S lUS

QOQ instituto de matematicas

universidad de sevilla

yu|

On Interpretability in Data Analytics

Emilio Carrizosa, IMUS - Instituto de Matemdticas de la Universidad de Sevilla

Nizhny Novgorod, 21st November 2020



Classification and regression
with trees



CARTs (Breiman et al. 1984)

[ Applicant | Age | Income level | Loan granted | Age < 28
1 22 Low No
2 26 High No
3 30 Low Yes
4 32 Low No
5 20 High No i1 (125
6 45 High Yes
7 60 High No
8 54 High Yes NO
9 50 Low No
10 48 High Yes
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Optimal Randomized Classification Trees

Blanquero, Carrizosa, Molero-Rio, Romero Morales, EJOR, 2019

We have a sample | = {(x;,y;)}1<j<,, where x; € [0,1]° and y; € {1,...,K}.



Optimal Randomized Classification Trees

Blanquero, Carrizosa, Molero-Rio, Romero Morales, EJOR, 2019

We have a sample | = {(x;,y;)}1<j<,, where x; € [0,1]° and y; € {1,...,K}.
A maximal binary tree of depth D. Nodes: Branch t € 7, Leaf t € 7.
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Optimal Randomized Classification Trees

(Mixed-Integer Non-Linear Optimization Problem)

K
min 203030 Pie 20 Wi

k=li€lh t€7  K'2k

P
s.t. Zajf:l’ te€ 7B,
j=1
K
chtzla te T,
k=1
ST Gk =1, k=1,...,K,
teT
ap €{0,1}, j=1,...,p, t € 75,
Cee € {0,1}, k=1,...,K, te T,

ar €A, teTg.



Optimal Randomized Classification Trees

(Continuous Non-Linear Optimization Problem) OBLIQUE splits

K
min D000 30 P 20 Gt Wi

k=li€l t€r, K=k

s.t.
K
S Ce=1,tem, (ORCT)
k=1
S CGe=1, k=1,...,K,
teT;
ae€[-1,1, j=1,...,p, t€ g,
Cr €10,1], k=1,...,K, te T,

a; €A, teE .



ORCT's prediction

A new unlabeled observation x

N4

Once the optimization problem has been solved

the decision variables are used for predicting its class:

mp(x) = argmkax{z P(x € k|x € t)P(x € t)} :argm‘?x{z Cut - th}

teT) teT)



Computational experience

UCI Machine Learning Repository

Data set n P K Class distribution
Connectionist-bench-sonar 208 60 2 55% - 45%
Wisconsin 569 30 2 63% - 37%
Credit-approval 653 37 2 55% - 45%
Pima-indians-diabetes 768 8 2 65% - 35%
Statlog-project-German-credit 1000 48 2 70% - 30%
Ozone-level-detection-one 1848 72 2 97% - 3%
Spambase 4601 57 2 61% - 39%

Iris 150 4 3 33.3%-33.3%-33.3%
Wine 178 13 3 40%-33%-27%
Seeds 210 7 3 33.3%-33.3%-33.3%
Thyroid-disease-ann-thyroid 3772 21 3 92.5%-5%-2.5%
Car-evaluation 1728 15 4 70%-22%-4%-4%




Computational experience

® Logistic CDF:
1
Flip,v)=+——F—F—, LER, ¥>0.
I N !

pe € [=1,1], t €7, v+ =~y =512, t € 7.



Computational experience

® Logistic CDF:
1
F(';/Jq’)’)z —, pER, ¥ >0.
T+exp(=(—p)7)
pe €[-1,1], t€ T, v =y =512, t € 1.
® Equal misclassification weights,

Wy =05, k,k" =1,...,K, k#k'.



Computational experience

® Logistic CDF:
1
F ';/117):—7 pneER, v>0.
( T+exp(=(—p)7)
pe €[-1,1], t€ T, v =y =512, t € 1.
® Equal misclassification weights,

Wy =05, k,k" =1,...,K, k#k'.

® 10 hold-out runs: training subset (75%) and test subset (25%).



Computational experience

® Logistic CDF:
1
F(ipy)=——-"—"——, ueR, y>0.
T+exp(=(—p)7)
e € [-1,1], t €T, v =7v =512, t € 7.
® Equal misclassification weights,

Wy =05, k,k" =1,...,K, k#k'.

® 10 hold-out runs: training subset (75%) and test subset (25%).

® Performance measure: average accuracy over the 10 test subsets.



Computational experience

ORCT compared with:
® CART (Breiman et al. 1984).
® OCT-H (Bertsimas and Dunn 2017).
® RF (Breiman 2001).



Computational experience

D=1

Data set OIRCT_average Out-of-sample accuracy

time (in secs) ORCT CART OCT-H RF
Connectionist-bench-sonar 22 76.3 70.0 70.4 83.1
Wisconsin 24 96.4 92.0 93.1 95.5
Credit-approval 22 83.7 85.7 87.9 86.7
Pima-indians-diabetes 21 75.8 74.2 71.6 76.3
Statlog-project-German-credit 28 72.8 72.1 71.6 75.2
Ozone-level-detection-one 94 96.7 95.6 96.8 96.4
Spambase 2 89.8 89.2 83.6 95.1




Computational experience

D=1
Data set O.RCT_average Out-of-sample accuracy
time (in secs) ORCT CART OCT-H RF
Connectionist-bench-sonar 22 76.3 70.0 70.4 83.1
Wisconsin 24 96.4 92.0 93.1 95.5
Credit-approval 22 83.7 85.7 87.9 86.7
Pima-indians-diabetes 21 75.8 74.2 71.6 76.3
Statlog-project-German-credit 28 72.8 721 71.6 752
Ozone-level-detection-one 94 96.7 95.6 96.8 96.4
Spambase 2 89.8 89.2 83.6 95.1
D=2
Data set O.RCT.average Out-of-sample accuracy
time (in secs) ORCT CART OCT-H RF
Iris 17 95.9 92.7 95.1 95.4
Wine 23 96.6 88.6 91.1 98.6
Seeds 20 94.2 90.2 90.6 92.5
Thyroid-disease-ann-thyroid 145 92.2 99.1 92.5 99.1
Car-evaluation 71 90.8 88.1 87.5 88.0




Sparsity on ORCTs at depth 1

2
min D20 D P D CuW

k=liel teT k! #k

s.t. Cio+ Cyp =
Gz + O3 =
G2+ G
Co + (&3
ajp €[-1,1], j=1,...,p,
Ci2, Gz, G2, G3 €[0,1],
w1 € [-1,1].

1,
1,
>1,
>1,



Sparsity on ORCTs at depth 1

A lasso penalization to ORCT

2
min D2 D Pl CuWir + & lailh

k=liel teT k! #k

s.t. Cio+ Cyp =
Gz + O3 =
G2+ G
Co + (&3
ajp €[-1,1], j=1,...,p,
Ci2, Gz, G2, G3 €[0,1],
w1 € [-1,1].

