasershtein, 1969; Dobrushin, 1970)

K.[p.q] :=inf{/ c(x,y)dw : myw =gq, nyw=p}
XxY

where ¢ : X XY — R is a cost function (e.g. a metric).

F[q’P] = {WGP(X® Y) LW =(q, Tyw :p}
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Optimal transportation problems (OTPs)

Kantorovich's OTP

Optimal Transportation Problem (Kantorovich, 1939, 1942;
Vasershtein, 1969; Dobrushin, 1970)

K.[p.q] :=inf {/ clx,y)dw : myw = q, wyw =p}
XxY

where ¢ : X XY — R is a cost function (e.g. a metric).

F[Q’P] = {WGP(X® Y) LW =(q, Tyw :p}

PX)ePXQY)
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Optimal transportation problems (OTPs)

Kantorovich's OTP

Optimal Transportation Problem (Kantorovich, 1939, 1942;
Vasershtein, 1969; Dobrushin, 1970)

K.[p.q] :=inf {/ clx,y)dw : myw = q, wyw =p}
XxY

where ¢ : X XY — R is a cost function (e.g. a metric).

Tg.pl := {(wE€PX®Y) : myw = g, myw = p}

PX)oPXQY)
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Optimal transportation problems (OTPs)

Optimal Transport Plan

Optimal Transportation Problem

K.p.ql :=inf{/ clx,y)ydw : myw =g, ”YW=P}
XxY
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Optimal transportation problems (OTPs)

Optimal Transport Plan

Optimal Transportation Problem

K.[p.q] :=inf {/ clx,yydw : myw =gq, wyw =p}
XxY

Optimal Transport Plan

@ Linear operator (Markov morphism)
T : PX) = P(Y):

qHTq=p=/p(yIX)dq
X
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Optimal transportation problems (OTPs)

Optimal Transport Plan

Optimal Transportation Problem

K.[p.q] :=inf {/ clx,yydw : myw =gq, wyw =p}
XxY

Optimal Transport Plan

@ Linear operator (Markov morphism)
T : PX) = P(Y):

QHTq=p=/p(yIX)dq
X

@ p(y | x) — Markov transition kernel
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Optimal transportation problems (OTPs)

Optimal Transport Plan

Optimal Transportation Problem

K.[p.q] :=inf {/ clx,y)dw : mxyw = q, wyw =p}
XxY

Optimal Transport Plan

@ Linear operator (Markov morphism)
T : PX) = P(Y):

QHTq=p=/p(yIX)dq
X

@ p(y | x) — Markov transition kernel
o T is determined by w € P(X ® Y):

w=pQy|x)®q
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Optimal transportation problems (OTPs)

Monge OTP
Optimal Transportation Problem (Monge, 1781)

K.[p.q] 3=inf{/XC(x,f(X))dq f P=61°f_1}

where p = gof~! is push-forward under measurable mapping f : X — Y:

P(E) = qof {(E) = q{x : f(x) € E}
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Optimal transportation problems (OTPs)

Monge OTP
Optimal Transportation Problem (Monge, 1781)

K.[p.q] 3=inf{/XC(x,f(X))dq f P=61°f_1}

where p = gof~! is push-forward under measurable mapping f : X — Y:

P(E) = qof {(E) = q{x : f(x) € E}

Optimal Transport
@ p(E | x) has the form:

0 otherwise
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Optimal transportation problems (OTPs)

Monge OTP
Optimal Transportation Problem (Monge, 1781)

K.[p.q] 3=inf{/XC(x,f(X))dq f P=61°f_1}

where p = gof~! is push-forward under measurable mapping f : X — Y:

P(E) = qof M(E) = q{x : f(x) € E}

Optimal Transport
@ p(E | x) has the form:

0 otherwise

° wy € IPXQ®Y):

WX, Y\ (X)) =0
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Information and entropy

Information and entropy
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Information and entropy

Shannon's Information and Entropy
KL-divergence (Kullback & Leibler, 1951)

