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Outline of talk

� Introduction to linear quantum 
(stochastic) systems

� System identification for linear quantum 
systems

� Infinite-dimensional linear quantum 
systems 

� Concluding remarks

2



Classical (non-quantum) linear 
stochastic systems
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� They are an important class of stochastic models in
modern control theory, the basis for Kalman-Bucy
filtering and stochastic optimal control theory, in
particular linear quadratic Gaussian (LQG) control

dx(t) = Ax(t)dt+Bdw(t) + Eu(t)dt

dy(t) = Cx(t)dt+Ddw(t) + Fu(t)dt
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Linear quantum stochastic systems
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• There is a class of quantum stochastic 
models with equations like classical linear 
stochastic systems (in the Heisenberg 
picture)

• However, the variables appearing in the 
equations are operators (that do not 
necessarily commute) rather than real or 
complex valued functions



Linear quantum stochastic systems

5

• They model various linear quantum devices found 
in, for instance, quantum optics, optomechanics 
and superconducting circuits

• This includes, for example, optical cavities, linear 
parametric amplifiers, and optomechanical 
systems such as gravitational wave interferometers



Boson field operators
� These are singular operators bj(t) and bk

*(t)
satisfying the commutation relations 
[bj(t),bk

*(s)]=𝛿(t-s)𝛿jk, 
[bj(t),bk(s)] = [bj

*(t),bk
*(s)] = 0

� It is convenient to work with integrated 
versions of these processes
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Aj(t) =

Z t

0
bj(⌧)d⌧

A⇤
j (t) =

Z t

0
b⇤j (⌧)d⌧
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Linear quantum stochastic systems
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Multiple quantum
harmonic oscillators

x = (q1,p1,q2,p2,…,
qn,pn)T

A1 = w1 + iw2

A2 = w3 + iw4

Am= w2m-1 + iw2m

Y1 = y1 + iy2

Y2 = y3 + iy4

Ym’ = y2m’-1 + 
iy2m’

Static passive
optical network

S

Quadratic Hamiltonian,
R a real symmetric matrix

Linear coupling operator,
K a complex matrix 

Scattering matrix S

B1

B2

Bm

Incoming 
boson field

Outgoing 
boson field



Linear quantum stochastic dynamics

� In linear quantum stochastic systems, the 
evolution of the vector x in the Heisenberg 
picture takes the form of the linear quantum 
stochastic differential equation (QSDE): 
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dx(t) = Ax(t)dt+Bdw(t)

dy(t) = Cx(t)dt+Ddw(t)

w(t) = (w1(t), w2(t), . . . , w2m�1(t), w2m(t))T

y(t) = (y1(t), y2(t), . . . , y2m0�1(t), y2m0(t))T
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Linear quantum stochastic systems

� The vectors x(t) and w(t) satisfy the 
commutation relations 
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Jk = Ik ⌦


0 1
�1 0

�

F + iJm � 0.
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[x(t), x(t)T ] = x(t)x(t)T � (x(t)x(t)T )T

= 2iJn
[dw(t), dw(t)T ] = dw(t)dw(t)T � (dw(t)dw(t)T )T

= 2iJm
dw(t)dw(t) + (dw(t)dw(t)T )T| {z }

Gaussian state!

= 2Fdt
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Linear quantum stochastic dynamics
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• Though q1(t), p1(t), q2(t), p2(t), …, qn(t), pn(t)
evolve linearly, the Heisenberg evolution of other
system operators are not linear

� The matrices A, B, C, D cannot be arbitrary for 
linear quantum systems due to the constraints of 
quantum mechanics

� There is no such restriction on these matrices in 
the classical setting



Physical realizability and structural 
constraints

� A notion of physical realizability has been 
introduced for linear QSDEs

� A system is physically realizable if and only 
if
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AJn + JnAT +BJmBT = 0

JmCT +BJmBT = 0

DJmDT = Jm.
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Preservation of quantum states
� If the oscillator and the boson fields are 

initially in a Gaussian state, due to the 
linear dynamics the oscillator states 
remain in a Gaussian state at all times

� Thus linear quantum systems are 
important for the realization of quantum 
information processing with Gaussian 
states
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Quantum filtering
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• Commuting components of the output y(t) 
can be measured (via homodyne detection) 
and used to construct a mean square optimal 
estimate of x(t). This is quantum filtering.

