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The generalized Swift-Hohenberg equation (briefly, SHE)

ut = αu− (1 + ∆)2u+ βu2 − u3

is the well known pattern-forming model equation and studying its solutions with different
spatial structure is a very interesting problem both theoretically and in view of its various
applications. We are interested here in its solutions with the localization property

lim
r→∞

u(t, r) = 0, r = (x, y), r2 = x2 + y2.

Such solutions are important in many applications and were found in a various experiments,
both natural and numerical ones.

In the Sobolev space of H2(R2) this equation defines a gradient-like differential equation
with the functional

F =

∫
R2

{1

2
[(1 + ∆)u]2 − α

2
u2 − β

3
u3 +

1

4
u4}dxdy,

therefore its stationary solutions are of the primary importance.
The existence of localized stationary solutions being rotationally invariant or radial, i.e.

when u depends only on r, u(r), is rather well studied ([1], [2], [3], and others). But numer-
ical and natural experiments demonstrate also an existence of non-radial localized stationary
patterns to this equation. Thus, it is an interesting problem to understand a genesis of such
solutions and their possible shape.

Our strategy of searching non-radial stationary localized solution is to select some branch of
radial solutions, for instance, fix β and vary α, and find those points on the branch, where the
linearization of the equation on that radial solution experiences a bifurcation of the appearance
of non-radial solution with the lesser symmetry group. The latter means a possible appearance
of a solution being invariant w.r.t. a discrete symmetry group Zn instead of symmetry group S1.
Appearance of such solutions reminds the resonance phenomena when an elliptic equilibrium
passes through the resonance of frequencies, from here is the title.

When studying the phenomenon we found the localized resonant solutions with invariant
w.r.t the group Zn, n = 2, 3, 4, 5, 6. After a related bifurcation we continued the newborn
solution numerically. To substantiate the results, we address to the polar coordinates and use
the Galerkin approximations expanding solutions in the Fourier series in angular variable ϕ.
This gives a system of differential equations in radial variable that is investigated.

Acknowledgments. The work of L.M. Lerman was partially supported by the Laboratory
of Dynamical systems and Applications of NRU HSE of the Ministry of Science and Higher
Education of RF, grant # 075-15-2019-1931 and by the Mathematical Center "Mathematics for
Future Technologies" of the Institute of Information Technology, Mathematics and Mechanics
of NNSU under the Project# 0729-2020-0036 of the Ministry of Science and Higher Education
of RF.

1Research University Higher School of Economics, Russia, Nizhny Novgorod. Email: llerman@hse.ru
2A.N.Frumkin Institute of Physical Chemistry and Electrochemistry, RAS, Russia, Moscow. Email:

klgn@yandex.ru



References:
[1] N.E. Kulagin, L.M. Lerman, T.G. Shmakova, On Radial Solutions of the Swift–Hohenberg

Equation, Proc. Steklov Inst., v.261 (2008), 183-203.
[2] S.G. McCalla, B. Sandstede, Spots in the Swift–Hohenberg Equation, SIAM J. Applied

Dynam. Syst., v.12 (2013), No.2, 831-877.
[3] Sergey Zelik, Alexander Mielke. Multi-Pulse Evolution and Space-Time Chaos in Dissi-

pative Systems, Memoirs of AMS, v.198, No. 925, 2009.

2