Dyalp.ql = / [lnp - Ingldp
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Information and entropy

Shannon's Information and Entropy
KL-divergence (Kullback & Leibler, 1951)

Dy, [p.ql = / [Inp —Ingldp

Roman Belavkin (Middlesex University) Kantorovich’s and Shannon’s optimization problems March 6, 2018 9 /29



Information and entropy

Shannon's Information and Entropy
KL-divergence (Kullback & Leibler, 1951)

Dy, [p.ql = / [Inp —Ingldp

Shannon'’s information (Shannon, 1948)
ForweTIllg,pl CPX®Y):

L{x,y} :=Dgr[w,q ® pl
=H|[q] — H[q(x | y)]
=H[p] — H[p(y | x]
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Shannon's Information and Entropy

Information and entropy

KL-divergence (Kullback & Leibler, 1951)

Dy, [p.ql = / [Inp —Ingldp

Shannon'’s information (Shannon, 1948)
ForweTIllg,pl CPX®Y):

L{x,y} :=Dgr[w,q ® pl
=H[q] — Hlg(x | y)]
=H|[p] — H[p(y | ]
Entropy H[p] = — [ Inpdp

Hlp] :=1,{y.y} = sup I,{xy}

wiTyw=p

v
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Information and entropy

w

Diw,
[w,q®ql Diw.g®p]

9995 =qQP
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Information and entropy

Theorem (Shannon-Pythagorean)
o WEPXQ®Y), axyw=gq, Tyw=p w
Dlw.,q®q] Diwg®p]
Dy [w,q ® gl = Dy, [w,q @ pl + D [p. 4] "’
4®qd——>qQ®p
(Belavkin, 2013a) Dlp.a]
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Information and entropy

Theorem (Shannon-Pythagorean)
owePXQ®Y) myw=gq, iyw=p w
Dlw,q®q] Diwg®p]
Dy [w,q ® gl = Dy, [w.q ® pl + Dg;[p, q] o
. 9995 =q®P
(Belavkin, 2013a)
Proof.
D[w, q®q] = [w q®p]+D[q ®p,61®q] (Ing®p-Ing®q,q@p —w)
L, {x.y} D[p,q] Bf
Ing®p-Ing®q=1xQ(np—1Ing) m)
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Information and entropy

Theorem (Shannon-Pythagorean)
owePXQ®Y) myw=gq, iyw=p w
D[w.,q®q] Diwg®p]
Dy [w,q ® ql = Dg;[w, g @ pl + Dgy[p, gl a=p
. 9995 =q®P
(Belavkin, 2013a)
Proof.
Dlw, q®q] = [w q®p]+D[q ®p,q®q] (ng®p-Ing®q.qRp—w)
I, () Dipa] 0
Ing®p-Ing®qg=1y@(np —1Ing) O

Cross-Information (Belavkin, 2013a)

D w,qg ® q] = —(Ing,p) _<H[p]_DKL[W’CI®p]>
H/_/ _J

.

Cross-entropy
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Optimal channel problem (OCP)

Optimal channel problem (OCP)
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Optimal channel problem (OCP)

Shannon’'s OCP
Optimal Channel Problem (Shannon, 1948)

R .[g]l(4) :=inf {/ cx,yydw : mxyw =gq, I {x,y} < /1}
XxY
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Optimal channel problem (OCP)

Shannon’'s OCP
Optimal Channel Problem (Shannon, 1948)

R .[g]l(4) :=inf {/ cx,yydw : mxyw =gq, I {x,y} < /1}
XxY
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Optimal channel problem (OCP)

Shannon’'s OCP
Optimal Channel Problem (Shannon, 1948)

R.[ql(A) :=inf {/ ce,y)dw @ ayw=gq, I {x,y} < /1}
XxY

Exponential family solutions
e Optimal T : P(X) — P(Y) is defined by

w=ePNZuxp,  p' = —dR [q1(A)/dA
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Optimal channel problem (OCP)