• For quantum harmonic oscillators and input 
fields in a Gaussian state this leads to a 
quantum Kalman-Bucy filter for linear 
quantum stochastic systems, pioneered by 
Slava Belavkin.



Application – Quantum LQG control
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• A quantum version of the linear quadratic 
Gaussian (LQG) stochastic optimal control 
theory was also developed by Belavkin.

• Other control problems for linear quantum 
systems have since been investigated

• A network synthesis theory for linear 
quantum systems shows how to go from an 
(A,B,C,D) to a physical realization using 
quantum optical components



Transfer function 

� As with classical linear systems, we can 
associate a transfer function to a linear 
quantum system
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G(s) = C(sI �A)�1B +D
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System identification

� System identification is inferring a model for a 
black-box system by observing the system’s 
output response to known inputs

� Typically, this uses a single stochastic input-
output record obtained from the system 
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L. Ljung, System Identification: Theory for the User, 2nd ed. Prentice-
Hall, 1999 



System identification

� If the unknown system is assumed to be a 
linear quantum system, Guta & Yamamoto and 
Levitt & Guta have shown that using coherent 
state inputs and observing the output response, 
the (A,B,C,D) matrices can be identified up to 
a similarity transformation (TAT-1,TB, CT-1,D)

17

M. Guta and N. Yamamoto,   IEEE Trans. Automat. Contr., vol. 61, no. 4, 
pp. 921–936, 2016
M. Levitt and M. Guta, Phys. Rev. A, vol. 95, p. 033825, 2017 



System identification

� The power spectral density (PSD) of the 
output y(t)  of a linear quantum system is 
given by

18

�y(i!) = G(�s)FG(s)T
��
s=i!
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System identification

� If the input has a zero-mean Gaussian state, 
with a covariance matrix which is not invariant 
under symplectic transformations, Levitt, Guta 
& Nurdin showed that from knowledge of the 
output PSD, the matrices (A,B,C,D) of a 
globally minimal linear quantum system 
model can be determined up to a similarity 
transform
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System identification

� Globally minimal = there’s no model with a 
smaller number of internal oscillators with the 
same PSD

� However, an algorithm to empirically 
estimate the PSD and identify a model from a 
single input-output observation data has not 
been developed (open problem!)

20

M. Levitt, M. Guta, and H. I. Nurdin Automatica, vol. 90, pp. 255–262, 
2018



System identification

� Nurdin, Amini and Chen proposed a two-step 
identification algorithm for  an unknown 
linear quantum system driven by coherent 
input fields.

� The data was continuous homodyne 
measurements of commuting quadratures of 
the output y(t). That is, yq(t) = (y1,y3,…,y2m’-1) 
or yp(t) = (y2,y4,…,y2m’). 
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System identification
� Two steps: 
◦ (i) Estimate a classical linear stochastic model using 

a classical identification algorithm. The model need 
not meet physical realizability conditions
◦ (ii) solve an optimization problem to find a 

physically realizable linear quantum model close to 
the identified classical model from Step i

� This is under the assumption that D is known, this 
needs to be relaxed

22

H. I. Nurdin, N. H. Amini, and J. Chen, in Proceedings of the 59th IEEE 
CDC, 2020, pp. 3829–3835. 



Infinite-dimensional linear quantum 
systems

� A class of optical quantum memories called 
photon-echo memories have been 
developed that can store not only the 
amplitudes of a quantum state but also the 
temporal profile of the optical pulse that 
encoded the quantum information

� An example is gradient echo memories 
(GEMs)

