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Preface

International online conference One-Parameter Semigroups of Operators (OPSO 2021), 5-9
April 2021, is organized by the International laboratory of dynamical systems and applications,
and research group Evolution semigroups and applications, both located in Russia, Nizhny
Novgorod city. The Laboratory was created in 2019 at the National research university Higher
School of Economics (HSE).

Website of the Laboratory: https://nnov.hse.ru/en/bipm/dsa/

HSE is a young university (established in 1992) which rapidly become one of the leading
Russian universities according to international ratings. In 2021 HSE is a large university focused
on only on economics. There are departments of Economics (including Finance, Statistics etc),
Law, Mathematics, Computer Science, Media and Design, Physics, Chemistry, Biotechnology,
Geography and Geoinformation Technologies, Foreign Languages and some other.

Website of the HSE: https://www.hse.ru/en/

The OPSO 2021 online conference has connected 106 speakers and 26 participants without
a talk from all over the world. The conference covered the following topics: 1. One-parameter
groups and semigroups of linear operators; 2. Nonlinear flows and semiflows; 3. Interplay
between linear infinite-dimensional systems and nonlinear finite-dimensional systems; 4. Quan-
tum stochastic evolutions and dynamical semigroups; 5. Further applications of semigroups in
mathematical physics; 6. Related topics.
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1. One-parameter groups and semigroups of linear operators

On perturbations of one-parameter semigroups
determined by covariant operator valued measures on the half-axis
G. G. Amosovf], E. L. Baitenovf]

Keywords: perturbations of semigroups; covariant operator valued measures; the semigroup of
shifts on the half-axis.

MSC2010 codes: 47D06, 46151

A one-parameter family of contractions T; : X — X, ¢t > 0, acting on a Banach space X
is said to be a semigroup if T,,, = T;T;, t,s > 0, and Ty = I (the identical transformation).
If orbits of the semigroup 7" = (7}) are continuous in some topology then there exists a linear
operator £ with the domain D(L) dense in X in the same topology such that T, = exp(tL), t >
0. The operator L is said to be a generator of the semigroup 7' [1]. For the case X = B(H) (the
algebra of all bounded operators in a Hilbert space H) a perturbation of T of the semigroup T’
can be defined as a solution to the integral equation [2]

t
T, - /M(ds)i_s ~T, t>0,
0

where M is a measure on the half-axis taking values in the set of all completely positive maps
on the algebra B(H). To define a semigroup the measure M should be covariant with respect
to the action of T" in the sense

T.o M([t,s)) =M([t+r,s+71)), 7>0, s>t>0.

Let us go back to an arbitrary Banach space X. If we consider a perturbation of the generator
L by a bounded operator A in X, then the operator L=L+A having the same domain
D(L) = D(L) is a generator of the semigroup that is a solution to the integral equation
determined by the covariant measure

s

M([t,s)) = /TrAdr, s, t > 0.
t

More complicated cases that lead to a change of the domain of a generator are defined by non-
trivial cohomologies of T'. We consider two examples in which a crucial role is played by the
semigroup S = (S;) consisting of right shifts in the Hilbert space H = L*(R,). In one example,
perturbations of the semigroup S are introduced in [3-4]. The second example determines the
construction of perturbation for the semigroup 7' = (7}) acting in X = B(F'(H)) by the formula
[5]
Ti(z) = SyxS;, x € B(F(H)),

where S, acts in the antisymmetric Fock space F(H) = {CQ} & H® H® & --- @ H® @ . ..
over one-particle Hilbert space H = L*(R,) by the formula

S =Q, Si(fihfo .. Af,) = SifihSifoA ... ASif,, t >0, f; € H.

References
[1] E. Hille, R.S. Phillips: Functional Analysis and Semi-Groups. — American Mathematical
Society, 1975.

1Steklov Mathematical Institute, Russia, Moscow. Email: gramos@mi-ras.ru
2Moscow Institute of Physics and Technology, Russia, Moscow. Email: baiteneg@mail.ru
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[2] A.S. Holevo. Excessive maps, "arrival times" and perturbation of dynamical semigroups //
Izv. Math. 59:6 (1995) 1311-1325.

[3] G.G. Amosov, E.L. Baitenov. On perturbations of the semigroup of shifts on the half-axis
changing the domain of Its generator // Lobachevskii J. Math. 41:12 (2020) 2303-23009.

[4] G.G. Amosov, E.L. Baitenov. On rank one perturbations of the semigroup of shifts on the
half-axis // Ufa Mathematical J. (2021) in press.

[5] G.G. Amosov. On perturbations of dynamical semigroups defined by covariant completely

positive measures on the semi-axis // Anal. Math. Phys. 11:1 (2021) Paper N 27. 13 PP.
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Continuous Kernels for Positive Semigroups:

applications to boundary problems and semilinear equations
W. Arendtf]

We consider (mainly self-adjoint ) semigroups on L? as generated by the Laplacian with
diverse boundary conditions. In the talk we will present a criterion for such a semigroup
to have a continuous kernel. One important consequence is that the semigroup operates on
a space of continuous functions and, if the semigroup is positive, it will be automatically
positivity improving. This has interesting consequences. For example, the principal eigenvector
is strictly positive (i.e. it is larger than a positive constant). This in turn allows one to solve
semilinear equations and to define a dynamical system. Interesting concrete cases are given by
the Laplacian with Robin boundary conditions, but also by the Dirichlet-to-Neumann Operator.

References

[1] W. Arendt, A.F.M. ter Elst. The Dirichlet-to-Neumann operator on C(9€2). Ann. Sc.
Norm. Sup. Pisa. 2020. V. 20. No. 3. P. 1169-1196.

[2] W. Arendt, A.F.M. ter Elst, J. Gliick. Strict positivity for the principal eigenfunction of
elliptic operators with various boundary conditions. // Adv. Nonlinear Stud. 2020. V. 20.
No. 3. P. 633-650.

[3] W. Arendt, A.F.M. ter Elst. Operators with continuous kernels. // Integral Equations and
Operator Theory. 2019. V. 91. No. 5. P. 45.

3University of Ulm, Institute of Applied Analysis, Germany, Ulm. Email: wparendt@gmail.com
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Local eventual positivity of operator semigroups
Sahiba Arora

Keywords: One-parameter semigroup of linear operators; eventually positive semigroup; locally
eventually positive semigroup; positive spectral projection; eventually positive resolvent; locally even-
tually positive resolvent.

MSC2010 codes: 47D06, 47B65, 47A10, 34B09, 34G10

Introduction. The theory of positive Cy-semigroups on LP-spaces, or more generally, on
Banach lattices, is well-known and has a plethora of applications (see [4]). Recently, the study
of semigroups that only become (and stay) positive after a sufficiently large time was initiated
in [1] and [2|, where the authors also presented a variety of applications.

Another related notion that appeared several years earlier is of local eventual positivity.
This loosely means that the solution of the corresponding Cauchy problem becomes eventually
positive in a part of the domain. For example, it has been shown that (see [3]) for a homogeneous
biharmonic heat equation in R?, if a positive initial datum has compact support, then the
solution of the corresponding Cauchy problem becomes positive on compact sets for large times
and that such eventual positivity does not occur on the whole domain.

In this talk, we discuss the local eventual positivity of strongly continuous semigroups on
LP- spaces. In particular, if (e/);5¢ is a Cyp-semigroup on some LP-space F, and S and T are
bounded operators on F', then given a function f € F which is positive almost everywhere,
we provide sufficient conditions for existence of t, > 0, so that the functions Se*AT'f are also
positive almost everywhere for t > t,. Moreover, we also look at some conditions that guarantee
that the time ¢y is independent of the initial datum f. We will see that these results can be
applied to concrete differential equations, for instance, the Dirichlet bi-Laplacian. Additionally,
we will consider some spectral and convergence implications of local eventual positivity.

While we restrict ourselves to LP-spaces during the talk, the results mentioned can be
generalized to general Banach lattices.

References

[1] D. Daners, J. Gliick, J. B. Kennedy. Eventually positive semigroups of linear operators //
J. Math. Anal. Appl. 433 (2016) 1561-1593.

[2] D. Daners, J. Glick, J. B. Kennedy. Eventually and asymptotically positive semigroups on
Banach lattices // J. Differ. Equations. 261 (2016), 2607-2649.

[3] F. Gazzola, H.-C. Grunau. Eventual local positivity for a biharmonic heat equation in R™
// Discrete Contin. Dyn. Syst., Ser. S. 21 (2008), 1129-1157.

[4] R. Nagel, editor. One-parameter semigroups of positive operators. — Lecture Notes Math.
1184, Springer Verlag, Berlin, Heidelberg, New York, Tokyo, 1986.

4Technische Universitit Dresden, Institut fiir Analysis, Fakultit fiir Mathematik , Germany, Dresden. Email:
sahiba.arora@mailbox.tu-dresden.de
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Telegrapher’s systems on networks
J. Banasiak], A.Blochf|

Keywords: hyperbolic systems, networks, semigroups of operators, port-Hamiltonians, Saint-
Venant system, Kirchhoff’s conditions

MSC2010 codes: 47D08, 35C15, 35J10

In this talk we consider a system of linear hyperbolic differential equations on a network coupled
through general transmission conditions of Kirchhoff’s type at the nodes. We discuss the
reduction of such a problem to a system of 1-dimensional hyperbolic problems, also called port-
Hamiltonian, for the associated Riemann invariants and provide a semigroup theoretic proof of
its well-posedness in any L,.

In the second part of the talk we consider a reverse question, that is, we derive conditions
under which such a port-Hamiltonian with general linear Kirchhoff’s boundary conditions can
be written as a system of 2 x 2 hyperbolic equations on a metric graph I'. This is achieved by
interpreting the matrix of the boundary conditions as a potential map of vertex connections of
I' and then showing that, under the derived assumptions, that matrix can be used to determine
the adjacency matrix of I.

5University of Pretoria, Department of Mathematics and Applied Mathematics, South Africa, Pretoria.
Lédz University of Technology, Institute of Mathematics, Poland, L6dz. International Laboratory of Applied
Semigroup Reserach, South Ural State University, Russia, Chelyabinsk. Email: jacek.banasiak@up.ac.za

61.6dz University of Technology, Institute of Mathematics, Poland, Lédz. Email: adam.bloch@dokt.p.lodz.pl
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Rates of decay of energy via operator semigroups
C. Batty [

Abstract. One approach to obtaining rates of decay of energy of damped waves and other
similar models is by considering an operator which generates an operator semigroup and finding
or estimating the norm of the resolvent on the imaginary axis. This can be converted into a
rate of decay of the semigroup by quantified versions of tauberian theorems or by methods of
Fourier analysis. I will briefly discuss the outcomes of these methods.

"University of Oxford, U.K. Email: charles.batty@sjc.ox.ac.uk
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An explicit formula for the telegraph equation semigroup on a network
A. BlochPl

In [1] the authors study a system of linear hyperbolic differential equations on a network
coupled through transmission conditions in the vertices of the underlying graph. Such systems
arise in e.g. hydrodynamics (Saint-Venant equations), electrical engineering (telegraph equa-
tions) or random walk theory. The authors construct general boundary conditions of Kirchhoff’s
type leading to an initial-boundary value problem and study its well-posedness using semigroup
theory. It turns out that in some special cases it is possible to obtain an explicit formula for
the semigroup governing the solution to the aforementioned IBVP which allows to study its
long-term behaviour.

References
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Semigroup-theoretic approach to thin layers: the role of transmission conditions
A. Bobrowskil

Keywords: convergence of Feller semigroups of operators; singular perturbations; transmission
conditions; thin layers

MSC2010 codes: 35B25, 35K57, 35K58, 47D06, 47D07

Motivated by models of signaling pathways in B lymphocytes, which have extremely large
nuclei, we study the question of how reaction-diffusion equations in thin domains may be
approximated by diffusion equations in regions of smaller dimensions. In particular, we study
how transmission conditions featuring in the approximating equations become integral parts of
the limit master equation. We device a scheme which, by appropriate rescaling of coefficients
and finding a common reference space for all Feller semigroups involved, allows deriving the form
of the limit equation formally. The results obtained, are expressed as convergence theorems for
the Feller semigroups.

In the first part of the talk we take a look at the question of approximating solutions to
equations governing diffusion in thin 3D layers separated by a semi-permeable membrane (see
Figure . We show that as thickness of the layers converges to 0, the solutions, which by
nature are functions of 3 variables, gradually lose dependence on the vertical variable and thus
may be regarded as functions of 2 variables. The limit equation describes diffusion on the lower
and upper sides of a two-dimensional surface (the membrane) with jumps from one side to the
other. The latter possibility is expressed as an additional term in the generator of the limit
semigroup, and this term is build from permeability coefficients of the membrane featuring
in the transmission conditions of the approximating equations (i.e., in the description of the
domains of the generators of the approximating semigroups).

upper side of the membrane

lower side of the membrane

Figure 1: Two thin layers separated by a semi-permeable flat membrane

In the second part we work in two dimensions and deal with different geometry: we choose
the example of a circular membrane as a case study. Again, the goal of this study is to establish
the fact that in the thin layer approximation transmission conditions become integral parts of
the limit equation in three natural scenarios.

9Lublin University  of  Technology, Department of  Mathematics, Lublin, Poland.
Email: a.bobrowski@pollub.pl
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(a) (b) ()

fast diffusion

Figure 2: Different limit state-spaces resulting from different approximations: In the case (a)
both layers are thin, and the limit state-space is composed of the upper and the lower sides
of the unit circle. In the case (b) only the upper layer is thin, and thus the limit state-space
is composed of the union of the unit circle and the lower layer/annulus. In the case (c), even
though the lower layer is thick, diffusion there is fast and thus the limit state-space is the union
of the unit circle and the point formed by compounding all elements of the lower annulus.