Shannon’s OCP
Optimal Channel Problem (Shannon, 1948)

R.[ql(A) :=inf {/ ce,y)dw @ ayw=gq, I {x,y} < /1}
XXY

Exponential family solutions

e Optimal T : P(X) — P(Y) is defined by
w=e P g@p, ' = —dR [q)(4)/dA

@ Observe that w & dP(X ® Y), unless
gRpEIPX®Y) or f — 0.
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Optimal channel problem (OCP)

Shannon's OCP

Optimal Channel Problem (Shannon, 1948)

R.[ql(A) :=inf {/ ce,y)dw @ ayw=gq, I {x,y} < /1}
XxY

Exponential family solutions
e Optimal T : P(X) — P(Y) is defined by

— e—ﬂc—an

w q®p, ' =—dR.[ql(1)/d

@ Observe that w & dP(X ® Y), unless

gRpEIPX®Y) or f — 0.

v

Value of Information (Stratonovich, 1965)

V(4) 1= R [91(0) = R.[q](4) = sup{E, {u}

SL{xyy < 4)

|
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Optimal channel problem (OCP)

Relation to Kantorovich OTP
Optimal Channel Problem

R [g]l(4) :=inf {/ cx,yydw : zxyw =gq, I {x,y} < /1}
XxY
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Optimal channel problem (OCP)

Relation to Kantorovich OTP
Optimal Channel Problem

R [g]l(4) :=inf {/ cx,yydw : zxyw =gq, I {x,y} < /1}
XxY

Optimal Transportation Problem

K .[g.pl(1) :=inf {/ cx,y)ydw : myw =gq, myw =p, }
XxY
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Optimal channel problem (OCP)

Relation to Kantorovich OTP
Optimal Channel Problem

R [g]l(4) :=inf {/ cx,yydw : zxyw =gq, I {x,y} < /1}
XxY

Optimal Transportation Problem

K .[g.pl(1) :=inf {/ cx,yyaw : zxyw=gq, myw=p, [ {x,y} < /l}
XxY
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Optimal channel problem (OCP)

Relation to Kantorovich OTP
Optimal Channel Problem

R.[ql(A) :=inf {/ cx,y)dw : ayw=gq, I {x,y} < /1}
XXY

Optimal Transportation Problem

K .[g.pl(1) :=inf {/ cx,yyaw : zxyw=gq, myw=p, [ {x,y} < /l}
XxY

v

@ g and p have entropies H[g] and H[p] and
0 <7,{x,y} <min{HI[q], H[p]}
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Optimal channel problem (OCP)

Relation to Kantorovich OTP
Optimal Channel Problem

R.[ql(A) :=inf {/ cx,y)dw : ayw=gq, I {x,y} < /1}
XXY

Optimal Transportation Problem

K .[g.pl(1) :=inf {/ cx,yyaw : zxyw=gq, myw=p, [ {x,y} < /l}
XxY

v

@ ¢ and p have entropies H[q] and H[p] and
0 <7,{x,y} <min{HI[q], H[pl}
e K_[g,p] has implicit constraint 7, {x,y} < A = min{H|q], H[p]}] and
R.[q1(M) < K [g,p1(A)
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Optimal channel problem (OCP)

Inverse Optimal Values
Inverse of the OCP Value

RN i=int {1, ) s =g, [ can <o}
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Optimal channel problem (OCP)

Inverse Optimal Values
Inverse of the OCP Value

R;l[q](l)) Z:lnf {Iw{x,y} . T[XW:q’ /de S U}

Inverse of the OTP Value

Kc_l[q,p](v) :=inf {Iw{x,y} I TyW=q, Tyw =p, /cdw < v}
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Optimal channel problem (OCP)

Inverse Optimal Values
Inverse of the OCP Value

Rc_l[q](v) ;= inf {Iw{x,y} D Txw =q, /cdw < v}

Inverse of the OTP Value

Kc_l[q,p](v) :=inf{IW{x,y} I TyW=q, Tyw =p, /cdw < v}

@ These inverse values represent the smallest amount of Shannon's
information required to achieve expected cost [ cdw = v.
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Optimal channel problem (OCP)