23



Infinite-dimensional linear quantum 
systems

A gradient echo memory. Figure from G. Hétet et al,
arXiv:0801.3860
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Experimental technologies for optical quantum memories can take on different forms, including optical delay
lines, optical cavities, and trapped atomic ensembles; see [10] for a review of recent developments in optical quantum
memories and [11] for their prospective applications, such as on-demand single photon sources. In many optical
memories based on light-matter interaction, the matter is an ensemble of atoms such as a cold atomic cloud. Such an
ensemble contains a large number of atoms that can absorb the photons in an optical field which propagates through
it. Under appropriate physical assumptions, a simplifying model for the atomic ensemble can be made in which
important information about the ensemble dynamics can be summarised in a small number of collective observables
of the ensemble rather than in the large number of observables of the individual atoms inside the assemble. In
particular, in the limit of a large number of atoms, one can approximately treat the atomic ensemble as a quantum
harmonic oscillator with linear dynamics, see [12] and the references cited therein. A number of atomic ensembles
can then be networked together via an optical cavity to form an optical quantum memory that can be switched between
write, storage, and read mode by switching an electric field on and off [12]. This type of memory can be modelled as
a finite-dimensional linear quantum system, finite dimensional in the sense that there are a finite number of quantum
harmonic oscillators in the system and the Heisenberg dynamics of the position and momenta of these oscillators
form a closed set of linear quantum stochastic differential equations.

Another class of linear optical quantum memories based on atomic ensembles, but operating on a different princi-
ple, are the so-called gradient echo memories (GEMs). GEMs have generated a lot if interest because of their various
attractive features [13]. This memory is built of an ensemble of atoms arranged along a length. The atoms are consid-
ered to be two-level atoms, that is, atoms having only two energy level states, a ground state (low energy state) and an
excited state (high energy state). Fig. 2 gives a rough sketch of the operation of this memory. At the stage of writing,

Multi-Modal Properties and Dynamics of the Gradient Echo Quantum Memory
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We investigate the properties of a recently proposed Gradient Echo Memory (GEM) scheme for
information mapping between optical and atomic systems. We show that GEM can be described by
the dynamic formation of polaritons in k-space. This picture highlights the flexibility and robustness
with regards to the external control of the storage process. Our results also show that, as GEM is
a frequency-encoding memory, it can accurately preserve the shape of signals that have large time-
bandwidth products, even at moderate optical depths. At higher optical depths, we show that GEM
is a high fidelity multi-mode quantum memory.

PACS numbers:

The ephemeral nature of photons make them simulta-
neously useful and frustrating as messengers for quan-
tum information. On the one hand, they travel with
low absorption and are easy to produce and detect. On
the other hand, photons are hard to store in a manner
that preserves quantum characteristics. Over the last
few years quantum information science has motivated the
study of memories that can preserve the quantum char-
acteristics of optical states [1]. Such quantum memories
are key components of technologies such as single photon
sources, that are required for many quantum informa-
tion protocols; and quantum repeaters, that would allow
propagation of quantum states over large distances [2].

There has been much work on light storage using
techniques such as Electromagnetically Induced Trans-
parency (EIT) [1] and Raman transfer [3, 4, 5]. Dy-
namic control of the reading and writing stages for sin-
gle temporal modes can be used to optimise these sys-
tems and large classical e�ciencies of 40% have been re-
ported for EIT in a vapour cell [6]. Photon echo tech-
niques are also candidates for light storage. They allow
a high density of classical information to be stored [7]
with high e�ciency [8]. Photon echo quantum memo-
ries have been proposed using controlled reversible inho-
mogeneous broadening (CRIB) [9] and atomic frequency
combs [10], both of which include � pulses in the stor-
age protocol. The Gradient Echo Memory (GEM) is a
recently proposed variant of CRIB where the memory
control is purely electro-optic and �-pulses are not re-
quired [11, 12]. GEM is predicted to be 100% e�cient
in the limit of large optical depths. So far, experimental
demonstrations of GEM have shown classical e�ciencies
of 15% limited mostly by the optical thickness of the
storage medium [12].

In this letter we show how GEM can be described using
normal modes in k-space. The analysis shows that the
storage e�ciency of GEM is not a�ected by the exter-
nal control of the memory in time and demonstrates its
potential to preserve the shape of pulses that have large
time-bandwidth products (TBW) [13]. Lastly, we show
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(a)

(b)

FIG. 1: (Colour online) (a) An ensemble of identical two-level
atoms is Stark shifted by a linear electric field and the light
field is sent into the storage medium. (b) After switching the
polarity of the electric field, the input field comes out as a
forward travelling echo.

that GEM can simultaneously store a large number of
temporal modes, allowing its implementation in recently
proposed quantum repeater protocols [14].