In the first scenario we assume that both the upper and the lower layers are thin, and in
the limit obtain two coupled PDEs on a surface of dimension one (see Figure [2| (a)). Next, we
turn to a ‘thick’ two-dimensional region bordering a ‘thin’ two-dimensional region (see Figure
(b)). In this case, in the limit we face a PDE on a two-dimensional region coupled with a PDE
on a one-dimensional surface. Interestingly, here also one of permeability coefficients becomes
an integral part of the main equation and describes jumps from the one-dimensional surface to
the two-dimensional region.

In the third scenario, a diffusion in a thin layer is accompanied by a very fast diffusion in the
bordering ‘thick’ two-dimensional region (see Figure [2[ (c)). Then the limit equation involves
a PDE on a surface coupled with an ODE: the fast diffusion averages out the concentration
in the two-dimensional region, and thus, at any particular time, the concentration may be
described by a single real number. Again, permeability coefficients become jump intensities
between points of the surface and the isolated point formed by lumping all the points of the
‘thick’” two-dimensional region.
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On Hardy identities and inequalites
K. Bogdan"|

We discuss the route from symmetric Markovian semigroups to Hardy inequalities, to non-
explosion and contractivity results for Feynman-Kac semigroups in LP. The emphasis will be
on the fractional Laplacian on R%, in which case the constants, estimates of the Feynman-Kac
semigroups and the tresholds for contractivity and explosion are sharp. We will mention both
published and new results, selected from:

https://arxiv.org/abs/1412.7717,

https://arxiv.org/abs/1710.08378,

https://arxiv.org/abs/2103.06550.
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Asymptotic behaviour of a class of random evolution problems

with application to combinatorial and metric graphs
S. Bonaccorsil

We consider a family of graphs {Gy, &k = 1,..., N}, each associated to the (discrete or
continuous) Laplacian operator L acting on the function defined on the vertices (edges) of the
graph.

Given a stochastic mechanism of switching the graphs during time, we get that the evolution
is lead by an operator Ly, (selected from the set {£4, ..., Ly} according to some Markov chain
Xj) during the (random) time interval [T}, Ty 1)

Owu(t, z) = Lxu(t,x), t € [Ty, Tis1), )
u(0,7) = f(2)

We can associate to (1) the (random) evolution operator

n—1

S(t) = elt=Tw)Llxn H eTen1=Ti)lx, t € [Tn, Thya).
k=0

Our main problem can be stated as follows:

(P) under which condition the random evolution operator S(t) converges? towards which
limit?

The paper is based on a joint work with Francesca Cottini (Universita di Milano Bicocca)
and Delio Mugnolo (FernUniversitét in Hagen).
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Positive Miyadera—Voigt perturbations of bi-continuous semigroups
Christian Buddéd™

We discuss positive Miyadera—Voigt type perturbations for bi-continuous semigroups on
AlL-spaces with an additional locally convex topology generated by additive seminorms. The
main example of such spaces is the space of bounded Borel measures (on a Polish space).

Markov processes associated to stochastic differential equations or jointly continuous flows
on metric spaces give rise to semigroups which are in general not strongly continuous with
respect to the Banach space norm but they do enjoy strong continuity with respect to a weaker
additional locally convex topology on the Banach space. An auspicious approach to such
operator semigroups has been introduced by F.Kithnemund [9, 8] by means of bi-continuous
semigroups. The theory of such semigoups has recently attract attention [7, 3, 5, 1| and
especially perturbation theory of bi-continuous semigroups [4, 6].

Various models of physical processes ask for positive solutions in order to have a reasonable
interpretation, e.g., consider solutions containing the absolute temperature or a density. The
maximum principle for elliptic and parabolic partial differential equations guarantees positive
solutions under positive initial data. This demonstrates the importance of positivity in the
theory of operator semigroups on Banach lattices, hence in the theory of linear evolution equa-
tions.

This talk is based on [2| and generalizes the perturbation result of Voigt [10] to the class of
bi-continuous semigroups.
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Asymptotic behaviour of biharmonic heat equations on unbounded domains
Daniel Daners [, Jochen Gliick [, Jonathan Mui [

Keywords: evolution equation, asymptotic behaviour, local eventual positivity, biharmonic oper-
ator

MSC2010 codes: 35G10, 35K30, 35B09, 35B40

Abstract. It is well-known that the heat equation u; — Au = 0 on R™ enjoys a positivity
preserving property: if ug > 0 is a non-trivial function, then the solution u = u(t, ) to the heat
equation with initial datum wg satisfies u(t,2) > 0 for all ¢ > 0. This phenomenon is closely
connected with maximum principles for the Laplacian —A and second-order elliptic operators
in general. On the other hand, one cannot expect the positivity preserving property to hold for
higher-order elliptic operators. Nevertheless, it seems that positivity in some sense is “almost”
preserved. As a particular case, the biharmonic heat equation u; + (—A)?u = 0 on R™ displays
local eventual positivity, as shown in [5] and elaborated in [4]. Roughly speaking, this means
that given non-trivial initial datum wg > 0, for every compact set K C R", there exists a
time 7' > 0 such that the corresponding solution u = u(t, z) is positive on K for all t > T.
Intuitively, this phenomenon occurs as a result of the oscillatory behaviour of the fundamental
solution, and so far, local eventual positivity for these equations has been studied via explicit
analysis of such biharmonic heat kernels.

From an abstract perspective, solutions to evolution equations may be studied via an ap-
propriate semigroup of linear operators. The study of positive operator semigroups is by now
a classic topic. However, as remarked above, this framework does not apply directly to higher-
order evolution equations. One may instead use the theory of eventually positive semigroups,
which was first developed systematically in [2,3|. Very recently, a localised version of the the-
ory was initiated in [1]. The results of these papers are effective in particular for studying
positivity in elliptic or parabolic problems on bounded domains where the associated operator
has a simple principal eigenvalue. For this reason, however, the methods cannot be adapted to
evolution equations on unbounded domains.

The current work therefore lies at the crossroads of the explicit methods of [4,5] and the
semigroup methods in [1,2,3]. We study the asymptotic behaviour of solutions to the biharmonic
heat equation on R"™ as well as on ‘infinite cylinders’ of the form R x €2, where €2 C R" is a
bounded domain with C'*° boundary. The main tools are the Fourier transform and a classical
blow-up argument, which reveals the asymptotic profile of the solutions. As a consequence
of our results, we demonstrate how the local eventual positivity of solutions may be obtained
qualitatively (i.e. without use of explicit heat kernels), and for a larger class of initial data
than was previously considered. The analysis on the infinite cylinder is modelled loosely on
the R™ problem, but in addition uses various properties of a family of fourth-order eigenvalue
problems, which may be of independent interest.
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Long-term Behaviour of Flows in Infinite Networks
A. DobricK™|
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Abstract. We study transport processes on infinite networks which can be modeled by an
operator semigroup on a Banach space. Classically, such semigroups are strongly continuous and
therefore their asymptotic behaviour is quite well understood. However, recently new examples
of transport processes emerged in which the corresponding semigroup is not strongly continuous.
Due to this lack of strong continuity, there are currently no results on the long-term behaviour
of these semigroups. In this paper, we close this gap for a certain class of transport processes.
In particular, it is proven that the solution semigroups behave asymptotically periodic with
respect to the operator norm as a consequence of a more general result on the long-term
behaviour by positive semigroups that contain a multiplication operator. Furthermore, we
revisit known results on the asymptotic behaviour of transport processes on infinite networks
and prove the asymptotically periodicity of the extensions of those semigroups to the space of
bounded measures.

Introduction. Consider a transport process on an infinite network, modeled by an infinite,
directed graph G = (V, E) which is assumed to be simple, locally finite and non-degenerate
and consider G as a metric graph by identifying each edge with the unit interval [0, 1] and
parametrizing it contrarily to its direction.

The distribution of mass transported along one edge e;, j € J, at some time ¢t > 0 is
described by a function wu;(t,z) for z € [0,1] and the material is transported along e; with a
constant velocity ¢; > 0 that suffices

O<Cmin Scj Scmax < Q.

Define B¢ := C~!BC, where B denotes the weighted (transposed) adjacency matrix and C :=
diag(c;) denotes the diagonal velocity matrix. Moreover, suppose that the functions u; satisfy
the generalized Kirchhoff law

Z(bwc]u] (1,¢) Z(b .cju;(0,1)

jeJ jeJ

for all i € I and t > 0. Then the transport process can be modeled by the initial value problem

0 0
— — Ci— U >
atuj(t,x) ¢ axu](t,x), z € (0,1),t>0,
u'( 71ﬁ ::j}( ) x € (071%
ui(L,t) =Y BGur(0,t t>0,
jeJ

where f;, 7 € J, are the initial distributions of mass along the edges of G.

The investigation of equation systems of the above form on metric graphs by employing the
theory of strongly continuous semigroups has quite some history. The semigroup approach to
this kind of transport problems was introduced first in [1]. This paper was followed by a series of
papers [2,3,4,5] from several different authors using the semigroup approach to discuss transport
processes on metric graphs. In all these papers, transport equations are considered on the state

16Christian-Albrechts-Universitit zu Kiel, Mathematisches Seminar, Germany, Kiel. Email:
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space L'([0,1];¢"), where the solution semigroups turn out to be strongly continuous, and a
major point is the asymptotic behaviour of the solution semigroup. However, the investigation
of the long-term behaviour relied on the theory of strongly continuous semigroups, the Jacobs-de
Leeuw-Glicksberg decomposition and classical results from Perron-Frobenius theory.
Motivated by results from [6,7], the authors in [8] discuss transport processes on the state
space L>([0,1];¢'), where the solution semigroup is only bi-continuous with respect to the
weak*-topology on L>([0,1]; ') (see |9] for a definition) but not strongly continuous. Although
the same kind of equation is investigated (however in different state spaces), in contrast to
the papers from the L'-case, [8] does not discuss the asymptotic behaviour of the solutions
in the bi-continuous case. In this paper, we close this gap by combining spectral theoretic
observations, the concept of the semigroup at infinity and classical Perron-Frobenius theory. In
particular, the following theorem holds without any regularity assumptions on the semigroup:

Theorem 1. Let Q = (2,%,u) be a measure space, F a Banach lattice and (T'(t)):>0 a
bounded, positive semigroup on X := LP(£); E), 1 < p < oco. Suppose that there is t, € [0, 00)
such that T'(ty) = M p for some irreducible operator B on E with r(B) = 1. If r(B) is a pole of
the resolvent of B, then there is a strictly positive projection P commuting with the semigroup
(T'(t))e>0 with the following properties:

(1) (T'(t)|px)t=0 can be extended to a positive, periodic group on the Banach lattice PX.

(ii) (T(t)|ker P)t>0 is uniformly exponentially stable, i.e., there are M > 1 and € > 0 such that
|T(t) — T(t)P| < Me =" for all t > 0.

Using our new methods we also revisit a result on the asymptotic behaviour of solutions from
[2] and improve slightly upon the statement as well as the proof. In particular, our argument
shows that the asymptotical periodicity of the solution, obtained there, does not depend on the
strong continuity of the semigroup.

Acknowledgments. The author thanks Abdelaziz Rhandi for his very kind hospitality at
the university of Salerno in Spring 2020 at the begin of the extraordinary Covid-19 situation
in Italy. At this time major parts of this paper have been written. Moreover, I am indebted
to my dear colleagues Marco Peruzzetto for several helpful discussions and Jochen Gliick for
helpful feedback at an early stage of the paper and bringing reference [1| to my attention.
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Operator semigroups on vector lattices
M. Kramar Fijav|

Our goal is to develop operator semigroup theory on vector lattices, suitable for the study
of evolution equations, that properly generalises the classical theory of strongly continuous
operator semigroups on Banach spaces. To this aim we introduce the notion of relatively
uniformly continuous operator semigroups on vector lattices. We characterise such semigroups
on LP spaces and compare them with Cy-semigroups on Banach lattices. We define appropriate
generators and present a Hille-Yosida-type theorem on vector lattices.

This is a joint work with Marko Kandié¢ and Michael Kaplin.
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Upper and lower estimates for the speed of convergence of Chernoff
approximations of operator semigroups
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This talk is devoted to the speed (rate) of convergence of Chernoff approximations [3,4]
to strongly continuous one-parameter semigroups |1, 2|. We provide simple natural examples
for which this convergence: is arbitrary high; is arbitrary slow; holds in the strong operator
topology but does not hold in the norm operator topology. We also prove general theorem
that gives estimate from above for the speed of decay of the norm of the residual appearing in
Chernoff approximations. We provide also supplementary theorems which makes it easier to
check the conditions of the main theorem.

This talk is based on the first draft-preprint version [5] of the text e.g. it lacks up-to-date
literature overview. We kindly ask authors of relevant research papers to forgive us. We will
fill this gap before submitting to a journal.

Usually expressing the Cy-semigroup (etL ) 1> 1t terms of variable coefficients of operator L is
a hard problem. However, if the so-called Chernoff function [3] is constructed, i.e. an operator-
valued function G which satisfies the conditions of the Chernoff theorem (in particular, satisfied
G(t) = I +tL + o(t) in the strong operator topology as t — +0), then the semigroup is given
by the equality e'* = lim, .., G(t/n)". An advantage of this approach arises from the fact
that usually it is possible to define G by an explicit and not very long formula which contains
coefficients of operator L. Expressions G(t/n)" are called Chernoff approximations to e'’.

We have constructed [5] the following examples.

Proposition 1. There exists a Banach space F, Cp-semigroup (e'*);> in F with generator
(L,D(L)), and Chernoff function G for operator (L, D(L)) such that Chernoff approximations
converge on each vector but do not converge in operator norm. More precisely:

L. lim, o ||G(t/n)"f — e£ f|| = 0 for all f € F,

2. [lett]| = lG(t)] = 1,

3. for each ¢ > 0 and each n € N there exists f,, € F such that || f,|| =1 and ||G(¢/n)" f, —
e full = || fall s0 |G (t/n)" — ]| > 1 7 0 as n — oo.