Inverse Optimal Values
Inverse of the OCP Value

Rc_l[q](v) ;= inf {Iw{x,y} D Txw =q, /cdw < v}

Inverse of the OTP Value

Kc_l[q,p](v) :=inf {Iw{x,y} I TyW=q, Tyw =p, /cdw < v}

@ These inverse values represent the smallest amount of Shannon's
information required to achieve expected cost [ cdw = v.

o If v =K_[g,pl(4), then

R7'[q1(v) < K '[g. pl(v)
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Optimal channel problem (OCP)
Common Solution
Theorem

Let wocp and worp € P(X X Y) be optimal solutions to OCP and OTP
problems with the same constraint I(x,y) < A. Then R.[q](A) = K,.[p, q](A)
if and only if wocp = worp € Tlp, ql.
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Optimal channel problem (OCP)

Common Solution
Theorem
Let wocp and worp € P(X X Y) be optimal solutions to OCP and OTP

problems with the same constraint I(x,y) < A. Then R.[q](A) = K,.[p, q](A)
if and only if wocp = worp € Tlp, ql.

Proof.

® Wocp € 0D*[—fc, g ® p] of subdifferential of D* at u = —fc:

D'lu,q®pl = In / ¢ dq(x) dp()
XxXY

® worp € 0D*[—fc,q ® p] implies

(1 —=wocp + tworp € 0D*[-Pc,q @ pl, te€[0,1]
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Optimal channel problem (OCP)

Common Solution
Theorem
Let wocp and worp € P(X X Y) be optimal solutions to OCP and OTP

problems with the same constraint I(x,y) < A. Then R.[q](A) = K,.[p, q](A)
if and only if wocp = worp € Tlp, ql.

Proof.
® Wocp € 0D*[—fc, g ® p] of subdifferential of D* at u = —fc:

D'lu,q®pl = In / ¢ dq(x) dp()
XxXY

® worp € 0D*[—fc,q ® p] implies

(1 —=wocp + tworp € 0D*[-Pc,q @ pl, te€[0,1]

@ and the KL-divergence D[w, g ® p], the dual of D*[u,q ® p], not
strictly convex.
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Dual formulation of OTP

Dual formulation of OTP
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Dual formulation of OTP

Dual formulation

@ Consider f : X > R and g : Y = R such that

f@) =g <clx,y)
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Dual formulation of OTP

Dual formulation

@ Consider f : X > R and g : Y = R such that

S —g() < clx,y)

@ Define

Jp.q] :=sup {E,{f} —E, {g} : f(x) — g() < c(x.y)}
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Dual formulation of OTP

Dual formulation

@ Consider f : X > R and g : Y = R such that

S —g() < clx,y)

@ Define

Jp.q] :=sup {E,{f} —E, {g} : f(x) — g() < c(x.y)}

o Clearly
Jelp.ql < K [p.q]
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Dual formulation of OTP

Dual formulation

Consider f : X > R and g : Y - R such that

S —g() < clx,y)

@ Define
Jelp.ql 1= sup {E,{f} = E {8} : f(¥) = g(») < e(x. 1)}
o Clearly
J.p.q] £ K. [p.q]
e Can J [p, q] be related to Dg,[p, q1?
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Dual formulation of OTP

KL-divergence

Dlp,q]l = DIp.r] + DI[r,q] - [dp(x) — dr(x)]

/ q(x)

x  dr(x)

= D[p,r] — Dlq,r] — / ) dp( ) — dq(x)]
X
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Dual formulation of OTP

KL-divergence

Dlp,q]l = DIp.r] + DI[r,q] - [dp(x) — dr(x)]

=D[Pvr]—D[CI””]

o Let f(x) — g(y) < c(x,y) satisfy also:

dp( ) — dg(x)]

i
/X )