The GEM scheme is shown in Fig. 1. An ensemble of
identical two-level atoms with homogeneous linewidth �
is subjected to an electric field that varies linearly in z
causing a linearly varying Stark shift. A light field enters
the medium within a time interval [t1, t2]. After some
time �s/2 the electric field gradient is flipped, leading
to temporal reversal of the atomic phases. At time �s,
the dipoles have all rephased and the input light emerges
in the forward direction. In the weak excitation limit,
Heisenberg-Langevin equations can be solved by treating
the optical field and atomic polarisation operators as c-
numbers [12]. In a reference frame moving at the speed
of light, the equations for the weak optical field, E , and
atomic polarisation, �, are found to be [12]

�

�t
�(z, t) = �

�
�/2 + i�(t)z

�
�(z, t) + igE(z, t)

�

�z
E(z, t) = iN�(z, t), (1)

where N is the e�ective linear density of atoms and g
is the atomic coupling strength. The linearly varying
Stark shift is given by �(t)z, where the slope �(t) can be
controlled in time. We will neglect the decay rate � by
assuming �s � 1/�. The amount of light trapped in the
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Figure 2: (a) Writing stage of a gradient echo memory, and (b) reading stage of a gradient echo memory; see the
text for details. Figure reproduced from [G. Hétet et al, “Multi-modal properties and dynamics of the gradient echo
memory,” arXiv preprint arXiv:0801.3860, 2008. [Online] Available: http://arxiv.org/pdf/0801.3860.pdf]

when a quantum state of an optical field is to be transferred into the memory, an electromagnetic field with a negative
gradient across the length of the memory is applied that causes the energy difference between the ground and excited
state of the atom to decrease along the length of the memory, see Fig. 2(a). This energy difference causes the atoms
along the length to have distinct resonant frequencies and thus absorb distinct frequencies of light. As a propagating
input optical pulse enters the memory from the left and propagates across it, different frequency components of the
pulse is absorbed along the length of the memory. Therefore, the GEM acts as a frequency domain memory, storing
distinct frequency components at distinct locations along its length. The bandwidth of the memory (the range of
frequencies that it can store) is therefore dictated directly by its length. Once the optical pulse has passed through
and components of it transferred into the memory (ideally all frequency components within the memory bandwidth),
it can remain there for the storage time of the memory. The storage lifetime will be limited by physical effects within
the memory that causes its content to be leaked out over time, such as losses due to spontaneous emission of photons
by atoms in the memory ensemble. When the memory content is ready to be recalled after, say, a time tS, the negative
gradient across the memory is flipped to become a positive gradient, forcing the light frequency components stored in
the atoms to be emitted from the memory [14], propagating out to the right as an output, see Fig. 2(b). Modelling of
GEMs as an infinite cascade of linear passive open quantum harmonic oscillators has recently been reported in [15],
using the formalism of quantum stochastic differential equations [4, 1] to write down a quantum stochastic model for
GEMs. The proposed quantum stochastic model is significantly different from the finite-dimensional linear quantum
models investigated in [16, 12, 17, 18] in that it is an infinite-dimensional linear quantum stochastic model, with
the quantum memory being a completely passive system containing an infinite number of oscillators with resonance
frequencies ranging in a continuum of values. Thus the model can be thought of as a quantum analogue of classical
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Infinite-dimensional linear quantum 
systems

� Under certain assumptions, a GEM can be 
modelled as infinitesimal slices along the 
length of the GEM, put together in a 
series/cascade connection  

