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Introduction. We propose a geometric theory [2] based on integral geometrical conditions
(i. e. the geometrical conditions that do not appeal explicitly to infinitesimal generators),
which allow to unify and generalize some of known results concerned with inertial manifolds
and adjacent problems including the pioneering work of C. Foias, G.R. Sell and R. Temam [6]
for semilinear parabolic equations; works of Yu.A. Ryabov, R.D. Driver and C. Chicone [5]
for delay equations in Rn with small delays; R.A. Smith’s frequency-domain developments on
the Poincaré-Bendixson theory and inertial manifolds for reaction-diffusion equations and delay
equations in Rn [10,11]. Our theory is based on the use of quadratic Lyapunov functionals,
which can be constructed in applications with the aid of various versions of the Frequency
Theorem [8], especially those recently obtained by the present author [3,4]. This also allows
to compare the mentioned results with the Spatial Averaging Principle proposed by J. Mallet-
Paret and G. R. Sell [9], where the essential role of quadratic functionals was established by
A. Kostianko and S. Zelik (see the review of A. Kostianko et al. [7]). In our talk we will
discuss some nuances concerned with the exponential tracking, differentiability and normal
hyperbolicity of these manifolds.

Main result. Let Q be a complete metric space with a given flow ϑt : Q → Q, t ∈ R. A
cocycle in a real Banach space E is a family of maps ψt(q, ·) : E → E, where t ≥ 0 and q ∈ Q,
satisfying the following conditions:

1. ψ0(q, v) = v for every v ∈ E, q ∈ Q.

2. ψt+s(q, v) = ψt(ϑs(q), ψs(q, v)) for all v ∈ E, q ∈ Q and t, s ≥ 0.

3. The map R+ ×Q× E→ E defined as (t, q, v) 7→ ψt(q, v) is continuous.

For each cocycle there is an associated skew-product semiflow π on Q× E given by πt(q, v) =
(ϑt(q), ψt(q, v)) for all t ≥ 0, q ∈ Q and v ∈ E.

By 〈v, f〉 := f(v) we denote the dual pairing between v ∈ E and f ∈ E∗. We say that a
bounded linear operator P ∈ L(E;E∗) is symmetric if 〈v1, Pv2〉 = 〈v2, Pv1〉 for all v1, v2 ∈ E.
For a subspace L ⊂ E we say that P is positive (resp. negative) on L if 〈v, Pv〉 > 0 (resp.
〈v, Pv〉 < 0) for all v ∈ L.

Let E be continuously embedded into some Hilbert space H. We do not distinguish between
the elements of E and H under the embedding. We study the cocycle under the following
conditions:

(H1) There is a symmetric bounded linear operator P ∈ L(E;E∗) and E splits into the direct
sum E = E+ ⊕ E− such that P is positive on E+ and negative on E−.

(H2) We have dimE− = j <∞.
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(H3) For V (v) := 〈v, Pv〉 and some numbers δ > 0, τP ≥ 0 and ν > 0 we have

e2νrV (ψr(q, v1)− ψr(q, v2))− e2νlV (ψl(q, v1)− ψl(q, v2)) ≤

≤ −δ
∫ r

l

e2νs|ψs(q, v1)− ψs(q, v2)|2Hds, (1)

for every v1, v2 ∈ E, q ∈ Q and 0 ≤ l ≤ r with r − l ≥ τP .

It should be noted that under (H1) and (H2) the space E+ can be always chosen such that
V (v) = V (v+) + V (v−), where v = v+ + v− is the unique decomposition with v+ ∈ E+

and v− ∈ E−. We consider the corresponding (to the decomposition) V -orthogonal projector
Π: E→ E− defined by Πv := v−.

An essential part of our construction of inertial manifolds is the following compactness
property.

(UCOM) There exists τucom > 0 such that the set ψτucom(C,B) is precompact (in E) for every
precompact C ⊂ Q and bounded B ⊂ E.

In applications this property follows from the following uniform Lipschitz property and smooth-
ing properties of delay or parabolic equations in bounded domains.