_ 1n 4P

Bf(x) = VDIp,r] = L =0
_ _ . dgq(x)

agx) =VD|[g,r] =In 4 a>0
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Dual formulation of OTP

KL-divergence

o
Dlp.q] = Dip.rl + Dlr.ql - / —; [dp(x) — dr(x)]
X
= D[p,r] = Dlg,r] - / ) dp( ) — dq(x)]
X
o Let f(x) — g(y) < c(x,y) satisfy also:
_ 1n 4P
pf(x) = VD|[p,r] = N >0
dq(x)

agx) =VD|[g,r] =In a>0

dr(x)’
e Thus dp(x) = PO~ gr(x), dg(x) = e*8O~l28] gr(x) and

Dip,r1=BE{f} —«x[pf], Dlg,rl=akE,{g} - «lag]
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Dual formulation of OTP

KL-divergence

o
DIp.q1 = Dlp. 1+ DIr.q] - / —; [dp(x) — dr(x)]
X
= D[p,r] — Dlg,r] - / ) dp( ) — dg(x)]
X
o Let f(x) — g(y) < c(x,y) satisfy also:
s = VD= PY g5y
dr(x)
_ _ . dq(x)
agx) =VD|[g,r] =In 4 a>0

e Thus dp(x) = PO~ gr(x), dg(x) = e*8O~l28] gr(x) and
Dip,rl = BE,{f} —«[Bf], Dlg.rl=aE,{g} —«klag]

@ Therefore

Dlp,q] = PE,{f} —aE {g} — (x[ff] — k[ag]) - aAA 8(x) [dp(x) — dg(x)]
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Dual formulation of OTP

KL-divergence (cont.)

@ Therefore

Dip,q] = PE,{f} —ak,{g} — (x[ff] — k[ag]) —a / 8(0) [dp(x) — dg(x)]

X
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Dual formulation of OTP

KL-divergence (cont.)

@ Therefore

Dip,q] = PE,{f} —ak,{g} — (x[ff] — k[ag]) —a / 8(0) [dp(x) — dg(x)]

X

@ Let us denote
Joclp.al i= 5 [PE, () ok, (8)]

where e = inf{e > 0 : ff(x) — ag(y) < ec(x,y)}.
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Dual formulation of OTP

KL-divergence (cont.)

@ Therefore

Dip,q] = PE,{f} —ak,{g} — (x[ff] — k[ag]) —a / 8(0) [dp(x) — dg(x)]

X

@ Let us denote
Joclp.al i= 5 [PE, () ok, (8)]

where e = inf{e > 0 : ff(x) — ag(y) < ec(x,y)}.
@ We have the following inequality:

Jeelp, gl < J.p.q] < K.[p.q]
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Dual formulation of OTP

KL-divergence (cont.)

@ Therefore

Dip,q] = PE,{f} —ak,{g} — (x[ff] — k[ag]) —a / 8(0) [dp(x) — dg(x)]

X

@ Let us denote
Joclp.al i= 5 [PE, () ok, (8)]

where e = inf{e > 0 : ff(x) — ag(y) < ec(x,y)}.
@ We have the following inequality:

Jeelp, gl < J.p.q] < K.[p.q]

e and

DIp,q] < eK.[p,q] — (x[ff] — k[ag]) — a / g(x) [dp(x) — dg(x)]
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Dual formulation of OTP

Common solution for Dual OTP
Theorem

Let (f,g) be the solution to the dual OTP. If there exists a reference
measure r € P(X) such that f = VD[p,r] and g = VDIq,r], then

DIp,ql = K_ Ip,q] — (x[f] — xlg]) — / g(x) [dp(x) — dg(x)]
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Dual formulation of OTP

Common solution for Dual OTP
Theorem

Let (f, g) be the solution to the dual OTP. If there exists a reference
measure r € P(X) such that f = VD[p,r] and g = VDIq,r], then

Dlp,ql = K p,q] — (x[f] - x[g]) — / &) [dp(x) — dg(x)]