25

Experimental technologies for optical quantum memories can take on different forms, including optical delay
lines, optical cavities, and trapped atomic ensembles; see [10] for a review of recent developments in optical quantum
memories and [11] for their prospective applications, such as on-demand single photon sources. In many optical
memories based on light-matter interaction, the matter is an ensemble of atoms such as a cold atomic cloud. Such an
ensemble contains a large number of atoms that can absorb the photons in an optical field which propagates through
it. Under appropriate physical assumptions, a simplifying model for the atomic ensemble can be made in which
important information about the ensemble dynamics can be summarised in a small number of collective observables
of the ensemble rather than in the large number of observables of the individual atoms inside the assemble. In
particular, in the limit of a large number of atoms, one can approximately treat the atomic ensemble as a quantum
harmonic oscillator with linear dynamics, see [12] and the references cited therein. A number of atomic ensembles
can then be networked together via an optical cavity to form an optical quantum memory that can be switched between
write, storage, and read mode by switching an electric field on and off [12]. This type of memory can be modelled as
a finite-dimensional linear quantum system, finite dimensional in the sense that there are a finite number of quantum
harmonic oscillators in the system and the Heisenberg dynamics of the position and momenta of these oscillators
form a closed set of linear quantum stochastic differential equations.

Another class of linear optical quantum memories based on atomic ensembles, but operating on a different princi-
ple, are the so-called gradient echo memories (GEMs). GEMs have generated a lot if interest because of their various
attractive features [13]. This memory is built of an ensemble of atoms arranged along a length. The atoms are consid-
ered to be two-level atoms, that is, atoms having only two energy level states, a ground state (low energy state) and an
excited state (high energy state). Fig. 2 gives a rough sketch of the operation of this memory. At the stage of writing,
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We investigate the properties of a recently proposed Gradient Echo Memory (GEM) scheme for
information mapping between optical and atomic systems. We show that GEM can be described by
the dynamic formation of polaritons in k-space. This picture highlights the flexibility and robustness
with regards to the external control of the storage process. Our results also show that, as GEM is
a frequency-encoding memory, it can accurately preserve the shape of signals that have large time-
bandwidth products, even at moderate optical depths. At higher optical depths, we show that GEM
is a high fidelity multi-mode quantum memory.

PACS numbers:

The ephemeral nature of photons make them simulta-
neously useful and frustrating as messengers for quan-
tum information. On the one hand, they travel with
low absorption and are easy to produce and detect. On
the other hand, photons are hard to store in a manner
that preserves quantum characteristics. Over the last
few years quantum information science has motivated the
study of memories that can preserve the quantum char-
acteristics of optical states [1]. Such quantum memories
are key components of technologies such as single photon
sources, that are required for many quantum informa-
tion protocols; and quantum repeaters, that would allow
propagation of quantum states over large distances [2].

There has been much work on light storage using
techniques such as Electromagnetically Induced Trans-
parency (EIT) [1] and Raman transfer [3, 4, 5]. Dy-
namic control of the reading and writing stages for sin-
gle temporal modes can be used to optimise these sys-
tems and large classical e�ciencies of 40% have been re-
ported for EIT in a vapour cell [6]. Photon echo tech-
niques are also candidates for light storage. They allow
a high density of classical information to be stored [7]
with high e�ciency [8]. Photon echo quantum memo-
ries have been proposed using controlled reversible inho-
mogeneous broadening (CRIB) [9] and atomic frequency
combs [10], both of which include � pulses in the stor-
age protocol. The Gradient Echo Memory (GEM) is a
recently proposed variant of CRIB where the memory
control is purely electro-optic and �-pulses are not re-
quired [11, 12]. GEM is predicted to be 100% e�cient
in the limit of large optical depths. So far, experimental
demonstrations of GEM have shown classical e�ciencies
of 15% limited mostly by the optical thickness of the
storage medium [12].

In this letter we show how GEM can be described using
normal modes in k-space. The analysis shows that the
storage e�ciency of GEM is not a�ected by the exter-
nal control of the memory in time and demonstrates its
potential to preserve the shape of pulses that have large
time-bandwidth products (TBW) [13]. Lastly, we show
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(a)

(b)

FIG. 1: (Colour online) (a) An ensemble of identical two-level
atoms is Stark shifted by a linear electric field and the light
field is sent into the storage medium. (b) After switching the
polarity of the electric field, the input field comes out as a
forward travelling echo.

that GEM can simultaneously store a large number of
temporal modes, allowing its implementation in recently
proposed quantum repeater protocols [14].

