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Linear regression. Ordinary Least Squares

min
β

m∑
i=1

Yi −
N∑
j=1

βjXij

2

• Convex and smooth objective, no constraints

• Necessary and sufficient optimality conditions: ∇ = 0

• Normal equations
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http://statweb.stanford.edu/~ tibs/lasso.html

minβ
∑m

i=1

(
yi − β>xi

)2

s.t. ‖β‖1 ≤ C
minβ

∑m
i=1

(
yi − β>xi

)2
+ λ‖β‖1



http://statweb.stanford.edu/~ tibs/lasso.html

minβ
∑m

i=1

(
yi − β>xi

)2

s.t. ‖β‖1 ≤ C
minβ

∑m
i=1

(
yi − β>xi

)2
+ λ‖β‖1



http://statweb.stanford.edu/~ tibs/lasso.html

minβ
∑m

i=1

(
yi − β>xi

)2

s.t. ‖β‖1 ≤ C
minβ

∑m
i=1

(
yi − β>xi

)2
+ λ‖β‖1





0 5 10 15 20

0.
0

0.
2

0.
4

0.
6

0.
8

Lasso

lambda

be
ta



0 500 1000 1500

0.
0

0.
2

0.
4

0.
6

0.
8

Lasso

lambda

be
ta



R Blanquero, E Carrizosa, P Raḿırez-Cobo, MR Sillero-Denamiel
A cost-sensitive constrained Lasso
Advances in Data Analysis and Classification, 2020.
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∑
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Making the model sparse using MINLO

min
β∈A

m∑
i=1

Yi −
N∑
j=1

βjXij

2

A modelling, among other things, which features are selected

Bertsimas and King, ”An algorithmic approach to linear regression”, Operations
Research, 2015

Bertsimas, King and Mazumder, ”Best subset selection via a modern
optimization lens”, Annals of Statistics, 2016

Carrizosa, Olivares-Nadal, Raḿırez-Cobo, ”A sparsity-controlled vector
autoregressive model”, Biostatistics, 2017.

Carrizosa, Olivares-Nadal, Raḿırez-Cobo. ”Integer constraints for enhancing
interpretability in linear regression”, SORT, 2020.
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VAR(p), Vector AutoRegressive Model of order p

Xi,t = c i +
N∑
j=1

p∑
k=1

βi
jkXj,t−k + e it t ≥ 0 i = 1, 2, . . . ,N

OLS estimation of VAR(p) coefficients
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An example: Air pollution data set

 MSE = 1
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SC-VAR (VAR with Sparsity Controlled)

Instead of playing with the tuning parameters λi . . .

• Identify the many dimensions of sparsity

• Find the best solution satisfying the sparsity requirements
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The (many) dimensions of sparsity

• Number of arrows in the graph (≤ VA)

• Number of arrows pointing to feature i (≤ V i
T )

• Number of features pointing to feature i (≤ V i
S )

• Number of lags back allowed for variable i (≤ V i
Sβ)

• Minimum size of the coefficients (≥ εij )
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SC-VAR

Objective function: OLS

min
c,A,∆,Γ,

N∑
i=1

T∑
t=p

Xi,t+1 − c i −
N∑
j=1

p∑
k=1

βi
jkXj,t+1−k

2

Variables

βi
jk 6= 0 allowed? → δijk =

{
1 if βi

jk 6= 0

0 otherwise

any βi
jk 6= 0 allowed ? (i , j : fixed) → γ ij =

{
1 if βi

jk 6= 0 for some k

0 otherwise

δijk ≤ γ
i
j ∀k ∈ K , j , i ∈ I



SC-VAR: constraints

Number of arrows in the graph (VA)

N∑
i=1

N∑
j=1

p∑
k=1

δijk ≤ VA



SC-VAR: constraints

Number of arrows pointing to feature i (V i
T )

N∑
j=1

p∑
k=1

δijk ≤ V i
T ∀i ∈ I



SC-VAR: constraints

Number of features pointing to feature i (V i
S )

N∑
j=1

γ ij ≤ V i
S ∀i ∈ I



SC-VAR: constraints

Number of lags back allowed for variable i (V i
Sβ)

p∑
k=1

δijk ≤ V i
Sβ ∀j , i ∈ I



SC-VAR: constraints

Minimum size of the coefficients (εij )

Mδijk ≥ |β
i
jk | ≥ ε

i
jδ

i
jk ∀k ∈ K , j , i ∈ I



SC-VAR: constraints (All together now)

δijk ≤ γ
i
j ∀k ∈ K , j , i ∈ I

N∑
i=1

N∑
j=1

p∑
k=1

δijk ≤ VA

N∑
j=1

p∑
k=1

δijk ≤ V i
T ∀i ∈ I

N∑
j=1

γ ij ≤ V i
S ∀i ∈ I

p∑
k=1

δijk ≤ V i
Sβ ∀j , i ∈ I

βi
jk ≥ ε

i
jν

i+
jk − (1− ν i+jk )M ∀k ∈ K , j , i ∈ I

βi
jk ≤ −ε

i
jν

i−
jk + (1− ν i−jk )M ∀k ∈ K , j , i ∈ I

δijk ≤ ν
i+
jk + ν i−jk ≤ 1 ∀k ∈ K , j , i ∈ I

ν i+jk , ν
i−
jk ∈ {0, 1} ∀k ∈ K , j , i ∈ I



Google flu data set. VAR
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Google flu data set. Lasso (VT = 1)
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Google flu data set. SC-VAR (VT = 1, ε = 0.2)
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SC-VAR