Proof.
@ f=VDI[p,r] and g = VD|[gq,r] imply that a = =1, and

p=exp(f —xl[fDr,

@ The result follows, because

qg=exp(g—xklgDr

E,{f} —E,{g} =J.Ip.ql = K Ip.q]
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Geometry of information divergence and optimization

Geometry of information divergence and optimization
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Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;

N’
E,{In(p/q)} < 4

%)

Roman Belavkin (Middlesex University) Kantorovich’s and Shannon’s optimization problems March 6, 2018 22 /29



Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;
e v,(4) = —R_,[q](A) utility of
information A:

v,(4) 1= sup{(u,p) : Flp,q] < 4}

od
E, {In(p/q)} < A

%)
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Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;

e v,(4) = —R_,[q](A) utility of
information A:

v,(4) 1= sup{(u,p) : Flp,q] < 4}

e 4,(v) = v;l(v) information of
utility v:

A, (v) :=inf{F[p,q] : (u,p) > v}

od
E, {In(p/q)} < A

%)
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Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;

e v,(4) = —R_,[q](A) utility of
information A:

v,(4) 1= sup{(u,p) : Flp,q] < 4}

e 4,(v) = v;l(v) information of
utility v:

A, (v) :=inf{F[p,q] : (u,p) > v}

od

@ p(p) optimal solutions: E (In(p/q)} < A
b <

p(B) € OF[Pu,ql, Flp(p),ql = 4

%)

Roman Belavkin (Middlesex University) Kantorovich’s and Shannon’s optimization problems March 6, 2018 22 /29



Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility w;

e v,(4) = —R_,[q](A) utility of
information A:

v,(4) 1= sup{(u,p) : Flp,q] < 4}

e 4,(v) = v;l(v) information of
utility v:

A, (v) :=inf{F[p,q] : (u,p) > v}

\.‘.q

@ p(p) optimal solutions: E (In(p/q)} < A
b <

p(B) € OF[Pu,ql, Flp(p),ql = 4

%)
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Geometry of information divergence and optimization

Problems on Conditional Extremum

o E,{u} = (u,p) expected utility

e v,(4) = —R_,[q](A) utility of
information A:

v,(4) 1= sup{(u,p) : Flp,q] < 4}

e 4,(v) = v;l(v) information of
utility v:

A, (v) :=inf{F[p,q] : (u,p) > v}

@ p(p) optimal solutions:

p(B) € OF[Bu,q], FIp(B),q) = A lp —qll,

%)
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Geometry of information divergence and optimization

General Solution

e Lagrange function for v,(4) := sup{{u,p) : Flp,ql < 4}
(4,0) 1= inf{Flp,q] : (w.p) > v}):

Lp, B~ = (u,p) + p~' (A= Flp, q)
(L. = Flp. a1+ po = w.p)))
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Geometry of information divergence and optimization

General Solution

e Lagrange function for v,(4) := sup{{u,p) : Flp,ql < 4}
(4,0) 1= inf{Flp,q] : (w.p) > v}):

Lp, B~ = (u,p) + p~' (A= Flp, q)
(L. = Flp. a1+ po = w.p)))

o Necessary and sufficient conditions oL > 0:

OL(p, f71) = {pu} ~ anq]BO
01 L(p, ") 2 A= Flp,ql =
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Geometry of information divergence and optimization

General Solution

e Lagrange function for v,(4) := sup{{u,p) : Flp,ql < 4}
(4,0) 1= inf{Flp,q] : (w.p) > v}):

L(p,p™") = (u,p) + p~' (4 = Fp, q)
(L. = Flp. a1+ po = w.p)))

o Necessary and sufficient conditions oL > 0:

OL(p, f71) = {pu} ~ anq]BO
01 L(p, ") 2 A= Flp,ql =

e Optimal solutions are subgradients of F*[u, q] = sup{{u,p) — F[p,ql}:

p(B) € OF*[pul,  Flp.ql=4 <(u,p(ﬁ)>=u>
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Geometry of information divergence and optimization