The GEM scheme is shown in Fig. 1. An ensemble of
identical two-level atoms with homogeneous linewidth �
is subjected to an electric field that varies linearly in z
causing a linearly varying Stark shift. A light field enters
the medium within a time interval [t1, t2]. After some
time �s/2 the electric field gradient is flipped, leading
to temporal reversal of the atomic phases. At time �s,
the dipoles have all rephased and the input light emerges
in the forward direction. In the weak excitation limit,
Heisenberg-Langevin equations can be solved by treating
the optical field and atomic polarisation operators as c-
numbers [12]. In a reference frame moving at the speed
of light, the equations for the weak optical field, E , and
atomic polarisation, �, are found to be [12]

�

�t
�(z, t) = �

�
�/2 + i�(t)z

�
�(z, t) + igE(z, t)

�

�z
E(z, t) = iN�(z, t), (1)

where N is the e�ective linear density of atoms and g
is the atomic coupling strength. The linearly varying
Stark shift is given by �(t)z, where the slope �(t) can be
controlled in time. We will neglect the decay rate � by
assuming �s � 1/�. The amount of light trapped in the

ar
X

iv
:0

80
1.

38
60

v3
  [

qu
an

t-p
h]

  1
4 

N
ov

 2
00

8

Figure 2: (a) Writing stage of a gradient echo memory, and (b) reading stage of a gradient echo memory; see the
text for details. Figure reproduced from [G. Hétet et al, “Multi-modal properties and dynamics of the gradient echo
memory,” arXiv preprint arXiv:0801.3860, 2008. [Online] Available: http://arxiv.org/pdf/0801.3860.pdf]

when a quantum state of an optical field is to be transferred into the memory, an electromagnetic field with a negative
gradient across the length of the memory is applied that causes the energy difference between the ground and excited
state of the atom to decrease along the length of the memory, see Fig. 2(a). This energy difference causes the atoms
along the length to have distinct resonant frequencies and thus absorb distinct frequencies of light. As a propagating
input optical pulse enters the memory from the left and propagates across it, different frequency components of the
pulse is absorbed along the length of the memory. Therefore, the GEM acts as a frequency domain memory, storing
distinct frequency components at distinct locations along its length. The bandwidth of the memory (the range of
frequencies that it can store) is therefore dictated directly by its length. Once the optical pulse has passed through
and components of it transferred into the memory (ideally all frequency components within the memory bandwidth),
it can remain there for the storage time of the memory. The storage lifetime will be limited by physical effects within
the memory that causes its content to be leaked out over time, such as losses due to spontaneous emission of photons
by atoms in the memory ensemble. When the memory content is ready to be recalled after, say, a time tS, the negative
gradient across the memory is flipped to become a positive gradient, forcing the light frequency components stored in
the atoms to be emitted from the memory [14], propagating out to the right as an output, see Fig. 2(b). Modelling of
GEMs as an infinite cascade of linear passive open quantum harmonic oscillators has recently been reported in [15],
using the formalism of quantum stochastic differential equations [4, 1] to write down a quantum stochastic model for
GEMs. The proposed quantum stochastic model is significantly different from the finite-dimensional linear quantum
models investigated in [16, 12, 17, 18] in that it is an infinite-dimensional linear quantum stochastic model, with
the quantum memory being a completely passive system containing an infinite number of oscillators with resonance
frequencies ranging in a continuum of values. Thus the model can be thought of as a quantum analogue of classical
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Experimental technologies for optical quantum memories can take on different forms, including optical delay
lines, optical cavities, and trapped atomic ensembles; see [10] for a review of recent developments in optical quantum
memories and [11] for their prospective applications, such as on-demand single photon sources. In many optical
memories based on light-matter interaction, the matter is an ensemble of atoms such as a cold atomic cloud. Such an
ensemble contains a large number of atoms that can absorb the photons in an optical field which propagates through
it. Under appropriate physical assumptions, a simplifying model for the atomic ensemble can be made in which
important information about the ensemble dynamics can be summarised in a small number of collective observables
of the ensemble rather than in the large number of observables of the individual atoms inside the assemble. In
particular, in the limit of a large number of atoms, one can approximately treat the atomic ensemble as a quantum
harmonic oscillator with linear dynamics, see [12] and the references cited therein. A number of atomic ensembles
can then be networked together via an optical cavity to form an optical quantum memory that can be switched between
write, storage, and read mode by switching an electric field on and off [12]. This type of memory can be modelled as
a finite-dimensional linear quantum system, finite dimensional in the sense that there are a finite number of quantum
harmonic oscillators in the system and the Heisenberg dynamics of the position and momenta of these oscillators
form a closed set of linear quantum stochastic differential equations.