Proposition 2. There exists Cp-semigroup (e'l);>o in Banach space F, Chernoff function
G and vector f € F such that f ¢ D(L) but the speed of convergence is arbitrary high.
More precisely: for arbitrary chosen non-increasing continuous function v: [0, +00) — [0, +00)
vanishing at infinity at arbitrary high rate (e.g. v(z) = (1 +2)7%, v(z) = e, v(x) = ¢ ¢)
and all T > 0 we have sup,co [|G(t/n)"f — e fl| = Tv(n/T) for all n = 1,2,3,... such that
Tv(n/T) < 1. Moreover, we have |[e'l|| = |G(t)|| = || f|| = 1.

Proposition 3. There exists Cy-semigroup (e'*);>q in Banach space F, Chernoff function G
and vector f € F such that f € ﬂ;?‘;lD(Lj) but the speed of convergence is arbitrary low, i.e. for
arbitrary chosen non-increasing continuous function u: [0, 400) — [0, +00) vanishing at infinity
at arbitrary low rate (e.g. v(z) = (1 +2)"V* v(z) = 1/log(z + €), v(x) = 1/log(log(z + €)))
and all T' > 0 we have sup,co 1 [|G(t/n)"f — e fl| = Tv(n/T) for all n = 1,2,3, ... such that
Tv(n/T) < 1/2. Moreover, we have ||e'Z|| = ||G(t)]| = ||f]| = 1.

Our main result is stated as follows.
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Theorem 1. Suppose that

1. Number T > 0 is given, and Cy-semigroup (e');~o with generator (A4, D(A)) in Banach
space F satisfies for some M; > 1 and w > 0 the condition ||| < Mie*! for all ¢ € [0,T].

2. There is a mapping S: (0,7] — Z(F), i.e. S(t): F — F is a linear bounded operator
for each t € (0, T]. There exists some constant My > 1 that ||S(¢)*| < Mye*™? for all t € (0, 7]
and all k =1,2,3,...

3. Numbers m € {0,1,2,...} and p € {1,2,3,...} are fixed. There is a (e!*);>¢-invariant
subspace D C D(A™*P) C F,ie. (e)(D) C D for any t > 0 (for example D may be equal to
D(A™HP)).

4. There exist such functions K;: (0,7] — [0, +00), j = 0,1,...,m+p that for all ¢ € (0,7
and all f € D we have

tkAk m—+p
Jstor =3t <o > K1
Then:
1. For all t > 0, all integer n > ¢/T and all f € D we have
. A MIMth—Hewt m+p ;
IS@/n)"f = e fll = ——Z—— 2 Cit/m)| A fll,

=0

where Cp,1(t) = Ky (t)e ™ 4+ My /(m + 1)! and C;(t) = K;(t)e ™" for j #m + 1.
2. If D is dense in F and for all j =0,1,...,m + p we have K;(t) = o(t™™) when ¢t — +0,
then for all g € F and T > 0 the following equality is true:

' n tA ||
T/Thgr?ﬁootes(%% |S(t/n)"g — eg| = 0.

Ezample 1. Let us consider particular modeling example. Suppose ||| < et, ||S(1)]] < €,
1S(t)f — f—tAf — 32 A2 f|| < 2VH|| A3 f| for all f € D(A®) and ¢ € (0;1]. Then D = D(A?),
m=2 M =M, =w=1, Ky(t) = K,(t) = 0, Ky(t) = 1/+/t for any t € (0;1]. So estimate
in the item of theorem 1 states that for any fixed ¢ > 0 the following estimate is true for all
f € D(A3) and integer n > t, having the following asymptotic behaviour as n — oo:

3t t/n
1S(t/n)"f — e f|| < tni ( L ¢ 2 >||A3f|| -

Vifn
= (B s = S s o ().

Lemma 1. Suppose that n € {0, 1,2, ...}, suppose that functions a,b,c: R — R are differen-
tiable 2| (n — 1)/2] times and the inequality inf,cg |a(x)| > 0 holds. Suppose, in addition, that
operator L maps each twice differentiable function v: R — R to the function Lu = au”+bu'+cu.
Then there are nonnegative constants Cy, C1, . . ., C|(n41)/2), such that for any 2| (n+1)/2] times
differentiable function v: R — R, the following inequality is true:

L(n+1)/2)
™I < > CllLFol.
k=0

Remark 1. Let us use the symbol UC,(R) for the space of all bounded, uniformly continuous
functions f: R — R with the norm ||f|| = sup,cr |f(x)]. Let us use symbol HCy(R) for the
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space of all Holder continuous functions u: R — R, and for each n € {1,2,3,...} let us denote
by HCP(R) the space of all such functions u € HCy(R), that o/, ..., u™ € HCy(R). It is clear
that HCP(R) € UC,(R) and HCP(R) is dense in UC,(R) for all n € {1,2,3,...}. Similarly,
the space UC]'(R) is defined. The following result is an example of usage of theorem 1 and
lemma 1.

Theorem 2. Suppose that

1. Numbers m,q € {1,2,3,...} are fixed, and ¢ = 2|(¢ + 1)/2]. Functions a,b,c from
the class HC.™ 9*(R) are given, and inf,cg a(z) > 0. Operator L on UC,(R) with domain
D(L) = HCZ(R) is defined by the formula

Lu = au” + bu' + cu.

2. Numbers 7" > 0, M > 1 and ¢ > 0 are given. For any ¢t € (0,7] a bounded linear
operator S(t) on UCy(R) is defined such that ||S(#)*|| < Me*o for all k =1,2,3,....

3. There exist nonnegative constants Ky, K, ..., Koy such that for all ¢ € (0,77 and all
f e UCP™™(R) we have

tm+1 Z K. Hf

HSt

Then:

1. The closure L of operator L is a generator of Cp-semigroup (e'F)i=o in Banach space
UCy(R), and the condition [|e'*|| < 7 for all ¢ > 0 is satisfied, where v = max(0, sup, g c(z)).

2. For all t > 0, all integer n > ¢/T and all f € UC;"(R) we have

¢ 2m+g

_ M m-+1 w
IS(t/m)nf — g < Z 19,

where w = max(o,7v), ¢ = 2|(¢ +1)/2] and Cy, C4,. .., Capiy are nonnegative constants that
are independent of ¢t and n.
3. For all g € UCK(R) and all 7 > 0 the following equality is true:

lim sup HSt n)'g — e'r H = 0.
T/T<nﬁoote (0,7] / g
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Positivity properties of operator semigroups

J. Gliick®™|

Keywords: positive semigroup; spectrum; convergence to equilibrium; eventual positivity.
MSC2010 codes: 47D06, 47D07, 47B65, 46B42

We give a brief but pointed tour through the subject of positive one-parameter semigroups.
As a motivation, we start with a few examples that demonstrate the ubiquity of positive
semigroups in various fields in the mathematical sciences. With these examples in mind, we
then proceed to several theoretical highlights of the theory, ranging from classical spectral
results in infinite-dimensional Perron—Frobenius and Krein—Rutman theory to recent insights
into the long-term behaviour of positive semigroups without time regularity.

Our journey ends with an outlook on the emerging topic of eventually positive semigroups,
i.e., semigroups that can have a sign change for small times but then become and stay positive for
larger times. A systematic study of this concept has begun only recently, and is accompanied by
the observation that the eventual positivity phenomenon occurs in various concrete evolutions
equations.
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Bi-Kolmogorov type operators and weighted Rellich’s inequalities
F. Gregorio [/]
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We consider the symmetric Kolmogorov operator L = A + % -V on L*(RY du), where

i is the density of a probability measure on RY. Under general conditions on p we prove
first weighted Rellich’s inequalities with optimal constants and deduce that the operators L
and —L? with domain H*(RY, du) and H*(RY,du) respectively, generate analytic semigroups
of contractions on L*(RY, du). We observe that du is the unique invariant measure for the
semigroup generated by —L? and as a consequence we describe the asymptotic behaviour of
such semigroup and obtain some local positivity properties. As an application we study the
bi-Ornstein-Uhlenbeck operator and its semigroup on L?(R¥Y, dy).
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Fractional Kolmogorov operator and desingularizing weights
D. Kinzebulatov?]

We establish sharp two-sided bounds on the heat kernel of the fractional Laplacian perturbed
by Hardy-type drift by transferring it to an appropriate weighted space with singular weight.
The talk is based on joint papers with Yu.A. Semenov and K. Szczypkowski.
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Introduction.
Equation of internal waves in a homogeneous incompressible non-rotating fluid is described
by the Poincare equation
Augy + N* (e + Uyy) = 0, (1)

where N? — buoyancy frequency.
Let D a bounded domain from R3 with smooth boundary 0D with the initial-boundary
conditions

u(z,y,2,t) =0, (x,y,2,t) € 0D xR, (2)
u(xvyazao) = Uo, ut(‘mayazao) = us. (3)

The solution to the problem (1) - (3) will be sought in the framework of the theory of
Sobolev-type equations.
In this thesis, used methods based on the theory of polynomially bounded operator pencils
1.
. (A, p)-bounded Operators.
Let 4, F be Banach spaces and operators A, By, Bl, ..., Bn_1 € L(F;4)). By B denote
a pencil formed by operators By, By, ..., By 1. Set p ( 3) = {u eC: (u"A—pu 1B, | —
.—puBy — By)! € £(§ 0}; and o4(B) = C\ pA(B) are called A-resolvent set and A-
spectrum of the pencil B respectively. Operator-function of a complex variable Rﬁ(é) =
(u"A— [ b, — ... — uBy — By)~* with the domain p(B) is called A-resolvent of the pencil
B.
Definition 1. The operator pencil B is called polynomially bounded with | respect to an
operator A (or polynomially A-bounded) if 3a € Ry Vu € C (|u| > a) = (R}(B 3) e L(F;U)).
Remark 1. Let operator exist A™' € £(F; ) then the pencil B polynomially A-bounded.
Condition (4) is necessary for the existence of projectors. [2]

/MR;‘(E)duz@, k=0,1,...,n—2, (4)

~

where the circuit v = {p € C: |u| =7 > a}.
Lemma 1. Let the operator pencil B be polynomially A-bounded and condition (4) be
fulfilled. Then the operators

1 1 -
P=—— [ R}(B)u""Ad = — [ WARN(B)d
R, (B ) p o @ 27ri/'u R (B)dp

271 - ~

are projectors in spaces 4 and § respectively.

Denote U° = ker P, §° = ker Q, 4! = im@Q, §' = im@Q. According to lemma 1 & = U° ¢
Ul F =3 @ F. By A¥(BF) denote restriction of operatorsA(B;) on Uk(FF), k = 0,1;1 =
0,1,....,n—1.

23Gouth Ural State University, Department of Equations of Mathematical Physics, Russian Federation,
Chelyabinsk. Email: kotlovanovki@susu.ru
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Theorem 1. |2] Let the operator pencil B be polynomially A-bounded and condition (4) be
fulfilled. Then
(i) Ak e L(U* F%), k=0,1;
(ii) BF e L(U*FF), k=0,1, 1=0,1,...,n—1;
(ii7) operator (A1)t € LU F) exists;
(iv) operator (BY)™' € L%, FY) exists.

Using theorem 1 construct operators: =
L), ..., H,1 = (B)'BY | € L(U%) and So
LU, ..., 8,1 =AYIB! | e L)

Further a removable singularity of an A-resolvent of the pencil B will be called a pole of
order 0 for brevity. If the operator pencil B is polynomlally A-bounded and the point oo is a
pole of order p € {0} UN of an A-resolvent of the pencil B then the operator pencil B is called
polynomially (A, p)-bounded.

Abstract Problem.

Consider the Cauchy problem

1A € L), H, = (BO)'BY €

(B9)~ ),
= (AY"'Bl € L), S, = (A)1B! €

uw(0) = ug, u(0) =y (5)
for the second-order Sobolev-type equation
Auy = Biu, + Byu. (6)
Operator-functions

Ut = f RA B)(nA — By)ettdu, Ul = f RN (B B)Aettdy

2mi 2mi

— are propagators, where the circuit v € C bounds the domain containing the A-spectrum of
the operator pencil B.

The solution of the problem (1), (3) in terms of the theory of degenerate groups was obtained
in [2], under the condition that the operator pencil B is polynomially bounded with respect to
the operator A.

Theorem 2. |3] Let operator pencil B be polynomially A-bounded and condition (4) fulfilled,
let oo be a pole of order p € {0} UN of the A-resolvent of B. There exists a unique solution
u € C®(R,4) of problem (5), (6) of the form u(t) = Uluy + Ulug, where u;, € im Up =
im UQ, k=0,1, im UY TE im Uy subspace in .

Internal Wave Equation.

Consider the cases when the domain D is a parallelepiped and a cylinder. Let the domain
D be the parallelepiped [0,a] x [0,0] x [0,¢] C R3.

Problem(1)—(3) can be reduced to Cauchy problem (5) for equation (6). Introduce the
spaces U = W.T(D), & = W(D) and define the operators

82 82 82 82 82
= Bi=0, By=-N*|—-——=+—-—].
02 T T MY P (8w2+8y2)
For any [ € {0} UN operators A, By, By € L(4,§). Define —)\imn = — (%"3)2 — (%)2 —

? the eigenvalues of the Dirichlet problem for the Laplace operator. Denote by ¢ mn =
sin (71'51) sin (™3%) sin (™) the orthogonal eigenfunctions that correspond to {—=A7, .} in the
sense of the scalar product in L*(D).