Example: Exponential Solution

e For Flp,q]l = Dk, lp,ql:

Lp. A" = (u,p)y + p~ (A= (In(@/q).p) +(L.p — q))

Roman Belavkin (Middlesex University) Kantorovich’s and Shannon’s optimization problems March 6, 2018 24 /29



Geometry of information divergence and optimization

Example: Exponential Solution

e For Flp,ql = Dk [p.ql:
L(p. p~") = (u,p) + ' (A = (In(p/9). p) + (1,p — @)
o Necessary and sufficient conditions VL(p, f~') = 0:

u—p"'In(p/q) =0
A =Dk lp,ql =0

V,L(p. ")
g1 L(p, B
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Geometry of information divergence and optimization

Example: Exponential Solution

@ For F[p,q] = Dg;Ip.ql:
Lp. A" = (u,p)y + p~ (A= (In(@/q).p) +(L.p — q))

@ Necessary and sufficient conditions VL(p, ~1) = 0:

u—p"'In(p/q) =0
A =Dk lp,ql =0

V,L(p.p7")
g1 L(p, B

e Optimal solutions are gradients of D%, [u, g] = In{e", g):

p(p) = fundb g Dy Ip(B).ql = A
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Geometry of information divergence and optimization

Solution to Shannon's OCP

@ The solution for
Iw{x’y} = DKL[W,q®p] < i

w(p) =AM g @ p
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Geometry of information divergence and optimization

Solution to Shannon's OCP

@ The solution for
Iw{x’y} = DKL[W,q®p] < i

w(p) =AM g @ p

o WEZIPXQ®Y).
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Geometry of information divergence and optimization

Solution to Shannon's OCP

@ The solution for
Iw{x’y} = DKL[W,q®p] < i

w(p) =AM g @ p

o WEZgIPXQ®Y).
o T : P(X) - P(Y) cannot have kernel
O ()-

Roman Belavkin (Middlesex University) Kantorovich’s and Shannon’s optimization problems March 6, 2018 25 /29



Geometry of information divergence and optimization

Solution to Shannon's OCP

@ The solution for
Iw{x’y} = DKL[W,q®p] < i

w(p) =AM g @ p

o wgIPXQY).

o T : P(X) — P(Y) cannot have kernel
Sp)(*)-

@ The dual is strictly convex:

D}y [u.q ® p] =1n/e“q®p
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Geometry of information divergence and optimization

Solution to Kantorovich's OTP

e I'[g,p] is convex:

mx[(l=0Dw;+twy] =1 —-t)g+tg=¢q
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Geometry of information divergence and optimization

Solution to Kantorovich's OTP

e I'[g,p] is convex:
mx[(l=0Dw;+twy] =1 —-t)g+tg=¢q
@ There exists closed convex functional F:

I'lg,pl ={w: Flw,q®pl <1}
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Geometry of information divergence and optimization

Solution to Kantorovich's OTP

o I'[q,p] is convex:
mx[(l=0Dw;+twy] =1 —-t)g+tg=¢q
@ There exists closed convex functional F:
Ilg,pl ={w : Flw,q®p] <1}

@ Then the solution to OTP is:

w(p) € OF*[—Pc,q @ p]
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Geometry of information divergence and optimization

Solution to Kantorovich's OTP

o I'[q,p] is convex:
mx[(l=0Dw;+twy] =1 —-t)g+tg=¢q
@ There exists closed convex functional F:
I'lg.p]l ={w : Flw,q®p] <1}

@ Then the solution to OTP is:

w(p) € OF*[—Pc,q ® p]
Monge-Amper equation

q = poVo|Vie|

where ¢ : X > RU {0} is convex, and Vg : X - Y is such that
p =qo(Ve)~! (McCann, 1995; Villani, 2009).
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Geometry of information divergence and optimization