1,
1,
>1,
>1,



Sparsity on ORCTs at depth 1
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Support Vector Machines



® Roughly speaking, SVM finds the hyperplane wixi + ...+ wmxm + 8 =0

separating most the sets {x; : i € I,y; =1} and {x; : i € |, y; = —1}
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Convex quadratic optimization problem with linear constraints:

@ C., and Romero Morales, " Supervised classification and mathematical optimization”,
Computers & Operations Research, 2013.

@ Duarte Silva, " Optimization approaches to supervised classification”, EJOR, 2017.



Convex quadratic optimization problem with linear constraints:

min, g.¢ lle|l® + CZie/fi
s.t. yi(wTxi+B8)>1-¢& i€l
& >0 i€l

@ C., and Romero Morales, " Supervised classification and mathematical optimization”,
Computers & Operations Research, 2013.

@ Duarte Silva, " Optimization approaches to supervised classification”, EJOR, 2017.



Convex quadratic optimization problem with linear constraints:

min, g.¢ lle|l® + CZie/fi
s.t. yi(wTxi+B8)>1-¢& i€l
& >0 i€l

maxy Ziel )\,‘ = % Z’J )\,'y,')\jijlTXj
s.t. Ziel Aiyi=0
0<N<5 i€l

@ C., and Romero Morales, " Supervised classification and mathematical optimization”,
Computers & Operations Research, 2013.

@ Duarte Silva, " Optimization approaches to supervised classification”, EJOR, 2017.



Convex quadratic optimization problem with linear constraints:

min, g.¢ lle|l® + CZie/fi
s.t. yi(wTxi+B8)>1-¢& i€l
& >0 i€l

maxx  Yier A — 5 2 AividiyiK(xi, %)
s.t. Ziel Aiyi=0
0<N<S iel

@ C., and Romero Morales, " Supervised classification and mathematical optimization”,
Computers & Operations Research, 2013.

@ Duarte Silva, " Optimization approaches to supervised classification”, EJOR, 2017.



Classification with functional data

tecator

* x € Co([o, T])

Data

T T T T T
850 900 950 1000 1050
Time

@ Ferraty and Vieu. Nonparametric functional data analysis: theory and practice,
2006.
@ Ramsay and Silverman. Functional data analysis, 2006.

@ Febrero-Bande and Oviedo de la Fuente. " Statistical computing in functional
data analysis: the r package fda.usc”. Journal of Statistical Software, 2012.



Classification with functional data

tecator

e xeCo[o, T])
® x = (x(t1),...,x(tm)) € R™

Data

T T T T T
850 900 950 1000 1050
Time

@ Ferraty and Vieu. Nonparametric functional data analysis: theory and practice,
2006.
@ Ramsay and Silverman. Functional data analysis, 2006.

@ Febrero-Bande and Oviedo de la Fuente. " Statistical computing in functional
data analysis: the r package fda.usc”. Journal of Statistical Software, 2012.



Classification with functional data

tecator

e xeCo[o, T])
® x = (x(t1),...,x(tm)) € R™
® (x(t1),---,x(tm)) = x € ([0, T])

Data

T T T T T
850 900 950 1000 1050
Time

@ Ferraty and Vieu. Nonparametric functional data analysis: theory and practice,
2006.
@ Ramsay and Silverman. Functional data analysis, 2006.

@ Febrero-Bande and Oviedo de la Fuente. " Statistical computing in functional
data analysis: the r package fda.usc”. Journal of Statistical Software, 2012.



Classification with functional data

tecator

* x€Co([0, T])

® x = (x(t1),...,x(tm)) € R™

® (x(t1), ..., x(tm)) = x € C°([0, T]) =~
(x(t1), .-, x(tm))

Data

T T T T T
850 900 950 1000 1050
Time

@ Ferraty and Vieu. Nonparametric functional data analysis: theory and practice,
2006.
@ Ramsay and Silverman. Functional data analysis, 2006.

@ Febrero-Bande and Oviedo de la Fuente. " Statistical computing in functional
data analysis: the r package fda.usc”. Journal of Statistical Software, 2012.



Classification with functional data

tecator

| e x e co(Jo, T])
§° o x & (x(t1), ..., x(tm)) € R
81 ® (x(t1),...,x(tm)) = x € C°([0, T]) ~
) x(t1), ..., x(tm))
e s s o 1o
Time

@ Blanquero, C., Jiménez-Cordero, Martin-Barragan. Variable Selection in
Classification for Multivariate Functional Data. Researchgate, 2018.

@ Blanquero, C., Jiménez-Cordero, Martin-Barragan. Functional-bandwidth Kernel
for Support Vector Machine with Functional Data: an Alternating Optimization
Algorithm European Journal of Operational Research 2019



SVM with functional data

tecator
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Cost-sensitive SVM



The performance measure

ming ge llwl* + C>ic &
s.t. yi(Txi+B8)>1-¢& i€l
& >0 i€l



The performance measure

ming ge llwl* + C>ic &
s.t. yi(Txi+B8)>1-¢& i€l w,B, C
& >0 i€l



The performance measure

ming ge llwl* + C>ic &
s.t. yi(Txi+B8)>1-¢& i€l w,B, C
& >0 i€l

The performance measure

® {(xi,yi): i € I} : seen as a random sample of (X, Y)
® Accuracy: acc = P(Y(w' X+ 8) > 0)



The performance measure

ming ge llwl* + C>ic &
s.t. Yi (UJTX,' aF B) >1-¢ i€l w, B, C
& 2>0 i€l

® {(xi,yi): i € I} : seen as a random sample of (X, Y)
® Accuracy: acc = P(Y(w' X+ 8) > 0)
® Distribution of (X, Y) : Unknown



(Asymmetric) costs

ﬁ C., Martin-Barragan, Romero Morales. " Multi-group support vector machines
with measurement costs: A biobjective approach”. Discrete Applied
Mathematics, 2008.

a He, Ma. Imbalanced learning: foundations, algorithms, and applications. Wiley,
2013.

ﬁ Maldonado, Pérez, Bravo. " Cost-based feature selection for support vector
machines: An application in credit scoring”. EJOR, 2017.

ﬁ Prati, Batista, Duarte Silva. " Class imbalance revisited: a new experimental
setup to assess the performance of treatment methods”. Knowledge and
Information Systems. 2015.

a Turney. " Types of cost in inductive concept learning”. 2002.



Performance measures

ming, ge  [lwl®> + C>iciéi
s.t. Yi (wTX,'-i-B) > 1—&,’ iel w,,@x €
£ >0 i€l

Performance measures 7(w, 3) :

® Accuracy: acc = P(Y(wT X+ ) > 0)



Performance measures

ming, ge  [lwl®> + C>iciéi
s.t. yi(Tx+B8)>1-¢& i€l w,B, C
& >0 i€l

Performance measures 7(w, 3) :

® Accuracy: acc = P(Y(w™X+ 8) > 0)
® Sensitivity: TPR = P(w X+ 8> 0]Y =1)
® Specificity: TNR = P(w' X+ 8 <0]Y = —1)
® Youden's index:
J=TPR+TNR—-1=Pw ' X+B>0]Y =1)+Pw'X+8<0]Y=-1)-1
® Positive Predictive Value: PPV = P(Y = 1jwTX + 8 > 0)
® Negative Predictive Value: NPV = P(Y = —1|wT X + 3 < 0)



@ Benitez Pefia, Blanquero, C., Ramirez-Cobo. " On Support Vector Machines
under a multiple-costscenario”, Advances in Data Analysis and Classification
2019. 2018.