SC-VAR: MINLP, with

• Quadratic convex objective function

• Linear constraints

• Some binary variables

• Solvable to optimality with benchmark solvers; good solutions with short time
limit



Air pollution data set. Group Lasso (1 causal feature)

 MSE = 2.91
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Air pollution data set. SC-VAR (1 causal feature)

 MSE = 1.08
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Air pollution data set. Group Lasso (2 causal features)

 MSE = 1.4
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Air pollution data set. SC-VAR (2 causal features)

 MSE = 1.04
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Synthetic data. Density 10%



Synthetic data. Density 50%



Synthetic data. Density 90%



VAR(1)

Density 10% Density 50% Density 90%
Lasso SC-VAR Lasso SC-VAR Lasso SC-VAR

VT = 1 1.09 1.04 1.23 1.15 1.23 1.17
VT = 2 1.03 1.00 1.15 1.07 1.20 1.11
VT = 3 1.01 0.99 1.09 1.03 1.15 1.08
VT = 4 0.99 0.99 1.05 1.02 1.12 1.05
VT = 5 0.99 0.99 1.03 1.01 1.09 1.04
VT = 6 1.00 0.99 1.01 1.01 1.06 1.04
VT = 7 1.00 0.99 1.00 1.01 1.03 1.03
VT = 8 1.00 0.99 1.00 1.01 1.02 1.03
VT = 9 1.00 0.99 1.00 1.01 1.00 1.03
VT = 10 1.00 0.99 1.00 1.01 1.00 1.03



VAR(2)

Density 10% Density 50% Density 90%
GLasso SC-VAR GLasso SC-VAR GLasso SC-VAR

VS = 1 1.13 0.95 1.11 1.01 1.12 1.02
VS = 2 1.15 0.90 1.11 0.96 1.13 0.99
VS = 3 1.16 0.90 1.14 0.90 1.14 0.94
VS = 4 1.17 0.90 1.17 0.89 1.15 0.91
VS = 5 1.18 0.90 1.20 0.87 1.18 0.89
VS = 6 1.19 0.90 1.24 0.87 1.21 0.88
VS = 7 1.20 0.90 1.28 0.87 1.25 0.87
VS = 8 1.20 0.90 1.30 0.87 1.31 0.87
VS = 9 1.21 0.90 1.33 0.87 1.40 0.87
VS = 10 1.24 0.90 1.36 0.87 1.48 0.87



Hierarchical linear regression



E Carrizosa, LH Mortensen, D Romero Morales, MR Sillero-Denamiel
On linear regression models with hierarchical categorical variables
https://www.researchgate.net/publication/341042405





The model (
Tj
)
j∈J y = β′0 +

∑
j′∈J ′

β′j′x
′
j′ +

∑
j∈J

∑
l∈L(Tj )

βjlxjl

Goodness of fit of tree model
(
Tj
)
j∈J

MSE((Tj )j∈J ) :
1

n

n∑
i=1

yi − β′0 −
∑

j′∈J ′
β′j′x

′
ij′ −

∑
j∈J
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l∈L(Tj )

βjlxijl

2

Complexity of tree model
(
Tj
)
j∈J

C((Tj )j∈J ) :
∑
j∈J

∑
l∈L(Tj )

cjl

min
(Tj)j∈J

(
MSE(

(
Tj
)
j∈J ),C(

(
Tj
)
j∈J )

)



The model (
Tj
)
j∈J y = β′0 +

∑
j′∈J ′

β′j′x
′
j′ +

∑
j∈J

∑
l∈L(Tj )

βjlxjl

Goodness of fit of tree model
(
Tj
)
j∈J

MSE((Tj )j∈J ) :
1

n

n∑
i=1

yi − β′0 −
∑

j′∈J ′
β′j′x

′
ij′ −

∑
j∈J

∑
l∈L(Tj )

βjlxijl

2

Complexity of tree model
(
Tj
)
j∈J

C((Tj )j∈J ) :
∑
j∈J

∑
l∈L(Tj )

cjl

min
(Tj)j∈J

(
MSE(

(
Tj
)
j∈J ),C(

(
Tj
)
j∈J )

)



The model (
Tj
)
j∈J y = β′0 +

∑
j′∈J ′

β′j′x
′
j′ +

∑
j∈J

∑
l∈L(Tj )

βjlxjl

Goodness of fit of tree model
(
Tj
)
j∈J

MSE((Tj )j∈J ) :
1

n

n∑
i=1

yi − β′0 −
∑

j′∈J ′
β′j′x

′
ij′ −

∑
j∈J

∑
l∈L(Tj )

βjlxijl

2

Complexity of tree model
(
Tj
)
j∈J

C((Tj )j∈J ) :
∑
j∈J

∑
l∈L(Tj )

cjl

min
(Tj)j∈J

(
MSE(

(
Tj
)
j∈J ),C(

(
Tj
)
j∈J )

)



The model (
Tj
)
j∈J y = β′0 +

∑
j′∈J ′

β′j′x
′
j′ +

∑
j∈J

∑
l∈L(Tj )

βjlxjl

Goodness of fit of tree model
(
Tj
)
j∈J

MSE((Tj )j∈J ) :
1

n

n∑
i=1

yi − β′0 −
∑

j′∈J ′
β′j′x

′
ij′ −

∑
j∈J

∑
l∈L(Tj )

βjlxijl

2

Complexity of tree model
(
Tj
)
j∈J

C((Tj )j∈J ) :
∑
j∈J

∑
l∈L(Tj )

cjl

min
(Tj)j∈J

(
MSE(

(
Tj
)
j∈J ),C(

(
Tj
)
j∈J )

)