Since {@gmn} C C®(D), then

o)

/’LQA - /LBl - BO = Z [ 2)\imn NQ)\i,m] < Prkmny© > Prmns

k,mmn=1
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where Bo@kmn = =M m@Phmn, and < -, > is the scalar product in L?*(D). Construct the
equation to determine the relative spectrum:

NXgm .
_)\imnMQ_*—NQ)\im:O’ lu“llﬁvinn:j: - l

The relative spectrum o(B) = {p mn} is bounded, because | ukmn| < N. Since the operator

A is continuously invertible in the given spaces, then the condition (4) is satisfied. As a result,
the conditions of Lemma 1 hold.

Construct propagators:

oo
t,, N
Upuo = > cos (\/v—mt) < Pkmns; Yo > Prkmons
k,m,n

k,mmn=1
00
t,, NAg, : Ak,
Ulul - Z 2 = sin 2 —1 | < Prmmn, U1 > Pkmon-
k,m,n=1 k,m,n \/ k,m,n

Solution to problem (1)—(3) has the form
u(z,y, 2,t) = Ubug + Utuy.

Now consider the case when the domain D is a cylinder. Similarly, as in the case of the pa-
rallelepiped, the problem (1)—(3) can be reduced to the Cauchy problem (5) for the equation (6).
Using the operators A, By, By of the form:

0? 10 1 0? 0?
A= —— B, = By = —N?
8r2+r0r+r28¢2+82’ 1=0 0 (

Construct the equation to determine the relative spectrum:

2 2 2 N (n)
() () () =0 e
l (n) 2 m 2
Vo2 + (=)
where (V,g"))2 + (2)* — the eigenvalues of the Dirichlet problem for the Laplace operator,

BOSOk,m,n = (V]gn))2gpk,m,n~
Construct propagators:

P10 10
or? or  r20¢?

0 (n)

t o Nv

Ublup = > cos (—(n> L 2t) < Chkmns U0 > Pk mons
k,mmn=1 (Vk ) +<T)

00 (n)y2_, (7m\? (n)

t o Vk ) +<T) . NV

U = 3 —® sin ezt ) < Prmans U1 > Pkmn-
k,m,n=1 Vi w2+ (7))

Solution to problem (1)—(3) has the form
u(zw,y, z,t) = Ubug + Uluy.

As a result of the work, we obtained solutions of the initial-boundary value problem (2)—(3)
in closed form on the considered domains for the equation of internal waves (1).
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Subordination for Semigroups in locally convex Spaces
K. Kruse /" J. Meichsner”| C. Seifert 9|

Keywords: Subordination; Clp-semigroups; locally convex spaces; bi-continuous semigroups; tran-
sition semigroups.
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Introduction: Subordination in the sene of Bochner. Let X be a Banach space
and (7'(t))i>0 a bounded Cy-semigroup on X with generator —A. Given a so-called Bernstein
function f, there exists a unique vaguely continuous convolution semigroup of sub-probability
measures (f;)¢>o on [0, 00) associated with f, and we can define a new semigroup (S(¢))¢>0 by

S(t)r = / T(s)rdu: (xe€ X,t>0).
[0,00)

It turns out that (S(t));>o is strongly continuous and its generator is given by —f(A). This
sketched construction is called subordination in the sense of Bochner, see e.g. |1, 2.

Subordination in locally convex spaces.

In many applications, in particual those coming from stochastic processes, there do appear
semigroups which are not strongly continuous w.r.t. the norm topology of a Banach space, but
admit continuous orbits only for a coarser locally convex topology.

In this talk we will show that subordination can also be performed for locally (sequentially)
equicontinuous, equibounded Cy-semigroups on (sequentially) complete Hausdorff locally con-
vex spaces. This generalisation gives rise to applications on bi-continuous semigroups [3| as
well as transition semigroups for Cy-Feller processes. In the context of stochastic processes,
subordination corresponds to a random time change. Thus, we obtain an analytic description
of the semigroup induced by the time-changed process.

Remark. Subordination can be viewed as a functional calculus technique, which can thus
also be used in locally convex spaces.

The results are contained in [4].
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On admissible singular drifts of symmetric a-stable process
K. R. Madou?]

We consider the problem of existence of a (unique) weak solution to the SDE describing
symmetric a-stable process with a locally unbounded drift b : R? - R% d > 3,1 < a < 2. In
this talk, b belongs to the class of weakly form-bounded vector fields, the class providing the
L? theory of the non-local operator behind the SDE, i.e. (—A)Z +b- V. It contains as proper
sub-classes other classes of singular vector fields studied in the literature in connection with this
operator, such as the Kato class, the weak L*~Y class and the Campanato-Morrey class (in
general, such b makes invalid the standard heat kernel estimates in terms of the heat kernel of
the fractional Laplacian). We show that the operator (—A)2 +b-V with weakly form-bounded b
admits a realization as (minus) Feller generator, and that the probability measures determined
by the Feller semigroup (uniquely in appropriate sense) admit description as weak solutions to
the corresponding SDE. The proof is based on detailed regularity theory of (—=A)2 +b-V in
L’ p>d—a+1.

The talk is based on joint work with Damir Kinzebulatov (Université Laval).

27Université Laval, Québec, Canada. Email: kodjo-raphael.madou.1@ulaval.ca

34



tA
International Online Conference “One-Parameter Semigroups of Operators 2021” @)
N—

Degenerate Nonlinear Semigroups
for General Mathematical Filtration Boussinesq Model
N.A. Manakova,@ K. V. PerevozchikovaF_g]

Keywords: semilinear Sobolev type equations; Cauchy problem; generalized Boussinesq filtration
equations.

MSC2010 codes: 35Q35
Let Q € R™ be a bounded domain with a smooth boundary of class C*°. In the cylinder

2 x R, consider the Cauchy initial condition
u(0) = ug (1)
and Dirichlet boundary condition
u(s,t) =0, (s,t) € 02 x Ry (2)
for the generalized filtration Boussinesq equation [1]
(A= A)ue = Ajul"*u), p>2. (3)

Equation (3) is the most interesting particular case of the equation obtained by E.S. Dzektser [1].
Here the desired function u = u(s,t) corresponds to the potential of speed of movement of the
free surface of the filtered liquid; the parameter A € R characterizes the medium, and this
parameter A\ can take negative values. In [2|, a study of the phase space is given. The paper
[3] was the first to obtain the conditions for the existence of a local solution to the Showalter—
Sidorov—Dirichlet problem. Also, the paper [3] shows that the phase space of the generalized
filtration Boussinesq equation is a smooth Banach manifold.

Let H = Wy '(Q), H = Ly(Q), B = L,(Q) (all functional spaces are defined on domain

Q). Note that there exists the dense and continuous embedding W 5(2) < Ly(Q) for p > 2,

therefore L,(Q) — W5 '(9), where 110 + % = 1. In H, define the scalar product by the formula

(@) = [ apds Vo.y € H
Q

where g is the generalized solution to the homogeneous Dirichlet problem for Laplace operator
(—A) in the domain Q. Let B* = (L,(2))* and H* = (Ly(2))*, where (L,(£2))* is conjugate
space with respect to duality

B—H—H<—H — B".
Define the operators L and M as follows:

(Lu,v) = /()\uf) +uv)ds, u, v € H,;
Q

(M(u),v) = —/|u|p_2uvds, u, v € B.
Q

28Department of Mathematical Physics Equations, South Ural State University, 76, Lenin ave, Chelyabinsk,
454080, Russian Federation, manakovana@susu.ru
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Let {pr} be the sequence of eigenfunctions of the homogeneous Dirichlet problem for Laplace
operator (—A) in the domain 2, and {\;} be the corresponding sequence of eigenvalues num-
bered in non-increasing order taking into account the multiplicity.

Lemma 1. [4] (i) For all A > —\; the operator L € L(H;H") is self-adjoint, Fredholm, and
non-negatively defined, and the orthonormal family {(} of its functions is total in the space
H.

(ii) Operator M € C'(B; B*) is dissipative and p-coercive.

fA>—-)\
_ {0}7 Zf A > _>\1;
ker I, = { span{y1}, if A= —A1.
Therefore
in I — H* if A > =)
B {UGH*:<U7<101>:0}7 ZfA:_)\la
coim L = Hoif A> =
|l {weH: (u,01) =0}, if A==\
Hence, the projectors
I \A> —)\1’
P = — ) )
Q {I_<‘7801>7)\:_)\1'
Construct the set
B, if A\>—M\;
M =19 {ueB: [|uf?up ds=0}, if \=—\.
Q

Theorem 1. [4] Suppose that p > %, A > —\;. Then

(i) the set M is a simple Banach C''-manifold modelled by the space coim L N B;

(ii) YVug € M there exists the unique solution u € C*((0, +00); M) to problem (1) — (3).

Define the shift operator U’(ug) = u(t), where u(t) is a solution to problem (1) — (3). Then
{U": t € R, } forms a nonlinear semigroup of operators with domain D(U) = M.

Theorem 2. |4] Suppose that p > n2—f2, A > — ;. Then there exists a resolving semigroup of

contractive operators {U": t € Ry} of equation (1) defined on the manifold M.
Acknowledgments. The research was funded by RFBR and Chelyabinsk Region, project
number 20-41-000001.
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N. A. Manakovﬂ G. A. Sviridyuklﬂ

Keywords: Sobolev type equations; positive degenerate holomorphic semigroups of operators;
positive solution.

MSC2010 codes: 43A35

Let 4, § be real Banach spaces, the operators L € L(;F) (i.e. L is linear and continuous
operator) and M € CI(;F) (i.e. M is linear, closed, and densely defined operator). The
foundation of our research is the theory of degenerate semigroups of operators and the phase
space method described in [1]|. Let us give the necessary information on the theory of degenerate
semigroups of operators in Banach spaces. Consider the L-resolvent set p*(M) = {u € C :
(uL — M)™' € L(F; )} and the L-spectrum ol (M) = C\ p*(M) of the operator M, as well
as the operator function R}(M) = (uL — M)~'L, which is called the right L-resolvent of the
operator M.

Let us consider the nonhomogeneous linear Sobolev type equation

Li = Mu+ f, ker L # {0}. (1)

It turns out that if the operator M is (L, p)-sectorial for some p € {0} UN [1, Ch. 2|, then
the resolving semigroup of homogeneous equation (1) (f = 0) is a degenerate holomorphic
semigroups of operators U® = {U" : t € R} (F* ={F":t e R}). If, in addition, the operator
M is strongly (L, p)-sectorial on the right (on the left) for some p € {0} UN [1, Ch. 2| consider
the Cauchy problem

iz (u(t) = o) =0 2)
or the Showalter—Sidorov problem
Jim Pu(t) = u) =0 (3)

for equation (1). Here the operator P = S_PH(l) U' is the unit of the semigroup U® and @ =
—

S- tlir(gr F' is the unit of the semigroup F'*, which are projectors by construction [1]. There
H

exists the splitting of the space U and §, i.e.
Yol =gand e F =3

Definition 1. The real Banach space B = (B, || - ||s) is called the ordered Banach space
B = (B, ||-|ls, >x) if there exists the order relation >, which satisfies the axioms of reflexivity,
transitivity, antisymmetry, and is consistent with the vector structure of the space B, i.e.

(i) (x >p y) = (ax >9 ay) for any z,y € B and for all « € Ry,

(i) (z>sy) = (x+2>5y+z2) forany z,y € B and for all z € B.
If, in addition, the order relation > is consistent with the metric structure of the space 8, i.e.
for all x € B there exist x,,x_ € B such that

(iii) (4 28 0)A (- >3 0) A (z =24 —2_),

(iv) (|2 22 [y]) = (|lzlls = [ly[ls) for any y € B,
then the ordered Banach space B = (B, || - ||s, >w») is called the Banach lattice. (Here |z| =
Tyt x).

30Department of Mathematical Physics Equations, South Ural State University, 76, Lenin ave, Chelyabinsk,
454080, Russian Federation, manakovana@susu.ru.

31Department of Mathematical Physics Equations, South Ural State University, 76, Lenin ave, Chelyabinsk,
454080, Russian Federation, sviridyuk@susu.ru.
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Definition 2. Let B be a Banach space. A convex set € C B such that a€ + € C
¢ for all a,f € R, is called a cone. A cone € is called proper, if €N (—€) = {0}, and
generative, if B = € — €.

Let B be a Banach lattice, then (it is easy to see) B, = {x € B : & > 0} is a proper
generative cone. On the other hand, let 6 be a Banach space, and € C 8 be a proper
generative cone. Let us introduce the order relation >g by the formula (z >g y) < (x—y € €).
Further, we well distinguish the ordered Banach space (B, || - ||, >%) and the Banach lattice
(B, ] - 1, B+,

Definition 3. (i) Let (B = (B, || - ||, B+) be a Banach lattice. The operator A € L(B) is
called positive, if AB, C B,.

(ii) A semigroup of operators V* = {V* : t € R, } is called positive, if V0, C U, for allt €
R,.

Theorem 1. [2]| Let the operator M be strongly (L, p)-sectorial for some p € {0} UN, and
the Banach space U be a Banach lattice, U = (4, || - ||y, 4+ ). Then the following statements are
equivalent.

(i) The operator [RJ(M)]P*! is positive for all sufficiently large 1 € R

(ii) The degenerate holomorphic semigroup U*® is positive.

Since the semigroups U® and F'* are holomorphic, we set $° = ker U®, F° = ker F*. Let
Lo be the restriction of the operator L to %, and M, be the restriction of the operator M to
U N dom M.

Theorem 2. [1] Let the operator M be (L, p)-sectorial for some p € {0} UN. Then

(i) Ly € L(U%FY) and My : 4° Nndom M — F°;

(ii) there exists the inverse operator M ' € L(F°; U°);

(iii) the operator H = M, 'Ly € L£(U°) is nilpotent of degree less than or equal to p.