@ Benitez Pefia, Blanquero, C., Ramirez-Cobo. " Cost-sensitive Feature Selection
for Support Vector Machines”, Computers & OR 2018.



@ Benitez Pefia, Blanquero, C., Ramirez-Cobo. " On Support Vector Machines
under a multiple-costscenario”, Advances in Data Analysis and Classification

2019. 2018.

@ Benitez Pefia, Blanquero, C., Ramirez-Cobo. " Cost-sensitive Feature Selection
for Support Vector Machines”, Computers & OR 2018.

® Performance measures my(w, 8),¢ € L
® Threshold values ~y; for g, £ € L
® | : training sample {(x;,y;) : i € I}



Benitez Pefia, Blanquero, C., Ramirez-Cobo. " On Support Vector Machines
under a multiple-costscenario”, Advances in Data Analysis and Classification

2019. 2018.

Benitez Pefia, Blanquero, C., Ramirez-Cobo. " Cost-sensitive Feature Selection
for Support Vector Machines”, Computers & OR 2018.

Performance measures mp(w, 8),¢ € L

Threshold values ~; for g, £ € L

I : training sample {(x;,y;) : i € I}

J : anchor sample {(xj,y;): j€J} (JNI=0)



Benitez Pefia, Blanquero, C., Ramirez-Cobo. " On Support Vector Machines
under a multiple-costscenario”, Advances in Data Analysis and Classification
2019. 2018.

Benitez Pefia, Blanquero, C., Ramirez-Cobo. " Cost-sensitive Feature Selection
for Support Vector Machines”, Computers & OR 2018.

Performance measures mp(w, 8),¢ € L

Threshold values ~; for g, £ € L

I : training sample {(x;,y;) : i € I}

J : anchor sample {(xj,y;): j€J} (JNI=0)
Estimates of performance measures: 7p(w,3;J),£ € L



Benitez Pefia, Blanquero, C., Ramirez-Cobo. " On Support Vector Machines
under a multiple-costscenario”, Advances in Data Analysis and Classification

2019. 2018.

Benitez Pefia, Blanquero, C., Ramirez-Cobo. " Cost-sensitive Feature Selection
for Support Vector Machines”, Computers & OR 2018.

Performance measures mp(w, 8),¢ € L

Threshold values ~; for g, £ € L

I : training sample {(x;,y;) : i € I}

J : anchor sample {(xj,y;): j€J} (JNI=0)
Estimates of performance measures: 7p(w,3;J),£ € L
Desired: my(w,B) > v, L € L



Benitez Pefia, Blanquero, C., Ramirez-Cobo. " On Support Vector Machines
under a multiple-costscenario”, Advances in Data Analysis and Classification
2019. 2018.

Benitez Pefia, Blanquero, C., Ramirez-Cobo. " Cost-sensitive Feature Selection
for Support Vector Machines”, Computers & OR 2018.

Performance measures mp(w, 8),¢ € L

Threshold values ~; for g, £ € L

I : training sample {(x;,y;) : i € I}

J : anchor sample {(xj,y;): j€J} (JNI=0)
Estimates of performance measures: 7p(w,3;J),£ € L
Desired: my(w,B) > v, L € L

Imposed: 7(w,B8;J) > v;, L€ L



Standard approach

ming, 3,¢ flw] + Cziel &i
s.t. yi(wTsi+8)>1-¢& i€l
& 20 i€l



minw,fl,& ||w||2+ Czielfi

s.t. yiwhxi+8)>1-¢& iel
&>0 iel
7o(w, B J) > 75 tel



Adding constraints to an SVM model

ming, g llwl|>+C i &

s.t. Vi (wa,+ﬂ) >1-¢ iel
£ >0 iel
(w,B) €

Q : some (polyhedral) regions forced to be in one side of the separating hyperplane

) ) ) E E



Adding constraints to an SVM model

ming, g lw|*+ CXici&i

s.t. Vi (wa,+ﬂ) >1-¢ iel
£ >0 iel
(w,B) €

Q : some (polyhedral) regions forced to be in one side of the separating hyperplane

@ C., and Plastria, " Optimal expected-distance separating halfspace”, Maths of
OR, 2008.

Fung, , Mangasarian, and Shavlik, " Knowledge-based support vector machine
classifiers”. In Advances in NIPS, 2002

Lauer and Bloch, " Incorporating prior knowledge in support vector machines for
classification: A review", Neurocomputing, 2008.

Mangasarian, " Knowledge-based linear programming”, SIAM Journal on
Optimization, 2005.

) & ) &

Mangasarian and Wild, " Nonlinear knowledge-based classification”, IEEE
Transactions on Neural Networks, 2008.



® Desired: my(w,B) >y, L €L
® Imposed: 7p(w,B;J) >, £€L



® Desired: mp(w,B) > e, L€ L
® Imposed: 7p(w,B;J) >, £€L
® v, :so that Hy cannot be rejected in the test hypothesis

{ Ho: me(w,B) >
Hi: mp(w, B) < e



® Desired: my(w,B) >y, L €L
® Imposed: 7p(w,B;J) > v;, L€ L
® 7, : so that Hyp cannot be rejected in the test hypothesis

{ Ho: me(w,B) >
Hi: mp(w, B) < e

Building v,

® Hoeffding’s inequality: for Zi,...,Z, i.i.d., Be(p), P(Z —p > c) < e—2¢?,

® 100(1 — @)% Cl for p :
(2— Ioga’1>
V —2n
> po+ log
\/ —2n

® |Imposing pgp € Cl means

NI




® Desired: my(w,B) >y, L €L
® Imposed: 7p(w,B;J) > v;, L€ L
® 7, : so that Hyp cannot be rejected in the test hypothesis

{ Ho: me(w,B) >
Hi: mp(w, B) < e

Building v,

® Hoeffding’s inequality: for Zi,...,Z, i.i.d., Be(p), P(Z —p > c) < e—2¢?,

® 100(1 — @)% Cl for p :
(2— Ioga’1>
V —2n
> po+ log
\/ —2n

® |Imposing pgp € Cl means

NI




ming 3,¢
s.t.

lwl + € i &

Yi (wa,'+ﬁ) >1—§
& >0

Te(w, B d) > v;

i€l
i€l
telL



ming 3,¢
s.t.

lwl + € i &

Yi (wa,'+ﬁ) >1—§
& >0

Te(w, B d) > v;

i€l
i€l
telL

if y; (wxj+8) >1
else

jed



ming, 5.¢
s.t.

2
w
lw|* + C3ics &i

,Vi( 5% >> _ w B) =1

w X >1 &i i zi = J
i + B ;i i€l cJ
’7(‘*’75?-])>,\* iel J { 17 Ifyj( Xj )>

: k / 0, else .

