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• x∗ sought with f (x∗) ≤ f (x) ∀x ∈ X
• X ⊂ Rn

Taxonomy (neos Guide)
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Sparse

Principal Component Analysis



PCA. A very quick introduction

PCA

• Principal Component Analysis (PCA): way of projecting properly a data set ⊂ Rn

into a vector space V of smaller dimension

K. Pearson
On Lines and Planes of Closest Fit to Systems of Points in Space
Philosophical Magazine, 1901.
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PCA. A very quick introduction

• We’re given {u1, . . . , up} ⊂ Rn, wlog, 1
p

p∑
i=1

ui = 0n

• We’re seeking orthonormal vectors c1, . . . , ck s.t.
• ui ≈ π{c1,...,ck}(ui ) ∀i = 1, 2, . . . , p :

min
c1,...,ck : orthonormal

1
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∥∥∥ui − π{c1,...,ck}(ui )
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PCA. A very quick introduction

min 1
p

∑p
i=1 ‖ui‖

2 − 1
p

∑k
j=1 c

>
j · V · cj

c>i cj = δij ∀i , j = 1 . . . k

Calculating principal components

• Optimal c1, c2, . . . , ck : unit eigenvectors associated with the k largest eigenvalues
of the sdp matrix V



Hearing Loss

PCA

.40 -.32 -.16 -.33
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.37 .24 .47 -.28
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Interpreting principal components

Hastie et al, 2009

We often interpret principal components by examining the direction vectors cj , also
known as loadings, to see which variables play a role. Often this interpretation is made
easier if the loadings are sparse.

Jolliffe et al, 2003

A common approach is to effectively ignore (treat as zero) any coefficients less than
some threshold value, so that the function becomes simple and the interpretation
becomes easier for the users. Such a procedure can be misleading.
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Interpreting principal components

• Several attempts
• Simple Component Analysis
• Rotation procedures (varimax, . . . )
• Lasso-based procedures (SCoTLASS, . . . )
• SDP-based (DSPCA)
• . . .
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Global sparsity constraints

1 Each variable is nonzero in at most r components cj

2 Each cj has at most s nonzero elements

Hard constraints
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Sparse PCA. MINLP formulation

Define: zil =

{
1 if cil 6= 0
0 else

i = 1 . . . k, l = 1 . . . n

k∑
i=1

zil ≤ r ∀l = 1 . . . n

n∑
l=1

zil ≤ s ∀i = 1 . . . k
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A first heuristic

1 ”Judiciously” choose z

2 Find the optimal c of z fixed (by calculating k eigenvalues and eigenvectors)

Choosing z

• Easily available: c∗1 , . . . , c
∗
k , principal components

• Controlled rounding of c∗1 , . . . , c
∗
k :

max
∑n

i=1

∑k
l=1 |c∗il |zil∑k

l=1 zil = 1 ∀i = 1, . . . , n∑n
i=1 zil ≤ s ∀l = 1, . . . , k∑n
i=1 zil ≥ 1 ∀l = 1, . . . , k

zil ≥ 0 ∀i , l
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A metaheuristic

• Solution (c, z) so obtained:
• feasible (sparse + orthonormal)
• may not be optimal to the MINLP
• starting point of a search procedure (exchange algorithm, VNS algorithm, with natural

definition of neighborhoods)



For arbitrary r

For arbitrary r

max
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1 ”Judiciously” choose z (controlled rounding: flow problem)

2 For z fixed, solve the NLP problem

3 Solution so obtained
• hopefully feasible
• starting point of a search procedure (exchange algorithm, VNS algorithm, with natural

definition of neighborhoods)



Data sets

Data from Rousson-Gasser, 2003

Name n k
Hearing Loss 8 4
Reflexes 10 5
Pitprop 13 6
Movements 22 4
Musclestrength 51 6

Benchmarks

• PCA

• Varimax. (Kaiser, 1958)

• SCA (Rousson-Gasser, 2003)

• SPCA (Zou-Hastie-Tibshirani, 2006)
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PCA
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.31 .32 .56 .39
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Varimax

.60 -.09 .03 .15

.67 .11 -.03 -.03

.29 .61 .02 -.19

.13 -.01 .70 -.10

.03 -.16 .02 .74

.07 .15 -.02 .58
-.26 .75 -.01 .21
-.13 .02 .71 .09

Var 68.4 %

SCA

.35 -.35 .00 -.35

.35 -.35 .00 -.35

.35 .35 -.50 -.35

.35 .35 .50 -.35

.35 -.35 .00 .35

.35 -.35 .00 .35

.35 .35 -.50 .35

.35 .35 .50 .35

Var 85.4 %

SPCA

-.58 .00 .00 .00
-.71 .00 .00 .00
.00 .00 .61 .00
.00 -.71 .00 .00
.00 .00 .00 -1.00

