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Introduction. This report presents a construction that allows us to set a topological
grading on the reduced semigroup C*-algebra over an arbitrary group.

The reduced semigroup C*-algebra is the algebra which is generated by the left regular
representation of a semigroup with the cancellation property. The study of such C*-algebras
was started by Coburn in 1960s. It has been further developed in the papers by a number of
authors (see, for example, [1]).

A grading for an object of a category allows us to investigate the structure of this object.
In the category of C*-algebras, one considers the gradings that are also called the C*-bundles,
or the Fell bundles [2]. The notion of the topologically graded C*-algebra was introduced in
[3] with the aim to extend the concepts of harmonic analysis to the non-commutative case.
An important property of a such grading is the existence of special operators, namely, the
conditional expectation and the Fourier coefficients.

We studied the semigroup C*-algebras and their gradings in [4-9].

The report presents the results of [7, 9]. In [7], we considered the topological gradings of
the semigroup C*-algebras over the group Z, of integers modulo n.

Fell bundle for semigroup C*-algebra. Throughout S is a discrete semigroup with the
cancellation property and the unit e.

Let us consider the Hilbert space (?(S) of all square summable complex-valued functions
defined on the semigroup S. The reduced semigroup C*-algebra C*(S) is the C*-subalgebra
generated by the set of isometries {7}, | a € S} in the algebra of all bounded operators on [?(.59).
Here the operator T, is defined as follows: T,(e,) = eq, a,b € S, where {e, | a € S} is the
canonical orthonormal basis in the space I%(S).

Further, in the C*-algebra C(S), we consider the involutive subsemigroup Mon consisting
of operators of the form

V=TT T
where a; € S, i; € {—1,1}, j =1,....k, k € N, and Talj =Ty, T;]_l =15 These operators
are called the monomials.

Let G be an arbitrary group. We assume that there is a surjective semigroup homomorphism

c: 5 —dGd.

It was shown in [9] that the formula
indV = o(a;)"o(as)™...0(ag)™

defines an involutive surjective homomorphism of semigroups ind : Mon — G.

The value ind V' is called the o-index of the monomial V. This concept was introduced in
[7] for the case G = Z,.

Monomials with the o-index e constitute an involutive subsemigroup of operators in the
monomial semigroup Mon. In the C*-algebra C*(S) we consider the C*-subalgebra 2, gener-
ated by this subsemigroup of operators.
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For each g € G, let A, be the closure of the linear span for all operators of the o-index g.
The semigroup C*-algebra C(.5) is said to be G-graded if it contains a family of Banach
subspaces satisfying the conditions listed in the following theorem.

Theorem 1. For the family of Banach spaces {2, | ¢ € G} the following statements hold:
)QlthCngh for all g¢,h € G,
2) A g1 for every g € G,

3) the famlly {24, | g € G} consists of the linearly independent subspaces of C/(S);
) C

4) Cr(S) = B 2,

geG
So the family of subspaces {21, | ¢ € G} constitutes a Fell bundle for the semigroup C*-
algebra C*(S) over the group G.

Topological grading of semigroup C*-algebra. The G-graded C*-algebra C*(S) is
said to be topologically graded if there exists an operator with the properties formulated in the
following theorem.

Theorem 2. There exists a contractive linear operator
F:Cx(5) — A

which is the identity mapping on (. and vanishes on each subspace 2 , g € G, g # e.

Thus, in addition, the family {2, | ¢ € G} forms the topological G-grading of C/(.S).
As a corollary, for each g € GG, there is a contractive linear operator

F,: C:(S) — 2,

which is the identity mapping on 2(, and vanishes on every subspace 2;,, h € G, h # g.
As is known, the operators F; are non-commutative analogs of the Fourier coefficients.
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