TPR(w, B;J) >«

Y. Z2v#{iedy=1)

jEJ:yj:1



miny, g, ¢
s.t.

llwl? + CXici&i

,Vi(w-rx;-l-ﬁ)zl—ﬁi iel 1, ify (w8 >1 J

§>0 i€l TTV 0, else ’c
LelL

me(w, Bi ) > 75

TNR(w, B; J) > ~

S zZeay#{iedy=-1})

Jj€Jyj=—1



ming, 5.¢
s.t.

llw|l* + €
ZIEI &i

J(w, B:J) >~

YI(WTX'+
1 /6 >
%(ZOB )_l—ﬁi iel
/(w, B;J ¢ . |
=4 0, else ARESY
jeJ
252
2 v#(J)



. 2
ming,,8,¢ [lwl]* + CZ[EIE/

s.t. Vi (wa,--i-ﬁ) >1-¢ i€l 5 = 1, ifyj(waJ-JrB) >1 ey
& >0 i€l 771 0, else J
me(w, B;J) = 7 tel

ﬁR\m(w,ﬁ;J)Zq
S zzy#{icdy=m})

j€Juj=m



ming, 8,¢ H"-’”ZJF CZ[EIE/
s T —& g 8% o (o U szs

s.t. y,(w x,+ﬁ)21 & /.el z = 1, |fyj(w xJJrB)zl jed
§& >0 i€l 0, else
me(w, B;J) = 7 tel

FTP\\/(w,‘B; J) >~
(L—v)previ > zi—v(l—prevy) > (1-z)>0

Jj€Jy;=1 Jj€Jyj=—1



ming 3,¢
s.t.

m/(w,ﬁ;J) >

|w|> + € 3ier &

,Vi(w-rx;-i-ﬁ)Zl—E; i€l 5 1, ify(wix+8)>1 ey
& >0 i€l 771 0, else J
me(w, B;J) = 7 tel

(1 — ) prev— Z zj— v (1 — prev-) Z (1-z)>0

j€Jy=—1 j€Jy;=1



. 2
ming,,8,¢ [lwl]* + CZ[EIE/

s.t. Vi (wa;-l-ﬁ)Zl—ﬁ; iel 5 = 1, ifyj(waJ-JrB)Zl ey
& >0 i€l 771 0, else J
me(w, B;J) = 7 tel




. 2
ming,,8,¢ [lwl]* + CZ,’&/E/

st. yi(wTxi+B)21-¢& i€l N IS U VA CHNEY) -3
& >0 i€l 771 0, else J
Teo(w, Bid) > vp LEL

ming, 8¢,z llew||? + CZielfi

s.t. Vi (wa;+B) >1-¢; iel
& >0 i€l
ajz> by lel
zp € {0,1} lLel

Yi(wix+8) >1-M1-2z) jeJ



miny 3¢z
s.t.

wl® + C¥ies &
Yi(wTsi+8)>1-¢

§& >0

a;rz > b

zp € {071}

Yj (waJ- —i—ﬁ) >1— M(1-z)

icl
icl

leL
tel
jeJ



® Denote J(z)={j€J: z =1}

min; ming, 3,¢ w " g Ciciéi
st.  z€{0,1} fLel st yi(lxi+B)>1-¢& i€l
ajz>b, l€eL yi (wTx +8) >1 Jj€J(2)
£&>0 icl



® Denote J(z) ={j€J: z =1}

min; ming, 3,¢ w " g Ciciéi
st.  z€{0,1} fLel st yi(lxi+B)>1-¢& i€l
ajz>b, l€eL yi (wTx +8) >1 Jj € J(z)
& >0 i€l

KKT conditions for inner problem (z fixed)

w = Zsel AsysXs + Etej(z) MtYtXt

0 = DleciAs¥s + D rcyz) Heye

0 < X <(C)2 sel

0 < t e J(z)



® Denote J(z) ={j€J: z =1}

min; ming, 3,¢ w " g Ciciéi
st.  z€{0,1} fLel st yi(lxi+B)>1-¢& i€l
ajz>b, l€eL yi (wTx +8) >1 Jj € J(z)
& >0 i€l

KKT conditions for inner problem (z fixed)

W= Di AsYsXs + Doy MeyeXe

0 = DleiAsYs T D ey Myt

0 < X<C/2 sel
0 < p< Mz teJ



(Partial) Dual

. T
minx u,B,¢,z (Zsel AsysXs + EtEJ Mterr) (Zsel AsysXs + ZtEJ 'u’tthr)

+C3 i éi

s.t. zp € {0,1} Lel
ajz > by lelL
Vi ((Coer Asyexs + ey peyexe) T xi +8) 21— &; iel
Yj (Zsel AsysXs + 2 ie Mfyfxf)-r X+p)21=M1-2z) jeJ
£&2>0 rel
0< X <C/2 iel
0 < py < Mz jeJ



(Partial) Dual:

min

SSIA

Es,s/ el AsYsAgr Yot K(xs, xs7) + Et,t’e] Heyepher Yo K (xes %)

F23ccr ey AsYsAeyeK(xs, xe) + C 30, &i

zp € {0! 1}

a:qrz > by

Yi (Zsel AsysK(xs, xi) + ZtEJ HeyeK (xe, i) + ’8) ==

Vi (XCser AsysK(xs, %)) + 2oey meyeK(xe, %) + 8) 2 1= M(1 - z)
i>0

X < C/2

<
< pj < Mz

0
0

lelL
lLelL
i€l

Jjed
iel

i€l
jed




(Partial) Dual:

min Es,s’el AsyYs Aty K(xs, %1 ) + Et,t’e] PeYeter Yo K(Xe, %)
+2 ZSE’JEJ AsYsAtytK(st Xt) +C Z;E/ &

st. z € {0,1} lteL
aj z> by LeL
Yi (ZsE,ASYSK(stxi)+Zt€JHthK(Xt7Xi)+B) >1-¢; i€l
Vi (Ceer AsysK(xs, %) + Xope s meyeK(xes %) +8) 21— M(1—2z) jeJ
£ >0 i€l
0< A < C)2 iel
0 < pj < Mz jeJ

Parameters involved:

® C, to be tuned
® M, to be fixed



® RBF kernel, parameters tuned by grid search
® Python + Gurobi
® M = 100, time.limit = 300 sec



® RBF kernel, parameters tuned by grid search
® Python + Gurobi
® M = 100, time.limit = 300 sec

Name Q] VvV Q4] (%)
australian 690 14 383 (55.5%)
votes 435 16 267  (61.4%)
wisconsin 567 30 357 (62.7%)
german 1000 45 700 (70%)
pageBlocks 5472 10 558  (10.2%)
biodeg 1055 41 356 (33.7%)