Since the semigroups U® and F® are holomorphic, we set 4! = imU*®, §' = im F*. Let L,
be the restriction of the operator L to '. If the operator M be strongly (L, p)-sectorial for
some p € {0} UN. Then there exists the inverse

operator L;' € L(F;Ub).

Theorem 3. |1] Let the operator M be strongly (L, p)-sectorial for some p € {0} UN. Then
for any vector uy € U and any vector function f : (0,7) — § such that f© = (I — Q)f €
CPT((0,7); %) and f! = Qf € C([0,7];F") there exists a unique solution u = u(t) to problem
(1), (3), and the solution has the form

t
p
da fo
u(t) = — ZHqMo_ld_t];(t) + Ulug + / UL fY(s)ds, t € (0,7). (4)
q=0 0

In addition, if the initial vector u satisfies the relation

' p S dqfO

(- Q)up = — lim 2% HOMG ' = (8), (5)
—

then there exists a unique solution u = u(t) to problem (1), (2), and the solution has the

form (4).

Definition 4. Let the operator M be strongly (L, p)-sectorial for some p € {0} UN. The
Banach lattices & = (4, || - ||g, ¥44) and § = (T, || - ||z, T+) are called concordant with respect to
the pair (L, M) (briefly, (L, M)-concordant) if

(i) ﬂi = 4" N4, and Sﬁ = F* N F, are the proper generative cones, k = 0, 1,

(ii) the operators L € L(4%;F%) and M € CI(4%; %), moreover, there exist the operators
Lyt e L(FL; ) and Myt e £(39;4U9).
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Corollary 1. |2] Let the operator M be strongly (L,p)-sectorial for some p € {0} U N,
the Banach lattices U = (4L, || - [|g, 1) and § = (8. || - |lz. §+) be (L, M)-concordant, and the
degenerate holomorphic semigroup of operators U® be positive. Then for any vector function
f:(0,7) — § such that —ddq—f;) € C((0,7);3%), ¢ = 1,p, and f* = C([0,7];F%), and for any
vector ug € 44, there exists a unique positive solution to problem (1), (3), and the solution has
the form (4). If, in addition, the initial vector uy € 4, satisfies condition (5), then there exists

a unique positive solution to problem (1), (2), and the solution has the form (4).
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Operator semigroups associated with stochastic processes
within the framework of semigroup and Gelfand—Shilov classifications
I. V. Melnikova[? U. A. Alekseeva | V. A. Bovkun ]

Keywords: semigroup of operators, pseudo-differential operator, Levy process, transition proba-
bility, Levy—Khintchine formula.
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Introduction. A wide class of processes arising in various fields of natural science, eco-
nomics and social phenomena can be mathematically described by stochastic differential equa-
tions (SDE). Recently, great interest in the problems of financial mathematics has led to sig-
nificant advances in this area.

The most studied is the class of diffusion SDEs with Wiener processes being the randomness
sources. The solutions of such equations, due to the continuity properties of Wiener processes
have continuous trajectories. Therefore, modeling based on diffusion-type equations is most
suitable for describing processes that do not have jumps. Simulation based on Levy and more
general Levy type processes allows one to study along with continuous, jump processes.

At the same time, both in applications and in fundamental science, often what is needed
is not the random process itself, defined by SDE or a set of properties, but its probabilistic
characteristic. The study of the relationship between SDEs and deterministic equations for
probabilistic characteristics is one of the main directions of stochastic analysis.

Main results. The talk is devoted to solution properties of equations for probabilistic
characteristics, defined by stochastic Levy processes. It is shown that, in contrast to the PDEs
for probabilistic characteristics determined by Wiener processes, the equations determined by
Levy processes and more general Markov processes are pseudo-differential.

The semigroup technique underlies the study of Cauchy problems for the obtained pseudo-
differential equations. The central place is occupied by semigroups with kernels formed by
transition probabilities of Markov processes and their important subclasses — Feller and Levy
processes. The kernels are considered in spaces of tempered distributions.

The connection between the semigroup classification based on the spectral properties of
generators, which are generally pseudo-differential operators, and the GelfandB—Shilov clas-
sification for differential systems based on generalized Fourier transform techniques, has been
shown. The embedding scheme has been constructed.
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LP estimates for the Caffarelli-Silvestre extension operators

G. Metafune{ﬁ, L. Negro@, C. Spinalﬂ
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Introduction. In this talk I present some new results, obtained in [4], on solvability and
regularity of elliptic and parabolic problems associated to the degenerate operators

b
g:AﬁDyﬁgDy—— and Dy — L

Y2
in the half-space RY™ = {(2,y) : # € R,y > 0} or (0,00) x RY*™" under Dirichlet and
Neumann boundary conditions at y = 0.

Here b, ¢ are constant real coefficients and we use

c b
Ly — Dyy + ;Dy - ?
Note that singularities in the lower order terms appear when either b or ¢ is different from 0.
When b = 0, then L, is a Bessel operator (I shall denote it by B,) and both £ = A, + B, and
D; — L play a major role in the investigation of the fractional powers (—A.)* and (D; — A,)?,
s = (1 —¢)/2, through the “extension procedure" of Caffarelli and Silvestre, see [2].
The main results concern with the classical parabolic LP estimates

1Dl +[[Loll, < ClI(D: = L)l
(LP norms on (0,00) x RY*!) and their elliptic counterpart
1Azully + | Lyull, < Cl[Lull,

(LP norms on RY ™) which we prove.
We make an extensive use of semigroup theory and vector-valued harmonic analysis relying
upon explicit bounds on the heat kernels and weighted estimates, see [1] and [3].
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Random evolution equations on graphs and beyond
D. Mugnolo@

We begin our talk by studying diffusion-type equations supported on combinatorial and
metric graphs that are randomly varying in time. We hence follow the evolution of a system
along the path of a random walk whose states are diffusion equations driven by different graph
Laplacians. After settling the issue of well-posedness, we focus on the asymptotic behavior of
solutions and show convergence of the propagator towards a deterministic steady state. If time
allows, I will also briefly turn to a different viewpoint and follow the evolution of a system not
any more along a tree-like time structure corresponding to all possible paths of the Markov
chain, but rather along a time structure given by a general network. In this rather general
setting we can prove well-posedness and certain qualitative properties of the solution. This
talk is based on joint articles with Stefano Bonaccorsi (Trento), Francesca Cottini (Milano-
Bicocca) and Amru Hussein (Kaiserslautern).
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Approximation of fractional equations in Banach spaces
S. Piskarev [

In this talk we have a deal with the well-posedness and approximation for nonhomogeneous
fractional differential equations in Banach spaces E:

(Dffu)(t) = Au(t) + f(t), ¢€[0,T]; u(0) =,

where D¢ is the Caputo-Dzhrbashyan derivative 0 < o < 1, the operator A generates analytic
Co-semigroup, the function f(-) : [0,7] — E is smooth enough.

The same way as in [1-2] we get the necessary and sufficient condition for the coercive
well-posedness of nonhomogeneous fractional Cauchy problems in the spaces 006 ([0,7]; E),
LP[0,T]; E. Then using implicit difference scheme and explicit difference scheme, we deal with
the full discretization of the solutions of nonhomogeneous and semilinear fractional differential
equations in time variables and as in [3] we get the stability of the schemes and the order of
convergence.

We discuss also the full discretization of autonomous semilinear problem.

Acknowledgments. The work has been supported partially by grant from Russian Science
Foundation N20-11-20085.
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The Bi-Laplacian with Wentzell boundary conditions on Lipschitz domains
D. Plosd™|

Keywords: Fourth-order differential operator, Wentzell boundary condition, Lipschitz boundary,
analytic semigroup, eventual positivity
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Problem Setting. This talk is based on a joint work (cf. [1]) with Robert Denk and Markus
Kunze and investigates the Bi-Laplacian with Wentzell boundary conditions in a bounded
domain Q C R¢ with Lipschitz boundary I', using form methods. The aim of our paper is to
study the evolution equation for a fourth-order operator on a Lipschitz domain with Wentzell
boundary conditions:

Owu + AlaA)u =0 in (0,00) x Q, (1)
A(aA)u+ B0, (aA)u —~yu =0 on (0,00) x I, (2)
dyu=0on (0,00) x I, (3)

Ulp=o = up in Q. (4)

Method and results. To tackle this problem, we formally decouple the domain into
interior and boundary, using the L?-space H = L*(Q) x L*(T") and considering the following
form

a(u,v) ::/OCAU1A_U1dI+/’7u2/U_2/B_1 dx
Q r

for
u,v € D(a) :={u € H|u € D(An),us = truy }.

Here, D(Ay) denotes the domain of the Neumann Laplacian, which is known to be given by

(ue H2(Q) | u=0} = {uec H}(Q) | Au € L3(Q), dyu = 0}

on Lipschitz domains. The associated operator A to the form a is self-adjoint and semibounded.
It has compact resolvent and can be fully charaterized as

A= (—?a(a@)m 3)

defined on the domain
DA ={ueH u e Hi/z(Q),aAul € H2/2(Q),8,,u1 = 0,up = trus }.

Moreover, —A generates a strongly continuous, real, and analytic semigroup (7'(¢));>o of self-
adjoint operators on H, which solves (1) — (4).

We also prove that for u € D(A*), we have that the component u; has a Holder continu-
ous representative and wus is the classical trace of u;. Among other this allows for classical
interpretation of the Wentzell boundary condition (2).
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Analytic semigroups in the quaternionic framework

V. Recuperﬂ

Abstract. In the last two decades a good deal of attention has been dedicated to the
development of a functional calculus for operators acting on a quaternionic Banach space. In
this talk I will present the fundamental special case of the exponential function leading to the
new notions of spherical sectorial operators and of slice regular semigroups, which represent the
quaternionic counterpart of the analytic semigroup of the classical complex framework. This is
a joint work with Riccardo Ghiloni.
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How to obtain exp(—itH) for arbitrary self-adjoint H
if for each t > 0 you know exp(—tH) or exp(tH) or even less
I. D. Remizov”|

Keywords: Schrodinger equation, approximation of Cip-group, Chernoff product formula, Chernoff
tangency

MSC2010 codes: 81Q05, 47D08, 35C15, 35J10, 35K05

Answer to the question from the title. Consider Hilbert space F over the field C and
(unbounded in interesting cases) densely defined self-adjoint operator H in F. The main result
of the talk is my formula

R(t) = exp(ia(S(t) — 1)) (1)

where a is a non-zero real number and (S(¢)):>o is a family of self-adjoint bounded linear oper-
ators that is Chernoff-tangent to H. Omitting some minor details one can say that Chernoff-
tangency means that

St)f=f+tHf +o(t) ast — +0 (2)

for all f from D C F where D is a core of H. Then thanks to the Chernoff theorem [1] we
have the following approximations that hold in the strong operator topology

exp(aitH) = lim R(t/n)" = lim exp(ian(S(t/n) — I)) (3)

n—oo n—oo

where in the exponent there is a bounded linear operator ian(S(t/n) — I) so exponent is well-

defined by a power series exp(ian(S(t/n) — 1)) = > -, (m]g)k (S(t/n) — I)k. This approach was
introduced in [2] with exact definitions, full proofs and comments.

For example, if exp(tH) exists and you have any explicit formula for it then you can set
a = —1 and S(t) = exp(tH) will be Chernoff-tangent to H, so in the strong operator topology

we obtain the limit expression

exp(—itH) = lim exp (—in (e%H - I)) : (4)
n—oo
Similarly, if exp(—tH) exists and you have any explicit formula for it then you can set a = 1
and S(t) = exp(—tH) will be Chernoff-tangent to —H, so in the strong operator topology we
obtain the limit expression

exp(—itH) = lim exp (m (e_%H - I>> : (5)

n—oo

If e.g. H = A is the Laplacian then formula (4) means that we solve the heat equation
u, = Au obtaining solution u(t) = e'®ug, then mix this solution with the imaginary unit
i via formula (1) and obtain the solution of the Schrédinger equation i), = Ay given by
Y(t) = e "Puy where e~ is given by (4). This example is elementary but the formula (1) is
universal and it works for all self-adjoint operators H, which can contain derivatives of arbitrary
high order and variable coefficients.

What to do if exp(tH) and exp(—tH) are both not known. This situation is more
difficult, but still formula (1) is helpful. The way is to find such S(¢) that S(¢)* = S(t) and
S(t)f = f+tHf+o(t)or S(t)f = f—tH f+o(t) ast — +0 and apply formula (3). Construction
of such S(t) is much more simpler than constructing exp(tH) or exp(—tH) because S does not
need to hold the composition property: it is ok when S(t; + t2) # S(t1)S(t2). Moreover, if
S1(t)f = f+tH f+o(t) and Sao(t)f = f+tHyf + o(t) then Sy (t) + So(t) — I is self-adjoint and
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Chernoff-tangent to H; + H,. This gives a lot of freedom and allows to find representations for
sulutions of rather complicated Schrodinger equations. As far as I know now (4 April 2021) this
approach was used at least by V.Zh.Sakbaev, M.S.Businov, D.V.Grishin&A.V.Smirnov and can
be found in the overview [1] by Ya.A.Butko. You are welcome to use it also. The only problem
is that representations for exp(—itH) provided by (3) are rather lengthy.

Example 1. Solution to one-dimensional Schrédinger equation with derivatives of arbitrary
high order and variable coefficients.