Another class of linear optical quantum memories based on atomic ensembles, but operating on a different princi-
ple, are the so-called gradient echo memories (GEMs). GEMs have generated a lot if interest because of their various
attractive features [13]. This memory is built of an ensemble of atoms arranged along a length. The atoms are consid-
ered to be two-level atoms, that is, atoms having only two energy level states, a ground state (low energy state) and an
excited state (high energy state). Fig. 2 gives a rough sketch of the operation of this memory. At the stage of writing,
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We investigate the properties of a recently proposed Gradient Echo Memory (GEM) scheme for
information mapping between optical and atomic systems. We show that GEM can be described by
the dynamic formation of polaritons in k-space. This picture highlights the flexibility and robustness
with regards to the external control of the storage process. Our results also show that, as GEM is
a frequency-encoding memory, it can accurately preserve the shape of signals that have large time-
bandwidth products, even at moderate optical depths. At higher optical depths, we show that GEM
is a high fidelity multi-mode quantum memory.

PACS numbers:

The ephemeral nature of photons make them simulta-
neously useful and frustrating as messengers for quan-
tum information. On the one hand, they travel with
low absorption and are easy to produce and detect. On
the other hand, photons are hard to store in a manner
that preserves quantum characteristics. Over the last
few years quantum information science has motivated the
study of memories that can preserve the quantum char-
acteristics of optical states [1]. Such quantum memories
are key components of technologies such as single photon
sources, that are required for many quantum informa-
tion protocols; and quantum repeaters, that would allow
propagation of quantum states over large distances [2].

There has been much work on light storage using
techniques such as Electromagnetically Induced Trans-
parency (EIT) [1] and Raman transfer [3, 4, 5]. Dy-
namic control of the reading and writing stages for sin-
gle temporal modes can be used to optimise these sys-
tems and large classical e�ciencies of 40% have been re-
ported for EIT in a vapour cell [6]. Photon echo tech-
niques are also candidates for light storage. They allow
a high density of classical information to be stored [7]
with high e�ciency [8]. Photon echo quantum memo-
ries have been proposed using controlled reversible inho-
mogeneous broadening (CRIB) [9] and atomic frequency
combs [10], both of which include � pulses in the stor-
age protocol. The Gradient Echo Memory (GEM) is a
recently proposed variant of CRIB where the memory
control is purely electro-optic and �-pulses are not re-
quired [11, 12]. GEM is predicted to be 100% e�cient
in the limit of large optical depths. So far, experimental
demonstrations of GEM have shown classical e�ciencies
of 15% limited mostly by the optical thickness of the
storage medium [12].

In this letter we show how GEM can be described using
normal modes in k-space. The analysis shows that the
storage e�ciency of GEM is not a�ected by the exter-
nal control of the memory in time and demonstrates its
potential to preserve the shape of pulses that have large
time-bandwidth products (TBW) [13]. Lastly, we show
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(a)

(b)

FIG. 1: (Colour online) (a) An ensemble of identical two-level
atoms is Stark shifted by a linear electric field and the light
field is sent into the storage medium. (b) After switching the
polarity of the electric field, the input field comes out as a
forward travelling echo.

that GEM can simultaneously store a large number of
temporal modes, allowing its implementation in recently
proposed quantum repeater protocols [14].