Name SVM SVM(C,,C_) Slding 8 CSVM
Mean Mean Mean (Target] Mean (Target)
(Std) (Std) (Std) (Std)
australian TPR 0.83 0.806 0.821 (0.855)  0.903 (0.855)
(0.071)  (0D.093) (0.073) (0.05)
THR  0.863 0.878 0.855 0.772
(0.079)  (D.088) (0.068) (0.081)
votes TPR 0.963 0.945 0.071 (0.08F]  0.078 (0.08%
(0.04) (0.042) (0.037) (0.026)
THR  0.951 0.941 0.91 0.922
(0.031)  (0.037) (0.063) (0.04)
wisconsin  TPR 0.048  0.062 0.989 (0.0973)  0.985 (0.973)
(0.049)  (0.027) (0.017) (0.037)
THR  0.99 0.931 0.953 0.945
(0.017)  (0.07) (0.045) (0.045)
german TPR 0.464  0.89 0.043 (0.65) 0.671 (0.65)
(0.103)  (0.08) (0.023) (0.164)
THR  0.847 0.407 0.996 0.668
(0.031)  (0.069) (0.009) (0.111)
pageBlocks TPR  0.BOT  0.557 0.819 (0.832)  0.859 (0.832)
(0.03) (0.361) (0.981) (0.045)
THR  0.988 0.901 0.981 0.965
(0.004)  (0.088) (0.006) (0.012)
bicdeg TPR 0.783  0.793 0.797 (0.808)  0.852 (0.80%)
(0.084)  (D.083) (0.095) (0.057)
THR  0.909 0.839 0.801 0.833
(0.032)  (0.037) (0.037) (0.05)



Cost-sensitive SVM Feature Selection



Feature selection

® Find a minimum-cost (e.g. minimum-cardinality) set of features
® Attaining Ty (w,8) > v;, L € L
® Hoping me(w, B;1) > ve, L€ L

® Once identified the features, solve an SVM



Feature selection. Linear kernel

N
minw’gyz’g kz (5ka
=1
s.t. yi(wTxi+8) >1—L(1-¢), viel
Ziel G(l—yi) > /\712,-61(1 —yi)
it Gl +yi) > M1+ i)

[wi| < Mz Vkel,...,N
¢ €{0,1} viel
z € {0,1} Vkel,...,N



Results. Linear kernel

Name SVM Fs Feature reduction
Mean Std Mean Sed

wisconsin Acc  0.976 0.021 0.947 0.026 30 — 2 (0 5td)
TPR 0.992 0.013 0.973 0.031
THNR 0.943 0.0561 0.905 0.083

votes Acc  0.964 0.033 0.949 0.036 32 - 2(05td)
TPR 0.966 0.038 0.928 0.069
TNR 0.947 0.069 0.979 0.036

nursery Ace 1 0 1 0 18 — 1 (D Std)
TPR 1 ] 1 0
TNR 1 ] 1 0

Australian Acc  0.B48 0.051 0.866 0.067 34 — 1(05td)
TPR 0.798 0.083 0.801 0.087
TNR 0.912 0.05 0.926 0.041

careval Acc  0.966 0.017 0.946 0.019 15 — 9 (0 Std)
TPR 0.96 0.022 0.963 0.017
TNR 0.948 0.024 0.907 0.04

loukemia Acc  0.972 0.164 0.876 0.331 7128 — 3.139 (1.205 Std)
TPR 0.979 0.196 0.896 0.3086
TNR 0.96 0.144 0.833 0.373

gastrointestinal Acc 0.896 0.307 0.829 0.379 G698 — 1 (0 Sud)
TPR 0.929 0.268 0.839 0.367
TNR 0.8 0.4 0.8 0.4




Results. Radial kernel



Discrete-Level SVM

@ E. Carrizosa, A. Nogales-Gémez amd D. Romero Morales
Strongly Agree or Strongly Disagree?: Rating Features in Support Vector
Machines, Information Sciences, 2015
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Discrete-Level SVM

C., Nogales-Gémez, Romero Morales. Information Science, 2015

Impose w; € A, finite, e.g.,, A ={-a,0,a}

e _Souicel Sesmaghy Dissgres




Discrete-Level SVM

C., Nogales-Gémez, Romero Morales. Information Science, 2015

Impose w; € A, finite, e.g., A= {—b,—3a,0,a, b}

..... i s e D sy e




DiLSVM

Impose w; € A, finite



DiLSVM

Impose w; € A, finite

min wlw+CY N &

yilwxi+8)21—-¢&, i,i=1,2,...,n
& >0, ihi=1,2,...,n
wER? BER.



DiLSVM

Impose w; € A, finite

min wlw+CY N &

YilwTxi+B)>1~¢, i,i=12,...,n
& >0, ihi=1,2,...,n
we A BeR.



DiLSVM

min  w'w+CXN &

yilwlxi+B8)>1—¢&, i,i=1,2,...,n
& >0, ii=1,2,...,n
we A, BeR.



DiLSVM

min  w'w+CXN &
vilw x5 +8) >1—-¢&, i,
& >0, i,

we Al BeR.

® Define

3
[y

)

Ty =
N I 0,

if wj = a
else



DiLSVM

min w' w4+ CYXlat ® Define

yilw xi +B) >1—¢,

==

=1,2,...,n 1, ifwj=a
_ Zja =
=1,2,...,n J 0, else

we Al BeR.

DiLSVM problem:

min

d
j=1dzaeA azj + CYL &
Yi(3Tit1 X senazaxy +B)21-§& i=12,...,n

ZaeAzfa:]' j=1,...,d

& >0 i=1,2,...,n

zj, € {0,1} Vi=1,...,d,ae A
B ER.



Performance of the DILSVM) classifier

Name SVM CKZ
C=o00,31 =1
Accuracy | Sparsity Accuracy | Sparsity
adult 84.89 0.00 82.03 55.03
mushroom 99.98 0.00 99.98 49.08
german 72.96 4.12 72.52 51.43
ijenni 91.37 0.00 90.18 81.82
careval 95.05 0.00 86.92 30.00
ganna 79.32 0.00 70.37 31.00
abalone 79.52 0.00 74.28 15.00
shuttle 98.17 0.00 80.83 15.55
cod-rna 93.86 0.00 66.56 87.50
calhous 83.59 0.00 63.57 0.00
Name MILP RSVM RR
ap €420, ...,210) | &y e {20, ..., 210y | 5 e {20,. .., 210}
Accuracy | Sparsity Accuracy | Sparsity Accuracy | Sparsity
adult 79.27 75.81 8233 97.36
mushroom 91.60 52.01 99.47 97.56
german 70.95 69.24 69.28 93.02
ijenni 100.00 90.18 90.17 96.59
careval 59.52 82.03 87.61 81.19
ganna 50.00 77.95 78.31 73.00
abalone 70.00 77.19 76.91 75.50
shuttle 63.33 84.30 93.75 68.33
cod-rna 87.50 71.05 76.13 93.75
calhous 31.25 78.60 78.17 65.00




Performance of the DILSVM) classifier

Name SVM CKZ
C=o00,31 =1
Accuracy | Sparsity Accuracy | Sparsity
adult 84.89 0.00 82.03 55.03
mushroom 99.98 0.00 99.98 49.08
german 72.96 4.12 72.52 51.43
ijenni 91.37 0.00 90.18 81.82
careval 95.05 0.00 86.92 30.00
ganna 79.32 0.00 70.37 31.00
abalone 79.52 0.00 74.28 15.00
shuttle 98.17 0.00 80.83 15.55
cod-rna 93.86 0.00 66.56 87.50
calhous 83.59 0.00 63.57 0.00
Name MILP vs SVM RSVM RR
ap €420, ...,210) | &y e {20, ..., 210y | 5 e {20,. .., 210}
Accuracy | Sparsity Accuracy | Sparsity Accuracy | Sparsity
adult B B 75.81 8233 97.36
mushroom B 52.01 99.47 97.56
german B B 69.24 69.28 93.02
ijenni w B 90.18 90.17 96.59
careval B B 82.03 87.61 81.19
ganna B 77.95 78.31 73.00
abalone w B 77.19 76.91 75.50
shuttle B 84.30 93.75 68.33
cod-rna w B 71.05 76.13 93.75
calhous w B 78.60 78.17 65.00