Theorem 1. (see in 3] with full proof) Fix arbitrary K € N. Suppose that for k =0,1,..., K
functions a;: R — R are given. Suppose that for each k = 1, ..., K function a; belongs to space
C2Z*(R) of all bounded functions R — R with bounded derivatives up to (2k)-th order. Suppose
that function ap: R — R is measurable and belongs to space LY¢(R), i.e. f_RR lag(z)]2dx < oo
for each real number R > 0. Define

(o) (0) = ane)ele) + 3 1 () gzl

for each ¢ from the space C§°(R) of all functions ¢: R — R wich are bounded together with their
derivatives of all orders and have compact support (are zero outside of some closed interval).
We also use the following condition for coefficients ap, & = 0,1,..., K: operator H defined
on C§°(R) is essentially self-adjoint in Ly(R), i.e. the operator (H, C§°(R)) is closable and its
closure — let us denote it as (H, D(H)) — is a self-adjoint operator.

Suppose that function w: R — R is continuous, bounded, differentiable at zero and w(0) =
0, w'(0) = 1 (examples include: w(z) = arctan(z), w(x) = sin(z), w(zx) = tanh(z) = (e —
e *)/(e" +e "), etc). Foreacht >0, k=1,2,..., K, each x € R, and each f € Ly(R) define:

(Ba () = ax(x) f(2),

(A f)(x) = flz+1), (AW )(x) = fz=1),
Fu(t) = (A7) = 1) Ba, (1= A@))", R f(2) = wltag(x)) (),

F(t)=> Fi(t), St)=I+Ft)=1+)Y Ft),

where [ is the identity operator (I f = f), and expression such as Z* means the composition
Z7 ...7Z of k copies of linear bounded operator Z.
THEN for each initial condition 1)y € Ly(R) the Cauchy problem

{ hi(t) = —iHY(t),
¥(0) = o,

and has a unique (in sense of Ly(R)) solution ¢ (t) that depends on vy continuously with respect
to norm in Ly(R), and for all £ > 0 and almoust all = € R can be expressed in the form

J

Bt x) = (o) (x) = ( tin i S (Z Fk<t/n>) %) (2).

q=0

Here linear bounded operators Fy(t),..., Fx(t) are defined above in conditions of the theorem
for all t > 0 (hence Fy(t/n),..., Fx(t/n) are defined for all ¢ > 0 and all n € N), and the

power ¢ in (Zszo Fi(t/n)) stands for a composition of ¢ copies of linear bounded operator

o Fi(t/n).
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Example 2. Solution to multi-dimensional Schrodinger equation with Laplacian and mea-
surable locally square integrable potential.

Theorem 2. (see in [3] with full proof) Suppose that function V: R? — R belongs to
the space Lloc(Rd), i.e. V is measurable and fo”<R V(z)?dr < oo for each R > 0, where

|z|| = (22 + --- + 22)/2. Suppose that a € R,a # 0. Suppose that function w: R — R is
bounded, continuous, differentiable at zero and w(0) = 0, w'(0) = 1; for example, one can take
w(x) = sin(x), w(x) = arctan(z), w(z) = tanh(z) = (e* —e™*)/(e* +e~*) etc. Suppose that for
each j = 1,...,d constant vector e; € R? has 1 at position j and has 0 at other d— 1 positions.
For each function f € Ly(R?), each smooth function ¢: R? — C and each # € R, t > 0 define

W) f)(z) = id i [ (m + JE\/Zej) +f (.75 - ﬁmej) - zf(x)} Fw(—tV (@) f(z), (6)

(He)(x) = 320(x) — V(x)p(r).

Suppose also that at least one of these two conditions is satisfied:

A) if we use the symbol C5°(R?) for the set of all infinitely smooth functions R? — R with
compact support then the closure of the operator (H,C$(RY)) is a self-adjoint operator in
Ly(R9);

B) V(x) >0 for all z € R%.

Consider Cauchy problem for Schrodinger equation

(7)

Vit x) = iaHy(t,z), t€ R,z eRY
¥(0,2) = (), x € R%.

where the Hamiltonian is equal to —aH.

THEN for each ¢t > 0 and 1y € Ly(R?) Cauchy problem (7) have the unique (in Lo(R?))
solution ¥(t,z) = (ei“tH 2/10) (7), that continuously, with respect to norm in Ly(R%), depends
(for fixed t) on 1. For almost all z € R? and all ¢ > 0 this solution satisfies the formula

b(t,x) = (ngglm;m W (t/n) o ) (),

k=0

where W (t/n) is obtained by substitution of ¢ with ¢/n in (6), and W (t/n)* is a composition
of k copies of linear bounded operator W (t/n).
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References

[1] Ya. A. Butko. The Method of Chernoff Approximation. // In book: Semigroups of Operators
- Theory and Applications — Springer International Publishing, 2020.

[2] I. D. Remizov. Quasi-Feynman formulas — a method of obtaining the evolution operator
for the Schrodinger equation. // Journal of Functional Analysis, 270:12 (2016), 4540-4557

[3] I. D. Remizov. Formulas that represent Cauchy problem solution for momentum and position
Schroddinger equation. // Potential Analysis, 52 (2020), 339-370

48



tA
International Online Conference “One-Parameter Semigroups of Operators 2021” W

\

Asymptotic decomposition of substochastic semigroups and applications
R. Rudnicki®|

A substochastic semigroup is a Cp-semigroup of linear operators { P(t) };>¢ defined on some
L' space such that if f > 0 then P(¢)f > 0 and ||P(t)f]| < ||f||. If additionally ||P(¢)f|| = || f]l
for f > 0, then {P(t)}i>0 is called stochastic semigroup or Markov semigroup. Substochastic
semigroups have been intensively studied because they play a special role in applications. They
are used to investigate the long-time behaviour of the distributions of Markov processes like
diffusion processes and piecewise deterministic processes. We present some results concerning
the long-time behaviour of substochastic semigroups [1,2,3]. We apply these results to study
asymptotic stability of semigroups generated by piecewise deterministic Markov processes. We
illustrate mathematical results by applications to gene expression models [4] and kinetic equa-
tions [5].
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Around Baillon’s theorem on maximal regularity
F. L. Schwenninger,@ B. Jacob, J. Wintermaylﬁ
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Maximal regularity of an abstract Cauchy problem

d
oM =Az() + f(t), t>0, (0)=0,

which refers to the property that the regularity of the inhomogeneity f is preserved by %x and
Az, where A generates a strongly continuous semigroup on a Banach space X, is omnipresent
in the study of (parabolic) evolution equations. In contrast to regularity with respect to LP,
for p € (1,00), Baillon’s theorem [1]| states that it is rare when considered with respect to
supremum norms; it only occurs when the corresponding semigroup is uniformly continuous or
the geometry of the state space is sufficiently coarse, that is, X contains cy. In this talk we show
that the latter alternative can be excluded for a refined notion, which is based on an analogy
to the concept of admissibility, a notion appearing in infinite-dimensional systems theory. We
moreover comment on the “dual” situation of maximal regularity with respect to L!.
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Degenerate analytic resolving groups of operators for solutions of the
Barenblatt—Zheltov—Kochina equation in “noise” spaces on a Riemannian manifold
D. E. Shafranov ¥ O. G. Kitaeva{"| G. A. Sviridyuk [¥]

Keywords: Sobolev type equations; Showalter — Sidorov condition; Laplace — Beltrami operator;
Nelson — Gliklikh derivative; stochastic process; differential forms.

MSC2010 codes: 35511, 58A10, 60H15

Introduction. It is known (see [1]|) that the linear Barenblatt — Zheltova — Kochina equa-
tion

(A= A)u = aAu+ f, (1)

describing the dynamics of the pressure of the fluid filtered in a fractured porous medium.
The coefficient \ corresponds to the ratio of cracks and pores in rock, and the coefficient «
corresponds for the visco-elastic properties of the liquid. The beginning of the investigation of
equation (1) should be related to 2], where this equation was considered for the first time as a
linear inhomogeneous Sobolev type equation

Li = Mu + f. (2)

Here the operators L and M are the operators A — A and aA, given in some functional spaces
L, M : 3l — §. Equation (2) is equipped with the initial Showalter — Sidorov condition [3]

P(u(0) — ug) =0, (3)

where the projector P is constructed with the use of operators L and M. Note that in the
case of existence operator L™t € L(F;4) (those linear and bounded operators), condition (3)
becomes the Cauchy condition

u(0) = up. (4)

We also note [4], where the Barenblatt—Zheltov—Kochina equation (1) is reduced to the form (2)
defined in the spaces of differential forms on smooth Riemannian manifolds without boundary.

We will be interested in the stochastic interpretation of the deterministic of equation (2),
namely:

L n= Mn+ NO. (5)

Here the operators L and M are the same as in (2), the operator N € L(;F),n = n(t)
is required, and © = O(t) is a given stochastic process with values in the Hilbert space .

Through 7 we denote the Nelson — Gliklikh derivative of the stochastic process n = n(t) (for
details see [5]).

Preliminary information. Let = (2, A,P) be a complete probability space, R be a
set of real numbers endowed with a Borel o-algebra. Measurable mapping & : 2 — R is called
a random variable. A set of random variables with a zero mathematical expectation (E) and
finite variance (D) forms a Hilbert space with scalar product (£1,&) = E&&. The resulting
Hilbert space is denoted by symbol L.

Let & € Lo then II€ is called the conditional mathematical expectation of a random variable
¢ and denoted by the symbol E(£|Ap). Recall also that the minimal o-subalgebra Ay C A,
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with respect to which the random variable £ is measurable, is called the o-algebra generated
by £&. Let J C R be a certain interval. Consider two mappings: f : J — Lg, which puts to
each t € J a random variable £ € La, and ¢ : Ly x 2 — R, which puts to each pair (§,w) the
point {(w) € R. The map 7 : J x Q — R, having the form n = n(f(¢),w), is called a stochastic
process. The stochastic process 7 is called continuous, if a.s. (almost surely) all its trajectories
are continuous (for almost all w € €2 the trajectories 7(-,w) are continuous). By the symbol
CL2 we denote the set of the continuous stochastic processes. Let’s call Gaussian continuous
stochastic process the process, if its (independent) random variables are Gaussian.

We use derivative was founded by E. Nelson, and the theory of such derivative was developed
by Yu.E. Gliklikh ( see [5]), then further, for brevity, the derivative of a stochastic process 7

will be called the Nelson—-Gliklikh derivative and denote by 7%

Let 4 and § be Banach spaces, the operators L, M € L(;F). Following [2] we introduce
the L-resolvent set pX(M) = {u € C: (uL — M)~ € L(F; %)} and the L-spectrum o*(M) =
C \ p*(M) of the operator M. If the L-spectrum ol (M) of the operator M is bounded, then
the operator M is said to be (L, o)-bounded. If the operator M is (L, o)-bounded, then there
exist projectors

1
P= oo [ REOMdn e L), Q= %/Lﬁ(M)du € L(F). (6)
o ol

where expression R;(M) = (uL — M)~ 'L is the right, and L;(M) = L(uL — M)~" is the left L-
resolvent of the operator M, and the closed contour v C C bounds a domain containing o*(M).
We set U°(U) = ker P(imP), F°(F') = ker Q(im@Q) and denote by Lj(M}) the restriction of
the operator L(M) on 4* k=0, 1.

Theorem 1. |2] Let the operator M be (L, o)-bounded, then

(i) the operators Ly(My) € L(U*; %), k=0, 1;

(ii) there exist operators My ' € £(F%U%) and L' € L(F4;UY).

We construct the operators H = My 'Ly € L(U°), S = LM, € L(UY).

Corollary 1. [2] Suppose that the operator M is (L, o)-bounded, then for all u € p&(M)

(uL — M)~ Z pHNMG I = Q) + > p*SH Q. (7)
k=1

The operator M is called (L, p)-bounded, p € {0} UN, if co is a removable singular point
(that is, H = Q,p = 0) or a pole of order p € N (that is H? # Q, H?™ = Q) of the L-resolvent
(uL — M)~! of the operator M.

We consider a n-dimensional smooth compact oriented connected Riemannian manifold
without boundary Q and the space of differential g-forms on 2 we denote by E? = E1(2),0 <
q < n. In particular E°(R") is the space of functions of n variables. Note that there exists a
linear Hodge operator % : E49 — E™9 which associates the g-form with € (n — ¢)-form. In
the double application of the Hodge operator, the equality ** = (—1)?"~9 holds. In addition,
there is an operator for taking the external differential d : E9 — E9™!. We define the operator
§: B1— B! setting § = (—1)"@"V+1 x d % . The Laplace-Beltrami operator A : E7 — E is
defined by the equality A = dd + dd, and it is a linear operator on space F9,0 < g < n. We
introduce the space of harmonic ¢-form H? = {w € E?: Aw = 0}.

Theorem 2. [4] (Hodge’s splitting theorem) For any integer ¢,0 < ¢ < n, space H? is
finite-dimensional and there is the following decomposition of the space of smooth ¢-forms on
Q) into an orthogonal direct sum EY = A(EY) & H? = d§(FE9) @ 0d(E?) & HY.

By the formula (§,7)o = [ A xn, §n € E9 where * is the Hodge operator, we define a
Qn
scalar product in the space £, g = 0,1,...,n, and denote the corresponding norm by || - ||o-
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We continue this scalar product to a direct sum 590 EY requiring that different spaces E¢ were
=

orthogonal. Completion of space E? in the norm || - ||o we denote by $f. We denote by P,a
the projector on $H%.

We similarly define $7 and $2 respectively. Actually upper index means how many times
differentiable in the generalized sense of the ¢g-form in the corresponding spaces.

The spaces $)],l = 1,2 are Hilbert spaces, and we have continuous and dense embedding
H3 C Hi C H;.

Corollary 2. For any ¢ = 0,1, ...,n there are splitting spaces

9] = Hix O HY,

where /A = (I — PA)[$97], 1 =0,1,2.
Main result. Let consider 4 = UL2§J A, § = FL2$g4 be a real separable Hilbert space by
differential ¢-form with stochastic coefficient defined on a smooth compact oriented Riemannian

manyfold without boundary two and zero times derivative respectively. Our operator M = A—A
be (L, 0)-bounded(L = aA).