-.40 .00 .00 .00
.00 .00 .79 .00
.00 -.71 .00 .00

Var 84.08 %



Algorithms tested

Case r = 1

1 Random allocation heuristic (rnd)

2 Transportation heuristic (transp)

3 Exchange

4 VNS
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s-SPCA: f varying s and k for Reflexes
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s-SPCA: f varying s and k for Pitprops
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s-SPCA: f varying s and k for Movements
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s-SPCA: f varying s and k for Musclestrength
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s-SPCA against classical approaches

Data set Sparsity PCA VARIMAX SCA SPCA s-SPCA
Hearingloss %zeros 0 0 12.50 75.00 75.00

f 87.37 68.40 85.40 84.08 85.37
Reflexes %zeros 0 16.00 52.00 80.00 80.00

f 97.05 72.20 91.50 96.17 96.70
Pitprops %zeros 1.28 7.69 80.77 83.33 83.33

f 87.00 78.90 74.80 71.99 76.85
Movements %zeros 0 2.27 20.45 75.00 75.00

f 55.00 43.20 53.80 49.84 53.60
Musclestregth %zeros 1.63 8.50 34.64 80.07 80.07

f 70.40 70.39 68.10 60.00 61.39
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Algorithms tested

Case r ≥ 1

1 Transportation heuristic (transp)

2 Plain NLP:
1 Find c∗ : principal components
2 Find z∗, transportation solution from c∗

3 Write the NLP with zil ∈ {0, 1} as zil (1− zil ) = 0
4 Solve the NLP with (c∗, z∗) as starting point

3 Exchange algorithm, starting from (c∗, z∗)
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Hearing loss

s/r 1 2 3 4
1 50.00 50.00 50.00 50.00
2 75.66 67.64 67.64 67.64
3 75.66 75.66 75.66 75.66
4 75.66 86.01 86.02 86.02
5 75.66 86.10 86.12 86.81
6 75.66 86.10 87.20 87.19
7 75.66 86.10 86.91 87.37
8 75.66 86.10 86.91 87.37



Reflexes

s/r 1 2 3 4 5
1 50.00 50.00 50.00 50.00 50.00
2 96.70 78.10 78.10 78.10 78.10
3 91.22 93.02 93.02 93.02 93.02
4 89.35 96.80 96.84 96.84 96.84
5 89.35 96.80 96.80 96.84 96.84
6 89.35 96.90 97.02 96.92 96.91
7 89.35 96.90 96.94 97.05 97.02
8 89.35 96.90 96.94 97.05 97.05
9 89.35 96.90 96.97 97.04 97.05

10 89.35 96.90 96.99 97.03 97.05



Pitprop

s/r 1 2 3 4 5 6
1 46.15 46.15 46.15 46.15 46.15 46.15
2 57.60 60.28 60.28 60.28 60.28 60.28
3 71.05 56.38 - - - -
4 67.75 75.30 70.97 70.96 70.96 70.96
5 71.92 76.19 76.89 79.96 79.96 79.96
6 74.25 78.76 81.86 82.09 82.09 82.09
7 74.25 78.76 82.30 84.39 84.39 84.39
8 74.25 78.76 83.00 85.46 85.46 85.46
9 74.25 78.76 84.31 86.65 86.50 86.65

10 74.25 78.76 84.31 86.27 86.98 86.98
11 74.25 78.76 84.31 86.15 87.00 87.00
12 74.25 78.76 84.31 86.15 87.00 87.00
13 74.25 78.76 84.31 86.15 87.00 87.00
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• y ∈ Rp : observed
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• Λ : loading matrix

• ε : error term, cov(f , ε) = 0
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y = Λf + ε

Rotational invariance

• For an orthogonal matrix M (i.e., MM> = M>M = I ),

Λf = ΛM>Mf

• Aim: find some orthogonal M such that ΛM> is sparse (e.g. by maximizing the
variance of ΛM> , or its `4 norm)

• Doing this, it is expected that factors are easier to interpret, since they are linked
to a few original features

• We can always assume we have explanatory variables, which can assist
interpretation (take, for instance, the y)

• Even more, we assume given groups C1, . . . ,Cq of explanatory variables

• Define hij

hij =

{
1, if cluster Ci is matched with factor j
0, else

• Goodness of fit: S(M,H) = min{R2
ij (M) : hij = 1}

• R2
ij (M) : coefficient of determination if rotation M is used
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S(M,H) = min{R2
ij (M) : hij = 1}

max S(M,H)
s.t. M>M = I

H ∈ H

max z
s.t. z ≤ R2

ij (M)hij + (1− hij ) ∀i , j
M>M = I
H ∈ H

• Highly nonconvex (in M) and linear integer (in H)

• Easily addressed via an alternating approach
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