Performance of the DILSVM(?) classifier

Name SVM CKZ
C=o00,a1 =1
Accuracy | Sparsity Accuracy | Sparsity
adult 84.89 0.00 82.93 55.93
mushroom 99.98 0.00 99.98 49.08
german 72.96 4.12 72.52 51.43
ijcnnl 91.37 0.00 90.18 81.82
careval 95.05 0.00 86.92 30.00
gamma 79.32 0.00 70.37 31.00
abalone 79.52 0.00 74.28 15.00
shuttle 98.17 0.00 80.83 15.55
cod-rna 93.86 0.00 66.56 87.50
calhous 83.59 0.00 63.57 0.00
Name MILP RSVM RR fixing
a € {20,...,210 ap € {20,...,210% a € {20,...,210y C, 5
o € {21/2,91/2} | m € {a/2,0/2%) | @ € {a1/2.01/2%) | o € {31/2,5/2°}
Accuracy Sparsity Accuracy Sparsity Accuracy Sparsity Accuracy Sparsity
adult 77.40 77.88 90.33 89.04 93.33 89.08 67.07
mushroom 91.60 99.41 95.80 100.00 100.00 100.00 91.60
german 55.87 70.92 57.78 73.00 54.76 71.60 35.56
ijenni 95.46 90.46 65.91 90.25 70.45 90.17 100.00
careval 35.72 89.81 43.34 98.76 53.81 96.84 51.90
gamma 50.00 78.28 52.00 79.19 57.00 79.36 32.00
abalone 55.00 78.28 57.00 77.64 65.00 78.43 61.00
shuttle 45.55 92.16 43.33 96.30 43.33 97.32 47.78
cod-rna 42.50 73.94 82.50 80.10 62.50 81.32 46.25
calhous 17.50 80.14 25.00 80.47 17.50 82.25 20.00




Performance of the DILSVM(?) classifier

Name SVM CKZ
C=o00,a1 =1
Accuracy | Sparsity Accuracy | Sparsity
adult 84.89 0.00 82.93 55.93
mushroom 99.98 0.00 99.98 49.08
german 72.96 4.12 72.52 51.43
ijcnnl 91.37 0.00 90.18 81.82
careval 95.05 0.00 86.92 30.00
gamma 79.32 0.00 70.37 31.00
abalone 79.52 0.00 74.28 15.00
shuttle 98.17 0.00 80.83 15.55
cod-rna 93.86 0.00 66.56 87.50
calhous 83.59 0.00 63.57 0.00
Name MILP vs SVM RSVM RR fixing
a € {20,...,210 ap € {20,...,210% a € {20,...,210y C, 5
o € {21/2,91/2} | m € {a/2,0/2%) | @ € {a1/2.01/2%) | o € {31/2,5/2°}
Accuracy Sparsity Accuracy Sparsity Accuracy Sparsity Accuracy Sparsity
adult B B 77.88 90.33 89.04 93.33 89.08 67.07
mushroom B 99.41 95.80 100.00 100.00 100.00 91.60
german B B 70.92 57.78 73.00 54.76 71.60 35.56
ijcenni w B 90.46 65.91 90.25 70.45 90.17 100.00
careval B B 89.81 43.34 98.76 53.81 96.84 51.90
gamma B 78.28 52.00 79.19 57.00 79.36 32.00
abalone B 78.28 57.00 77.64 65.00 78.43 61.00
shuttle B 92.16 43.33 96.30 43.33 97.32 47.78
cod-rna w B 73.94 82.50 80.10 62.50 81.32 46.25
calhous B 80.14 25.00 80.47 17.50 82.25 20.00




Performance of the DILSVM(?) classifier

Name SVM CKZ
C=o00,a1 =1
Accuracy | Sparsity Accuracy | Sparsity
adult 84.89 0.00 82.93 55.93
mushroom 99.98 0.00 99.98 49.08
german 72.96 4.12 72.52 51.43
ijcnnl 91.37 0.00 90.18 81.82
careval 95.05 0.00 86.92 30.00
gamma 79.32 0.00 70.37 31.00
abalone 79.52 0.00 74.28 15.00
shuttle 98.17 0.00 80.83 15.55
cod-rna 93.86 0.00 66.56 87.50
calhous 83.59 0.00 63.57 0.00
Name MILP RSVM RR fixing vs SVM
a € {20,...,210 ap € {20,...,210% a € {20,...,210y C, 5
o € {21/2,91/2} | m € {a/2,0/2%) | @ € {a1/2.01/2%) | o € {31/2,5/2°}
Accuracy Sparsity Accuracy Sparsity Accuracy Sparsity Accuracy Sparsity
adult 77.40 77.88 90.33 89.04 93.33 B B
mushroom 91.60 99.41 95.80 100.00 100.00 B
german 55.87 70.92 57.78 73.00 54.76 w B
ijcenni 95.46 90.46 65.91 90.25 70.45 w B
careval 35.72 89.81 43.34 98.76 53.81 B B
gamma 50.00 78.28 52.00 79.19 57.00 B
abalone 55.00 78.28 57.00 77.64 65.00 w B
shuttle 45.55 92.16 43.33 96.30 43.33 B
cod-rna 42.50 73.94 82.50 80.10 62.50 w B
calhous 17.50 80.14 25.00 80.47 17.50 W B




Performance of the DILSVM(?) classifier

Name SVM CKZ
C=o00,a1 =1
Accuracy | Sparsity Accuracy | Sparsity
adult 84.89 0.00 82.93 55.93
mushroom 99.98 0.00 99.98 49.08
german 72.96 4.12 72.52 51.43
ijcnnl 91.37 0.00 90.18 81.82
careval 95.05 0.00 86.92 30.00
gamma 79.32 0.00 70.37 31.00
abalone 79.52 0.00 74.28 15.00
shuttle 98.17 0.00 80.83 15.55
cod-rna 93.86 0.00 66.56 87.50
calhous 83.59 0.00 63.57 0.00
Name MILP RSVM RR fixing vs SVM
a € {20,...,210 ap € {20,...,210% a € {20,...,210y C, 5
o € {21/2,91/2} | m € {a/2,0/2%) | @ € {a1/2.01/2%) | o € {31/2,5/2°}
Accuracy Sparsity Accuracy Sparsity Accuracy Sparsity Accuracy [ Sparsity
adult 77.40 77.88 90.33 89.04 93.33 B B
mushroom 91.60 99.41 95.80 100.00 100.00 B
german 55.87 70.92 57.78 73.00 54.76 B
ijcenni 95.46 90.46 65.91 90.25 70.45 B
careval 35.72 89.81 43.34 98.76 53.81 B B
gamma 50.00 78.28 52.00 79.19 57.00 B
abalone 55.00 78.28 57.00 77.64 65.00 B
shuttle 45.55 92.16 43.33 96.30 43.33 B
cod-rna 42.50 73.94 82.50 80.10 62.50 w B
calhous 17.50 80.14 25.00 80.47 17.50 B




SVM and categorical features

When we have categorical features ...