Consider a linear stochastic equation of Sobolev type
L = Mn + N6. (8)

We supplement equation (8) with the initial Showalter-Sidorov condition

[REOM)]™™ (5(0) = mo) =0, (9)
where .
o = Z Ae&k Pk (10)

{¢} is an orthonormal basis of the space 4, and pairwise independent random Gaussian vari-
ables & € Ly are such that D&, < Cp, and {\;} is the spectrum of some nuclear operator

(K = (), 3 A2 < o0).

k=0
Theorem 3. For any A € R\ {0}, « € R\ {0} and any operator N € L(F) and 7y € Lo, that
does not depend on © and satisfies (10) exists a unique classical solution n = n(t) of problem

(8), (9)-
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The Kato square root problem for some classes of elliptic functional differential

operators with smooth coefficients
A. L. Skubachevskii®|

Keywords: the Kato square root problem, elliptic functional differential operators with degener-
ation
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In 1961, T. Kato has formulated the following problem: "Is it true that the domain of
square root from regular accretive operator is equal to the domain of square root from adjoint
operator?” Sufficient conditions for fulfilment of the Kato conjecture were studied by T. Kato,
J. Lions and others. J. Lions has proved that strongly elliptic differential operators of 2m order
with smooth coefficients and homogeneous Dirichlet conditions on a smooth boundary satisfy
the Kato conjecture. For strongly elliptic differential operators of 2m order with measurable
bounded coefficients corresponding result was obtained by P. Auscher, S. Hofman, A. McIntosh,
and P. Tchamitchian. In this lecture we consider two types of nonlocal elliptic operators:
strongly elliptic functional differential operators and elliptic differential difference operators
with degeneration. We prove that these operators satisfy the Kato square root conjecture, see
[1, 2|.
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Investigation of positive solutions
to the Sobolev-type equations in sequence spaces
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Introduction. We investigate positive solutions to the Cauchy and Showalter—Sidorov

problem based on the properties of Banach lattices in sequence spaces, the theory of degenerate
holomorphic groups of operators 1] and the theory of the positive semigroups of operators [2].
When studying positive solutions, we rely on the theory of positive degenerate holomorphic
groups of operators generated by linear and continuous operators L and M, besides the operator
M is (L, p)-bounded. Using these groups, we obtain positive solutions to linear homogeneous
and inhomogeneous Sobolev type equations. As an example, we consider positive degenerate
holomorphic groups in Sobolev spaces of sequences. Our aim is to find the necessary and
sufficient conditions for the positivity of such groups. In the future, we intend to adapt the
theory of positive degenerate groups for non-classical models of equations of mathematical
physics [3], including the Barenblatt—Zheltov—Kochina model with a multipoint initial-final
condition.
Main result. Let us consider Banach lattice B = (B,C). Here C is a proper generating cone,
and note that C may not coincide with the canonical cone B,.. The operator A € L(B) is called
positive if Ax > 0 for any = € C. The group of operators V* = {V*' : ¢t € R}, acting on the
space B, is called positive, if Viz > 0 for any x € C and t € R. If VV* is a degenerate group,
then its unit V° is a projector that splits the space B into a direct sum B = B° @ B!, where
B° = ker V? and B! = imV?. Since V! = VOV'VO then B° = ker V!, and B = imV"*. Hence,
we can define ker V* = B? and imV'*® = B!. If the degenerate group V* is, in addition, positive,
then B! is Banach lattice with proper generating cone C! = {x € C: V%2 =2} = B'nC. If
it turns out that the space B° is also Banach lattice with a generating cone C° and an order
relation >, then the cone C* = C° @ C! can generate a new Banach lattice of the space B with
an order relation (3, that is

(2Qy) > (0 = yo) A (21 > 11).

The main goal of the discussion is to indicate the conditions for the positivity of degenerate
holomorphic groups U®* = {U" : t € R} and F'* = {F" : t € R}. Further we assume that the
Banach space U(F) is a Banach lattice U = (U,Cy) (F = (F,Cx)), where Cy (Cx) is the proper
generating cone.

Moreover, as Banach spaces U and F we take the Sobolev spaces of sequences

I = {u={u} : Z/\,?|uk|q < oo}, meR, qge[l,+00).
k=0
Theorem 1. Let the operator M be (L,p)-bounded, p € {0} UN. Then the following

statements are equivalent.
(i) (uRY(M))PT ((pLf(M))P*H) is positive for all sufficiently large 1 € R,
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(ii) Degenerate holomorphic group U® (F'*) is positive.

Let U = (U,Cy) and F = (F,Cx) be Banach lattices, where Cy and Cx are own generating
cones. Let L € L(U,F) and M € CI(U,F) be operators. Consider the linear homogeneous
Sobolev type equation

Li = Mu. (1)

A vector function u € C'(R,U), satisfying this equation is called a solution to equation (1). A
solution u = u(t) is called a solution to the Cauchy problem, if it satisfies the condition

u(0) = uo. (2)

for some uy € U. A solution u = u(t) is called a solution to the Showalter B— Sidorov problem
[4], if it satisfies the condition

P(u(0) — ug) = 0. (3)
The vector function u(t) = Ulug is solution to equation (1) for any ug € U, and it is also a
solution to problem (3) also for any ug € U. Now we arrive at the question about the existence
and uniqueness of the solution to problem (1), (2) and the question about the uniqueness of
the solution to problem (1), (3).

Here {U" : t € R} is a degenerate holomorphic group of operators of the form

1

Ut = 5 RL(M)edp, teR,
ol
t 1 L ut
F :2_7m L“(M>€ d[,l,7 t€R7
v

defined on the spaces U and F respectively. Here the contour vy € C, v ={pu € C: |u| =r > a}
RL(M) = (uL — M)~'L is the right L-resolvent of the operator M and L};(M) = L(uL — M)~
is the left one.

To solve the question about the existence and the uniqueness of solutions, recall that a set
B C U is called the phase space of equation (1) if any of its solutions u(t) € B for each ¢t € R;
and for any uy € B there exsists a unique solution v € C'(R,U) to problem (2) for equation
(1). The following theorem is true.

Theorem 2. Let the operator M be (L, p)-bounded, p € {0} UN. Then
(i) the phase space of equation (1) is the subspace U';
ii) for any uwy € U there exists a unique solution u = u(t) to problem (1), (3) of the form
u(t) = Ulug.

By virtue of statement (i) of this theorem, any solution to equation (1) belongs to the space
U' pointwise, that is u(t) € U' for all t+ € R. This means that if we represent an arbitrary
initial vector ug in the form ug = uY + u}, where uf € U* k = 0,1 (according to the splitting
theorem [1]), then the solution u(t) = U'ug to problem (1), (3) is also the unique solution to
this problem under the initial condition vy = v{ + ug, where the vector v) € U° is arbitrary.
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Exponential Stability for Port-Hamiltonian Systems
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We consider port-Hamiltonian Systems; i.e., Cauchy problems of the form

ou+ PO, Hu + PyHu = 0,
u(0) = wy,

where Py = =P € R P, = P} € R and H € Lu([a,b]; R™ ™) such that there exists
¢ > 0 with
clyxn < H(x) =H(z)" (z € [a,b] a.e.).

In order to solve the above problem, one is interested in m-accretive realisations of the spatial
operator P10, H + PyH in the weighted Lo-space

Loy ([a, 0])" = (La([a, b)), (-, H+) Lay(fap))

by imposing suitable boundary conditions; that is, one considers restrictions A C PO, H+ PyH
with domain

_ n. 1 n (Ho)(b)) _
dom(A) = {v € Ly([a,b))"; Hv € H ([a,b])", W5 ((Hv)(a)) = O}
where Wy € RV*2NV ig g suitable matrix. Such m-accretive realisations are well-studied and
can be characterised by properties of the matrix W, see e.g. |1, Theorem 1].
Assuming now the m-accretivity of a restriction A, the question arises whether the associated
Co-semigroup (e~ ™), is exponentially stable. The latest theorem in this direction seems to
be the following:

Theorem (|3, Theorem 3.5|) If there exists ¢ € {a,b} and x > 0 such that
(0, AV) Ly (o = KI(HO) (O] (v € dom(A))

and H is of bounded variation, then —A generates an exponentially stable Cy-semigroup.

Similar results were known before under stronger regularity assumptions (e.g. Lipschitz-
continuity) on the mapping H. The reason for this additional regularity lies in the method of
proof for these result, which is based on a-priori estimates for solutions of Port-Hamiltonian
systems in terms of their boundary values, see e.g. |2, Lemma 9.1.2].

We will show that we can remove this additional regularity assumption for H and prove
an analogous result for H € L ([a,b])". In fact, we will provide a characterisation result for
exponential stability in terms of the matrices Py, P;, Wp and the function H.

The talk is based on an ongoing project together with Rainer Picard (TU Dresden), Marcus
Waurick (TU Freiberg) and Bruce Watson (Univ. of Witwatersrand).
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Extinction time of stochastic SIRS epidemic models:
application of Chernoff approximation for bi-continuous semigroups

J. Zhai™d
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Introduction. The relationship between strongly continuous semigroups on Banach spaces
and the solutions of initial value problems for partial differential equations is well established.
However, very often we encounter PDEs whose corresponding semigroups are not strongly
continuous. One way to treat such cases is by introducing a weaker topology to the underlying
Banach space, for which to achieve that the corresponding semigroup is strongly continuous.
Proposed by [4], the concept of bi-continuous semigroups describes such treatments in a general
framework, with analogous generation theorems and approximation formulas.

In the area of epidemiology and population genetics, the limits of many multi-dimensional
discrete stochastic models turn out to be degenerate. In this work, we focus on a particular
degenerate diffusion, occurring as the limit of stochastic epidemic SIRS models, when the
population size tends to infinity. In solving the hitting time problem for this diffusion, we
encounter the problem of a lack of strong continuity as described above, and subsequently
prove that the corresponding degenerate operator generates a bi-continuous semigroup, using
a generalised Chernoff product formula [3|. Since the corresponding second-order operator is
associated with the squared Bessel process and the corresponding semigroup can be computed
explicitly, we obtain an explicit Chernoff equivalent to the semigroup.

Motivation. Stochastic compartmental models are widely used in modelling the spread of
epidemic diseases, such as SIS, SIR and SIRS models. We consider the stochastic SIRS model,
a two-dimensional continuous-time Markov chain which represents diseases with no incubation
period and temporary immunity in a closed, homogeneously mixing population of size N. A
stochastic STRS model is said to be “at criticality” when its basic reproduction number R, is
1. It is known that SIS and SIR models exhibit ‘critical behaviours’ not only at criticality, but
also when the parameter converges to the criticality as N — oco. Studying such “near-critical”
behaviours is regarded as one of the significant challenges for stochastic epidemic modelling,
since many diseases, especially those under an eradication campaign, are near-critical [1].

In this work, we focus on the critical behaviour of the extinction time, i.e., the time taken for
a population to reach zero infections. The study of the extinction time of stochastic epidemic
models has drawn wide interests from both epidemiological and mathematical point of view.

We identify the critical parameter domain, where a phase transition between rapid extinction
and exponential-time prevalence of the epidemic can be observed. We then apply a suitable
scaling in both time and space such that the scaled stochastic SIRS model converges to a
particular limit diffusion. These findings are analogous to what has been proven for stochastic
SIS/ SIR models [2].

Little is known about the distribution of the extinction time of critical stochastic epidemic
models in general. We contribute to the existing knowledge by expressing the tail distribution
of the SIRS extinction time using bi-continuous semigroups, which allows for future exploration
of its qualitative properties. The relatively simple form of the iterative approximation scheme
also provides the possibility of numerical analysis.

Model setting. For a closed population of size N, the stochastic SIRS model is de-
fined as a two-dimensional continuous-time Markov chain (I}¥, R));>o with parameter space

%4School of Mathematical Sciences, Queen Mary University of London, UK, London. Email: deli-
azhai2012@Qgmail.com
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(Ao(N),7(N)), where I represents the size of the infected population at time ¢, and R rep-
resents the size of the immune population at time t. The model is associated with the transition
rates:

(iy T) — (Z + ]-7 T)? at rate AO(N i T)Z/N7
(ior) = (ir—1),  at rate .
(i,7) = (i — 1,7 + 1), at rate 1.

In other words, each susceptible individual is expected to contract the disease at rate \,I}¥ /N.
Once infected, each individual is immediately infectious and will recover at rate u, = 1 indepen-
dently of other individuals. Each recovered individual loses immunity at rate 7, and becomes
susceptible independently. The basic reproduction number is Rg = A, /. The extinction time
is defined as TN := inf{t : I = 0}.

Method and main result. We first identify the critical scaling through a heuristic argu-
ment as

IN RN )
N ._ T"N1/3t N ._ T'N1/3¢
Y, ZN

TONLY3Y - ON2/3°
and the parameters are assumed to satisfy (1 —\o(N))NY3 = X € R, 7,(N)N/? = 4 > 0. We

denote the scaled extinction time as TV := inf{t : ;¥ = 0}.
Secondly, we prove that (YV;, ZM )i has a degenerate limit diffusion as N — oc:

dY = —(A+ Z2)Yds +V2YdW,
dZ = (Y —~Z)ds,

and the scaled extinction time 7% weakly converges to T := inf{t : ¥; = 0}.
Lastly, we obtain the asymptotic distribution of T%. Denote
o? . 0 0
L= ups and H := —(\ + v)u% + (u — 71})%.
For any ¢y > 0, the tail distribution of 7', P [T" > ¢y — t|(Yo, Zo) = (u,v)], can be expressed as
the solution of a PDE

8—U = —LU —HU,
ot

with the end condition U(u,v,t) = 1g2 (u,v), and the boundary condition

hg}l U(u,v,t) =0, t € [0,t),

where 1R3_A denotes the indicator function of set A.