(ULIP) There exists τS ≥ 0 such that for any T > 0 there exist constants C ′T > 0 and C ′′T > 0
such that for all q ∈ Q and v1, v2 ∈ E we have

‖ψt(q, v1)− ψt(q, v2)‖E ≤ C ′T |v1 − v2|H for all t ∈ [tS, tS + T ] (2)

and also
‖ψt(q, v1)− ψt(q, v2)‖E ≤ C ′′T‖v1 − v2‖E for all t ∈ [0, T ]. (3)

The ideas behind our construction of inertial manifolds are inspired by R.A. Smith’s paper
on non-autonomous ODEs [10].

A continuous function v(·) : R→ E is a complete trajectory of the cocycle if there is q ∈ Q
such that v(t + s) = ψt(ϑs(q), v(s)) for all t ≥ 0 and s ∈ R. In this case we also say that v(·)
is passing through v(0) at q. Under (H3) a complete trajectory v(·) is called amenable if∫ 0

−∞
e2νs|v(s)|2Hds < +∞. (4)

For any q ∈ Q let A(q) be the set of all v ∈ E such that there exists an amenable trajectory
passing through v at q.

We also make use of the following assumption.

(BA) For any q ∈ Q there is a bounded in the past complete trajectory w∗q(·) at q and there
exists a constant Mb > 0 such that supt≤0 ‖w∗q(t)‖E ≤Mb for all q ∈ Q.

For q ∈ Q let Πq denote the restriction of the V -orthogonal projector Π: E→ E− to A(q).
We have the following theorem as a corollary of results from [2] (a part of these results for the
case E = H is given in [1]).

Theorem 1. Let (H1), (H2), (H3), (UCOM), (ULIP) and (BA) be satisfied. Then
Πq : A(q)→ E− is a bi-Lipschitz homeomorphism for any q ∈ Q. Moreover,

1. (Continuous dependence of amenable fibres) A =
⋃
q∈Q{q} × A(q) is a bundle over Q,

which is homeomorphic to Q×E− with the bundle homeomorphism given by A 3 (q, v) 7→
(q,Πqv) ∈ Q× E−.
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2. (Invertibility) The skew-product semiflow π restricted to A is a flow.

3. (Exponential tracking) There is a constant Mtr > 0 such that for any q ∈ Q and v0 ∈ E
there is a unique v∗0 ∈ A(q) such that

‖ψt(q, v0)− ψt(q, v∗0)‖E ≤Mtre
−νt · dist(v0,A(q)) for all t ≥ 0. (5)

Moreover, we have ∫ +∞

0

e2νs|ψt(q, v0)− ψt(q, v∗0)|2Hds < +∞. (6)

Discussions. In applications, constructions of the operator P , which satisfies (H1), (H2) and
(H3), can be done via the Frequency Theorem [3,4]. This theorem reduces the problem to the
verification of the so-called frequency inequality, which usually has the form of an inequality
between the norm of a modified resolvent on some vertical line and the Lipschitz constant of
the nonlinearity. In concrete situations this inequality takes the form of some well-known con-
ditions. Namely, relationship between the Spectral Gap Condition and R.A. Smith’s frequency
inequality was noted by the author in [3]. For the relation concerned with Yu.A. Ryabov,
R.D. Driver and C. Chicone results we refer to our work [4].

In [2] it is considered a more general case, where the operator P depends on q ∈ Q. Such
operators can be constructed via the Frequency theorem for non-stationary problems, which
are still awaiting developments for infinite-dimensional problems.

From the point of view concerned with (H3), the Spatial Averaging Principle leads to a
more general assumption, where the exponent ν depends on t and v1, v2. In this case, general
ideas behind the construction of inertial manifolds used in Theorem 1 remain the same, but
some obstacles arise in the study of normal hyperbolicity and corresponding bundles (see [2]).
Namely, the normal hyperbolic structure of inertial manifolds, which are constructed via the
Spatial Averaging Principle, seems to be not uniform.

For every q ∈ Q and v∗0 ∈ A(q) we can define the stable fibre over v∗0 at q as the set of
all v0 ∈ E for which (6) is satisfied. We denote this set by Ast(q, v∗0). It can be shown that
Id−Π: A(q, v∗0)→ E+ is a homeomorphism onto the image. We do not know how to show that
the image is entire E+ in the general case.

In our talk, we plan to discuss how to define some other fibres.
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