Suppose x = (x’,x""), with mcont continuous and mca: categorical features.
® each feature of x’ : continuous
® each feature j of X'’ :
® takes K; different values
® which we codify as Kj dummy (0 — 1) variables xj , . . . ,x]-',éj

® .. .and we may have many categorical variables: Carrizosa, Martin-Barragan,
Romero Morales, IJOC, 2010; Liu, Hussain, Tan, Dash, DMKD, 2002, ...



SVM and categorical features

When we have categorical features ...

® Suppose x = (x/,x""), with mcont continuous and mca: categorical features.

® each feature of x’ : continuous
° . "
each feature j of x

® takes Kj different values

® which we codify as Kj dummy (0 — 1) variables lell’ 200 ’Xj/’éj



SVM and categorical features

When we have categorical features ...

® Suppose x = (x/,x""), with mcont continuous and mca: categorical features.

® each feature of x’ ; continuous
® each feature j of x
® takes Kj different values

® which we codify as Kj dummy (0 — 1) variables le, 200 ,xj/,é_
J

® score function:

Mcont Mcat
E ij + E E wijJk + B
Jj=1 kEK



SVM and categorical features

When we have categorical features ...

® Suppose x = (x/,x""), with mcont continuous and mca: categorical features.

® each feature of x’ : continuous
° . "
each feature j of x

® takes Kj different values

® which we codify as Kj dummy (0 — 1) variables le, 200 ,xj/,é_
J
® score function:
Mcont Mcat
E ij + E E wjkxjk+ﬂ
J=1 kekK;

® Optimization problem:

min ZJ’"cont 1/ e chat ZkEK + C Z:eﬂt,g,

s.t. ;i (ch""‘ UJX + E = ZkeKj wij,-jk + [3) >1—& i€Qu
& >0 i € Qe



3 Mcont ,,2 Mcat 2
min - 327" v 4+ 200 Dkek; Wik T € Licaye;

sty (S0 v+ S Sher, @iy +8) > 1= &
& >0

® Again, convex quadratic problem with linear constraints

i € Qe
i € Qe



. 2 2

min Z}nﬁ"t vi+ Z,’";if Zkng Wi + C Eieﬂt,g,-

sty (Z;":ci)nt ijé_ 4 Zj'ﬁzcit ZkGKj wij,-,_,-,k + /B) >1-¢& i€Qu
&>0 i€ Q4

® Again, convex quadratic problem with linear constraints

® Hard to interprete if many categorical values in features



. 2 2

min Z}nﬁ"t vi+ Z,’";if Zkng Wi + C Eieﬂt,g,-

sty (Z;":ci)nt ijé_ 4 Zj'ﬁzcit ZkGKj wij,-,_,-,k + /B) >1-¢& i€Qu
&>0 i€ Q4

® Again, convex quadratic problem with linear constraints
® Hard to interprete if many categorical values in features

® Convenient to reduce complexity (= reduce number of categorical values in
features) without dammaging accuracy of classifier



Reducing the complexity

Mcont Mcat
Z v+ D D widfi+ B
Jj=1 keK;

Strategies

® Feature selection

® Clustering values in certain categorical features



SVM and categorical features

® x = (x/,x""), with mcon: continuous and mcs: categorical features, each j of x”/ :
takes K; different values



SVM and categorical features

® x = (x/,x""), with mcon: continuous and mcs: categorical features, each j of x”/ :
takes K; different values

® x = (x/,x""), with mcont continuous and mc,: categorical features, each j of x” :
takes L; different values, with L; < K; fixed, L; = 2, say



SVM and categorical features

® x = (x/,x""), with mcon: continuous and mcs: categorical features, each j of x”/ :
takes K; different values

® x = (x/,x""), with mcont continuous and mc,: categorical features, each j of x” :
takes L; different values, with L; < K; fixed, L; = 2, say
® For each categurical feature, needed:
® cluster the K; values into L; clusters



SVM and categorical features

® x = (x/,x""), with mcon: continuous and mcs: categorical features, each j of x”/ :
takes K; different values

® x = (x/,x""), with mcont continuous and mc,: categorical features, each j of x” :
takes L; different values, with L; < K; fixed, L; = 2, say
® For each categurical feature, needed:

® cluster the K; values into L; clusters
® Assign one weight to each cluster, i.e., assign a common weight to all values in the
same cluster



min Emc"’" vi+ chat EkeK Wt C Z:eﬂné,

s.t. y; (Z"’Ci’"‘ IIJXU +ZJ 3 ZkeK wjkxuk +/3’) >1—¢& i€ Qu
& >0 i € Qe

Now we have ...

® Define zj :

5 1, if, in feature j, value k is assigned to cluster /
K= 0, else

® Seek wj : weight of all values of feature j allocated to cluster /



min me"‘ 1/ aF Emm zkeK “{,k + C e

>1-& i€y
s.t. Yy (Z}”;;’" VX Zj:l EkeKj wikX + 6) = §i ’

&>0 i€ Q4

Now we have... ...

ffiE chont 1/ + chat ZI 1 + CZ,%Q"&
sty (Zm“’”' vixi + 22105 Z/ 1 9t 224ty Zjki X B)

ieQ
>1-—¢ ! . "
L‘ b
>l Zm =1 j,k /
zj € {0,1} Ce .,
& =>0



min Zj’ncant 1/ e chat Z’ 1 + C Z’%{Qtrfl
sty (Z}”:Ci’"f vix + 300t E/ 19t 2242y Zjki X ,8)

>1-¢&; i € Qe
i, .
>l zm =1 Jrk
zj € {0,1} Jyk, 1
& >0 i € Qi

® Mixed Intenger Nonlinear Nonconvex Optimization Problem
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zj € {0,1} Jyk, 1
& >0 i € Qi

® Mixed Intenger Nonlinear Nonconvex Optimization Problem

® Very hard to solve, even with state-of-the-art software, e.g. Couenne
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® Mixed Intenger Nonlinear Nonconvex Optimization Problem
® Very hard to solve, even with state-of-the-art software, e.g. Couenne

® Structural properties are obtained



Property

If, for some categorical feature j*, an optimal solution exists with zjx—_; for all
k=1,...,K; for some I* € {1,...,Ljx}, i.e., if the trivial cluster is obtained, then
@jxy =0forall I € {1,...,L;x}, i.e., feature j is irrelevant.



Property

If, for some categorical feature j*, an optimal solution exists with zjx—_; for all
k=1,...,K; for some I* € {1,...,Ljx}, i.e., if the trivial cluster is obtained, then
@jxy =0forall I € {1,...,L;x}, i.e., feature j is irrelevant.