The GEM scheme is shown in Fig. 1. An ensemble of
identical two-level atoms with homogeneous linewidth �
is subjected to an electric field that varies linearly in z
causing a linearly varying Stark shift. A light field enters
the medium within a time interval [t1, t2]. After some
time �s/2 the electric field gradient is flipped, leading
to temporal reversal of the atomic phases. At time �s,
the dipoles have all rephased and the input light emerges
in the forward direction. In the weak excitation limit,
Heisenberg-Langevin equations can be solved by treating
the optical field and atomic polarisation operators as c-
numbers [12]. In a reference frame moving at the speed
of light, the equations for the weak optical field, E , and
atomic polarisation, �, are found to be [12]

�

�t
�(z, t) = �

�
�/2 + i�(t)z

�
�(z, t) + igE(z, t)

�

�z
E(z, t) = iN�(z, t), (1)

where N is the e�ective linear density of atoms and g
is the atomic coupling strength. The linearly varying
Stark shift is given by �(t)z, where the slope �(t) can be
controlled in time. We will neglect the decay rate � by
assuming �s � 1/�. The amount of light trapped in the
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Figure 2: (a) Writing stage of a gradient echo memory, and (b) reading stage of a gradient echo memory; see the
text for details. Figure reproduced from [G. Hétet et al, “Multi-modal properties and dynamics of the gradient echo
memory,” arXiv preprint arXiv:0801.3860, 2008. [Online] Available: http://arxiv.org/pdf/0801.3860.pdf]

when a quantum state of an optical field is to be transferred into the memory, an electromagnetic field with a negative
gradient across the length of the memory is applied that causes the energy difference between the ground and excited
state of the atom to decrease along the length of the memory, see Fig. 2(a). This energy difference causes the atoms
along the length to have distinct resonant frequencies and thus absorb distinct frequencies of light. As a propagating
input optical pulse enters the memory from the left and propagates across it, different frequency components of the
pulse is absorbed along the length of the memory. Therefore, the GEM acts as a frequency domain memory, storing
distinct frequency components at distinct locations along its length. The bandwidth of the memory (the range of
frequencies that it can store) is therefore dictated directly by its length. Once the optical pulse has passed through
and components of it transferred into the memory (ideally all frequency components within the memory bandwidth),
it can remain there for the storage time of the memory. The storage lifetime will be limited by physical effects within
the memory that causes its content to be leaked out over time, such as losses due to spontaneous emission of photons
by atoms in the memory ensemble. When the memory content is ready to be recalled after, say, a time tS, the negative
gradient across the memory is flipped to become a positive gradient, forcing the light frequency components stored in
the atoms to be emitted from the memory [14], propagating out to the right as an output, see Fig. 2(b). Modelling of
GEMs as an infinite cascade of linear passive open quantum harmonic oscillators has recently been reported in [15],
using the formalism of quantum stochastic differential equations [4, 1] to write down a quantum stochastic model for
GEMs. The proposed quantum stochastic model is significantly different from the finite-dimensional linear quantum
models investigated in [16, 12, 17, 18] in that it is an infinite-dimensional linear quantum stochastic model, with
the quantum memory being a completely passive system containing an infinite number of oscillators with resonance
frequencies ranging in a continuum of values. Thus the model can be thought of as a quantum analogue of classical
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Infinite-dimensional linear quantum 
systems
� To a slice at position x one can associate field 

operators b(x) and b*(x) satisfying 
[b(x),b*(x’)]=𝛿(x-x’), [b(x),b (x’)]=[b*(x),b*(x’)] 
= 0.

� The model is a genuine quantum model
� This leads to linear quantum dynamics for the 

field operators of the quantum memory but with 
an infinite dimensional vector x(t)!
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Infinite-dimensional linear quantum 
systems

� The treatment of this type of infinite-
dimensional linear quantum system is mainly at 
the heuristic level 

� A general and systematic theory for infinite-
dimensional linear quantum systems still needs 
to be developed 
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Concluding remarks
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• This talk has given a brief introduction to linear 
quantum stochastic systems as quantum analogues 
of classical linear stochastic systems

• They represent a large class of linear quantum 
devices that are found in practice, including 
gravitational wave-interferometers and optical 
quantum memories

• Some new research directions and open problems 
were highlighted
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That’s all folks
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THANK YOU FOR LISTENING!