Strict Inequalities

Theorem (Belavkin, 2013b)
o Let {w(p)}, be a family of w(f) € PX ® Y)

maximizing E,{u} on sets {w : F[w] < i}, VA = F[w]
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Geometry of information divergence and optimization

Strict Inequalities

Theorem (Belavkin, 2013b)
o Let {w(p)}, be a family of w(f) € PX ® Y)

maximizing E,{u} on sets {w : F[w] < i}, VA = F[w]
o F:PX®Y)— RU{)} closed convex and minimized at

q®p € IF*(0) CcIntf(PX®Y))
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Geometry of information divergence and optimization

Strict Inequalities

Theorem (Belavkin, 2013b)
o Let {w(p)}, be a family of w(f) € PX ® Y)

maximizing E,{u} on sets {w : F[w] < i}, VA = F[w]
o F:PX®Y)— RU{)} closed convex and minimized at
G®p € IF*(0) C Int(P(X ® Y))

o If F* is strictly convex, then
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Geometry of information divergence and optimization

Strict Inequalities

Theorem (Belavkin, 2013b)
o Let {w(p)}, be a family of w(f) € PX ® Y)

maximizing E,{u} on sets {w : F[w] < i}, VA = F[w]
o F:PX®Y)— RU{)} closed convex and minimized at
G®p € IF*(0) C Int(P(X ® Y))

o If F* is strictly convex, then
Q W) EIPX®Y) iff A > supF (ie. f— ).
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Geometry of information divergence and optimization

Strict Inequalities

Theorem (Belavkin, 2013b)
o Let {w(p)}, be a family of w(f) € PX ® Y)

maximizing E,{u} on sets {w : F[w] < i}, VA = F[w]
o F:PX®Y)—> RU{oo} closed convex and minimized at
G®p € IF*(0) C Int(P(X ® Y))
o If F* is strictly convex, then
Q w(p) €IP(X®Y) iff A > supF (ie. f— o).

©Q Foranyoc € 0P(X®Y) with Flo] = Flw(f)] = 4
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Geometry of information divergence and optimization

Strict Inequalities

Theorem (Belavkin, 2013b)
o Let {w(p)}, be a family of w(f) € PX ® Y)

maximizing E,{u} on sets {w : F[w] < i}, VA = F[w]
o F:PX®Y)— RU{)} closed convex and minimized at
G®p € IF*(0) C Int(P(X ® Y))

o If F* is strictly convex, then
Q w(p) €EIPX®Y) iff A > supF (ie. f— ).
©Q Foranyoc € 0P(X®Y) with Flo] = Flw(f)] = 4

© Foranyo € IPX®Y) with E {u} =E,,{u} =0

Flo] > Flw(p)]
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Geometry of information divergence and optimization

Strict Bounds for Monge OTP

Corollary
o Let wy € I'lg, pl be a solution to Monge OTP K [p,ql.
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Strict Bounds for Monge OTP

Corollary
o Let wy € I'lg, pl be a solution to Monge OTP K [p,ql.
o Let w(p) is a solution to Shannon’s OCP R_[¢](A).
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Geometry of information divergence and optimization

Strict Bounds for Monge OTP

Corollary
o Let wy € I'lg, pl be a solution to Monge OTP K [p,ql.
o Let w(p) is a solution to Shannon’s OCP R_[¢](A).

o Ifw; and w(p) have equal wa{x,y} =Lypixyt = A <supl,{x,y},
then
K [p.ql(A) > R [q]1(1) > 0
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Geometry of information divergence and optimization

Strict Bounds for Monge OTP

Corollary
o Let wy € I'lg, pl be a solution to Monge OTP K [p,ql.
o Let w(p) is a solution to Shannon’s OCP R_[¢](A).

o Ifw; and w(p) have equal wa{x,y} =Lypixyt = A <supl,{x,y},
then
K [p.ql(A) > R [q]1(1) > 0

° Ifwf and w(p) achieve equal values K [p,q] = R.[q](4) = v > 0, then

K 'p, ql0) > R [g1)
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