Property

Suppose L; = 2. Then, any optimal solution satisfies

c:le(:)jg <0
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Alternative (big-M) formulation

® Define variables wjy :

~ | @j, ifvalue k of feature j goes to cluster /
“ikl =1 o, else

L.
5 cont ,,2 Mcat 4 =2
min E:j:1 i + Ej:l 21:1 ijL+ Cziintréi
n Meont ,, /. Mecat 7= j s
s.t. (Ej:1 VjXi; + Ej:1 21:1 Wi Ek:1 Zjkl Xijk + rB)

>1 —f,’ i€ Qe
L; .
>tz =1 Jik
ijle{oal} J7k7I
£ >0 ieQu



Alternative (big-M) formulation

® Define variables wjy :

Solto

~ @;j;,  if value k of feature j goes to cluster /
Wikl = 0 |
s else

ijcont I/ + Emat ZI Q wj/ + C z,ent,g,
vi (chont I/JX _,’_cha ZI " jk( i +,B) >1-& i€ Qyy

Wikl SwJ/+M(1—ZJk1) Jyki !
Wik > @ — M(1 — zjy) gk, 1
Wik < Mzjyg Jyk, 1
ij[ > —Mzjy Jyks !
>z =1 Jrk
Zjk € {0, 1} gy k, 1
&-i 2 0 i € Qtr



Alternative (big-M) formulation

. L _
i Ejmcont V2 + Z’,"caz T JI 4 CZ,EQH§’
sty (me vixh + Mt S By +6) >1-6 ieQy

LAJJk/ < wj + M(l = ij/) gy k, 1
wjk, > wj — M(1 — zjy) Jy k1
kaI < szkl J7 kal
wjk[ > — Mz Jik, 1
2tz =1 ik
zyy € {0,1} Jy k!
& >0 i€ Qu

® Many more variables (&jy) and constraints
® Convex quadratic objective + linear constraints

® Solvable (in principle) by off-the-shelf software such as Cplex



(Optimization-based) strategies

Strategies

® Exact (solving the nonlinear problem with nonconvex constraints)
® Heuristics
o svm<

RR
* SVM
o syMMRR



svMmC

Centroid-based

® Solve original SVMO
® From the weights, perform 1-dim clustering (1d L;-means)
©® Return SVM with clustered values



syMmRR

Randomized rounding

@ Solve the continuous relaxation of the nonlinear nonconvex formulation
® Round (at random) the allocation variables zj

©® Return SVM with clustered values



svmMMRR

Big M Randomized rounding

® Solve the continuous relaxation of the nonlinear convex (big M) formulation
® Round (at random) the allocation variables zj
©® Return SVM with clustered values



Data sets

10 data sets from the UCI ML Repository

N Name in Reposttory | 0] | w | Claws spli (i %) | J
(aaEus lncome Consys-Ineoma (KD Data Set | 95050 | 5000 I
adult Adult | 30956 | 5000 24/76 | 11
mushrooms Mushrooms | 8124 | 5000 IB/52 [ 17
il 2000 Insurance Company Benchmark (COIL 2000) | 5822 | 3900 WG| 5|8
abalage Abalose | 4177 | 2800 I ]
molecelar Mokecular Biology (Splice junclion Gene Sequences) [ 5190 [ 2200 G2/4E | 60
cafatal Car Fvaluatios | 1728 | 1200 R
salarec Solar Flare Data Set | 1066 [ 800 BIIT| &
parmas Statng {Germaa Credit Data) | 1000 | Too /T | 1
australian Stallog [Australian Crodit Approval) | 850 | 500 S 4




Results

Accuracy

® |n 7 datasets (census income, mushrooms, coil 2000, abalone, molecular,

solar-c, german), at least 1 strategy: comparable to svm©
® In 2 (adult, australian) svmO . outperformed

® Just in 1 (careval) SVMO : winner.



Results

Complexity

Dramatic reduction in nonzero weights:
® smallest: coil 2000 (8.12 p.p.)
® remaining: at least 30 p.p. reduction (even 85.25 p.p. )



® Heursitics: just slightly higher cost than SVMO



® Heursitics: just slightly higher cost than SVMO

® Exact: rather expensive, but yielding better results.



® Heursitics: just slightly higher cost than SVMO
® Exact: rather expensive, but yielding better results.

® Trade-off accuracy/running time: needed



S

N arme SV
ACCuracy Hedwetion

mean g ld mxd | mopn sd  mad
census incoms 000 94.90 | 3686 0000 36.EG
adult 022 24.65 ) 1607 i 1538
muEhT Oms L0000 000 L0000 | 2555 000 PEES
eail 2000 Lo oo looon | 9550 oo 95T
albalomns TO.ET L1.18 0.aa o.oa 0.
molacular [IREIN] L2006 312 4144
caraval 1.34 0495 286 0.0
golar-¢ 1.3 ITHY .51 3049
german 2.71 538 1.BS 1.E1
agatralian B4, 01 31T IR M LRSS LOGEE

u}
)]
I
i
it




svMmC

Acouracy

Redwction

mean Hid ] M wiidl ]
CAnEUS Income Bl.BS 0,00 04.B5 LR 1,00 BO.52
adueli BE_ X2 244 i B Hh.24 221 BE.32
mishracme o0 000 jonon | TRSE 000 TRASR
coll 2000 L0000 0,00 10,00 M (LR IL} aE.70
abalone Tamd 1,05 To48 | 3333 000 33,33
molecnlar 30l 0.7F 03.54 L0000 0.00 10000
eareval R2.R0 5,156 R 05 R.AT il an
solar-c BE36l L1.38 Ei.46 10453 9130
Eerzan T8O 2006 LI [ARAIR] i
australias B4.42 3.32 066 TA.EG




syMmRR

l LCouracy | Heduction

mean  Rid med | mean st med
census incoms | S4.E4 004 B4EZ| 9168 D033 9145
adule B4 OGS Bid4 | BEA2 1.34 Bl6
mushrooms 10000 0,00 10000 | 50,72 156 BL.OE
eail F000 LG 000 looon ) 70 o000 987 o
abalone TAEG 1.02 TO.44) 333F 000 3353
molecular 40 128 LGS | TH X i an vh,00
careval FE 128 B2.42 | 5B 122 G6L.O0
Bolar-c [ )] M 24,78 L1014 100,00
german T4ED 312 T4.00 | 51.73 1.58  5E.GS
australiam BL5E 5,12 B4.T3 | B4.BE 11,03 =[]




svmMMRR

| Accuracy | Raduction

mean  =id mied | Tean =1d med
census incoma | 9440 DU L3V | 9105 1.62 165
adolt BE.TH 298 BO6S | BO83 L.38 0] .45
meehTcoms OS5k 7% =559 | 2o S.R T3
codl 2000 L0000 000 oo | 9s.70 LU 0570
ahalana TOET 0,85 TOhR | AN . a0
molacular BE.O4 163 BE3R | 7729 0.0 A
caraval B304 401 RS540 | To4 1082 TLA3
solar-c BiT6 1.02 261 10000
Eerman TRAd AT 4.0 . A0
amstralian B4.53 3005 276 93.10
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