We prove by the generalised Chernoff product formula that the bi-closure of (L+H, C>°(R2))
generates a bi-continuous semigroup on the Banach space of bounded continuous functions with
continuous extensions to [0, 00)?, equipped with the uniform norm. The Chernoff equivalent is
constructed by combining the known expression of the squared-Bessel semigroup generated by

the closure of £ and the shift operator generated by H.
Explicitly,

PT > t|(Yo, Zo) = (u,v)] = lim (v (3))H1R3(u,v),

n—oo n
where

V(t)f(u,v) := /OOO g(t,ue_(j‘”)t;m)f(m, ve™" + ut) dm,
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1/2, 1/2
ot um) = %ul/zm—l/ze—ww)/t 8 (Zm%) ,

and I () denotes the modified Bessel function of the first kind of index 1.

Acknowledgments. The author is grateful to the guidance and support from Prof. Alexan-
der Gnedin and Prof. Andrey Dorogovtsev during her PhD study.
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2. Nonlinear flows and semiflows

Quadratic Lyapunov functionals and geometry of inertial manifolds
M. M. Anikushin]

Keywords: inertial manifolds; quadratic functionals; frequency theorem; parabolic equations;
delay equations.

MSC2010 codes: 35B42, 37125, 37L45, 37L15

Introduction. We propose a geometric theory [2| based on integral geometrical conditions
(i. e. the geometrical conditions that do not appeal explicitly to infinitesimal generators),
which allow to unify and generalize some of known results concerned with inertial manifolds
and adjacent problems including the pioneering work of C. Foias, G.R. Sell and R. Temam |[6]
for semilinear parabolic equations; works of Yu.A. Ryabov, R.D. Driver and C. Chicone [5]
for delay equations in R"™ with small delays; R.A. Smith’s frequency-domain developments on
the Poincaré-Bendixson theory and inertial manifolds for reaction-diffusion equations and delay
equations in R™ [10,11]. Our theory is based on the use of quadratic Lyapunov functionals,
which can be constructed in applications with the aid of various versions of the Frequency
Theorem [8], especially those recently obtained by the present author [3,4]. This also allows
to compare the mentioned results with the Spatial Averaging Principle proposed by J. Mallet-
Paret and G. R. Sell [9], where the essential role of quadratic functionals was established by
A. Kostianko and S. Zelik (see the review of A. Kostianko et al. [7]). In our talk we will
discuss some nuances concerned with the exponential tracking, differentiability and normal
hyperbolicity of these manifolds.

Main result. Let Q be a complete metric space with a given flow ¥': @ — Q, t € R. A
cocycle in a real Banach space E is a family of maps 1'(q,-): E — E, where t > 0 and ¢ € Q,
satisfying the following conditions:

1. ¥°%(q,v) = v for every v € E, q € Q.
2. Y5(q,v) = PH(9%(q), v (q,v)) for all v € E,qg € Q and t,s > 0.
3. The map Ry x Q@ x E — E defined as (¢, q,v) — ¥'(g,v) is continuous.

For each cocycle there is an associated skew-product semiflow 7 on Q x E given by 7'(q,v) =
(9%(q), ¥ (¢q,v)) for all t > 0, g € Q and v € E.

By (v, f) := f(v) we denote the dual pairing between v € E and f € E*. We say that a
bounded linear operator P € L(E;E*) is symmetric if (v1, Pvy) = (vg, Pvp) for all vy,ve € E.
For a subspace . C E we say that P is positive (resp. negative) on L if (v, Pv) > 0 (resp.
(v, Pv) < 0) for all v € L.

Let E be continuously embedded into some Hilbert space H. We do not distinguish between
the elements of E and H under the embedding. We study the cocycle under the following
conditions:

(H1) There is a symmetric bounded linear operator P € L(EE;E*) and E splits into the direct
sum E = E* @ E~ such that P is positive on E* and negative on E~.

(H2) We have dimE~ = j < 0.

5Gaint Petersburg State University, Department of Applied Cybernetics, Russia, St. Petersburg. St. Pe-
tersburg Department of Steklov Mathematical Institute of Russian Academy of Sciences, Euler International
Mathematical Institute, Russia, St. Petersburg. Email: demolishka@gmail.com
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(H3) For V(v) := (v, Pv) and some numbers § > 0, 7p > 0 and v > 0 we have

€2VTV(¢T(% Ul) - ¢r(qv UQ)) - 62VZV(¢Z(Q7 vl) - ¢l(Q7 UQ)) S
<5 / 210 (q,00) — 0 (g, v) s, (1)

for every vy, € E, g€ Qand 0 <[ <r withr — [ > 7p.

It should be noted that under (H1) and (H2) the space ET can be always chosen such that
V(v) = V(v") + V(v™), where v = vt + v~ is the unique decomposition with v € ET
and v~ € E~. We consider the corresponding (to the decomposition) V-orthogonal projector
IT: E — E~ defined by Ilv :=v™.

An essential part of our construction of inertial manifolds is the following compactness
property.

(UCOM) There exists Tyeom > 0 such that the set )™ (C, B) is precompact (in E) for every
precompact C C Q and bounded B C E.

In applications this property follows from the following uniform Lipschitz property and smooth-
ing properties of delay or parabolic equations in bounded domains.

(ULIP) There exists 75 > 0 such that for any 7" > 0 there exist constants C7. > 0 and C7. > 0
such that for all ¢ € Q and v, v, € E we have

1" (g,v1) = ¥' (g, v2)lle < Cplor — vals for all ¢ € [t ts + T (2)

and also
198 (q, v1) — (g, vo)||g < Cl|jvy — vs||g for all t € [0, T]. (3)

The ideas behind our construction of inertial manifolds are inspired by R.A. Smith’s paper
on non-autonomous ODEs [10].

A continuous function v(-): R — E is a complete trajectory of the cocycle if there is ¢ € Q
such that v(t + s) = ¢! (#(q),v(s)) for all t > 0 and s € R. In this case we also say that v(-)
is passing through v(0) at q. Under (H3) a complete trajectory v(-) is called amenable if

0
/ e*5|u(s)|Eds < +o0. (4)

For any ¢ € Q let A(q) be the set of all v € E such that there exists an amenable trajectory
passing through v at q.
We also make use of the following assumption.

(BA) For any g € Q there is a bounded in the past complete trajectory w;(-) at ¢ and there
exists a constant M;, > 0 such that sup,q [|w;(t)[e < M, for all g € Q.

For ¢ € Q let II, denote the restriction of the V-orthogonal projector I1: E — E~ to 2(q).
We have the following theorem as a corollary of results from [2] (a part of these results for the
case E = H is given in [1]).

Theorem 1. Let (H1), (H2), (H3), (UCOM), (ULIP) and (BA) be satisfied. Then
II,: A(g) — E~ is a bi-Lipschitz homeomorphism for any ¢ € Q. Moreover,

1. (Continuous dependence of amenable fibres) 2 = J o{q} x A(g) is a bundle over Q,
which is homeomorphic to @ X E~ with the bundle homeomorphism given by 2 5 (¢, v) —
(¢, 1I,v) € Q x E~.
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2. (Invertibility) The skew-product semiflow 7 restricted to 2 is a flow.

3. (Exponential tracking) There is a constant M, > 0 such that for any ¢ € Q and vy € E
there is a unique v§ € 2A(q) such that

||@/Jt(q,vo) — Q/Jt(q, vy)|le < M,,e . dist(vg, A(q)) for all ¢ > 0. (5)

Moreover, we have

+o0
/0 1 (g, v0) — v (q, ) [3ds < +oo. (6)

Discussions. In applications, constructions of the operator P, which satisfies (H1), (H2) and
(H3), can be done via the Frequency Theorem [3,4]. This theorem reduces the problem to the
verification of the so-called frequency inequality, which usually has the form of an inequality
between the norm of a modified resolvent on some vertical line and the Lipschitz constant of
the nonlinearity. In concrete situations this inequality takes the form of some well-known con-
ditions. Namely, relationship between the Spectral Gap Condition and R.A. Smith’s frequency
inequality was noted by the author in [3]. For the relation concerned with Yu.A. Ryabov,
R.D. Driver and C. Chicone results we refer to our work [4].

In [2] it is considered a more general case, where the operator P depends on ¢ € Q. Such
operators can be constructed via the Frequency theorem for non-stationary problems, which
are still awaiting developments for infinite-dimensional problems.

From the point of view concerned with (H3), the Spatial Averaging Principle leads to a
more general assumption, where the exponent v depends on ¢ and vy, v,. In this case, general
ideas behind the construction of inertial manifolds used in Theorem 1 remain the same, but
some obstacles arise in the study of normal hyperbolicity and corresponding bundles (see [2]).
Namely, the normal hyperbolic structure of inertial manifolds, which are constructed via the
Spatial Averaging Principle, seems to be not uniform.

For every ¢ € Q and v} € 2A(q) we can define the stable fibre over v} at ¢ as the set of
all vy € E for which (6) is satisfied. We denote this set by (¢, vg). It can be shown that
Id —11: A(q, v5) — ET is a homeomorphism onto the image. We do not know how to show that
the image is entire ET in the general case.

In our talk, we plan to discuss how to define some other fibres.

Acknowledgments. The author is thankful to Sergey Zelik for the invitation.
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Stochastic semigroups and stochastic differential equations
related to stochastic flows with singularities

A. A.Dorogovtsev
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MSC2010 codes: 60H25, 60H05, 60G48.

In the talk we consider stochastic semigroups of strong random operators in Hilbert space.
The possibility to obtain such semigroup from the good linear noise is discussed. We will
present negative example related to Arratia low and sufficient conditions under which the noise
can be constructed from the semigroup and has Levy structure.
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Dilations of classical diffusion processes via quantum stochastic calculus
F. Fagnola[”|
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Introduction. Restrictions of quantum Markov processes (semigroups) on a non-commutative
von Neumann algebra often determine classical Markov process (semigroups) by restriction to
commutative subalgebras. A natural question in quantum probability is: what classical Markov
processes (semigroups) can arise in this way?

In this talk we discuss the construction of quantum diffusion semigroups and their dilations
as quantum diffusions in Fock space satisfying an Hudson-Parthasarathy quantum stochastic
differential driven by the fundamental noises of quantum stochastic calculus in a Boson Fock
space.
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Disordering in a discrete-time stochastic flows
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Introduction.

The discrete-time approximation of the Arratia flow [1] are considered. This approximations
{z}(u),k = 0,...,n} are given by a difference equation with random perturbation generated
by a sequence of independent stationary Gaussian processes {(u), u € R, k =0,...,n} with
covariance function I',:

24 () = 2 () + %gzﬂwzw», 22(u) =u, u € R

Define the random process Z,(u,-) on [0,1] as the polygonal line with edges (%,mﬁ(u)), k=
0,...,n. It was proved in [3] that if the covariance I',, approximates in some sense the function
oy then m—point motion of Z, weakly converges to the m—point motion of the Arratia flow.

Results.

We obtain an explicit form of the Ito-Wiener expansion for f(x,(u1),...,z,(uy)) with
respect to noise that produced by the processes {{}(u), u € R, k =0,...,n},>;. This expansion
can be regarded as a discrete-time analogue of the Krylov-Veretennikov representation formula
[4].

In contrasts to the flow of Brownian particles on the line, in the discrete-time approximations
the order between particles can change in time. We define a measure of disordering for 2-point
motion as follows

1
q)n:/g ]I{i:n(ug,s)—i’n(ul,s)<0}d87

where u; < wusp. If the discrete-time flow approximates the Arratia flow then the following
asymptotics holds [5]:

— 2
lim &lnP{CI)n >0} < -1

n—oo 1

20,
lim iln]P’{<I>n >el > —K?
n—oo 1

where C,, = supg 22200 and K >0 .

x
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Numerical research of the Barenblatt-Zheltov-Kochina model on the interval with

wentzell boundary conditions
N. S. Goncharov [
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Introduction. In terms of numerical investigation, we study Barenblatt — Zheltov —
Kochina model, which describes dynamics of pressure of a filtered fluid in a fractured-porous
medium with general Wentzell boundary conditions. Based on the theoretical results associ-
ated with Galerkin method, we developed an algorithm and implementation for the numerical
solution of the Cauchy—Wentzell problem on the segment [0,1]. In particular, we examine
the asymptotic approximation of the spectrum of the one-dimensional Laplace operator and
present result of computational experiment. In the paper, these problems are solved under the
assumption that the initial space is a contraction of the space L?(0,1).

Let us consider the Cauchy—Wentzell problem

u(z,0) = ug(x),x € [0,1]

Uz (0, 1) + apug(0,t) + aqu(0,t) = 0, (1)
uoc:c(lvt) + ﬁoUI(Lt) + Blu(Lt) =0

for the BarenblattB-ZheltovB-Kochina equation on the interval [0, 1]
A (2, 1) — Ui (2, 1) = QUugy(z,t) + f2,t), (2,8) € [0,1] x Ry, (2)

which describes dynamics of pressure of a filtered fluid in a fractured-porous medium. Here «
and A are the material parameters characterizing the environment; the parameter a € R ; the
function f = f(x,t) plays the role of external loading.

The purpose of this work is to show new approach for resolvability of problem (I)-(2) with
Wentzell boundary conditions. Namely, according to the modified Galerkin method, describe
the solution of the Cauchy—Wentzell problem.

Acknowledgements. The research was funded by RFBR and Chelyabinsk Region, project
number 20-41-000001.
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On topology of ambient manifolds admitting A-diffeomorphisms
V. Grined®.

The report is devoted to exposition of a result obtained in collaboration with E.V. Zhuzhoma
and V.S. Medvedeyv.

Let M™, n > 3, be a closed orientable n-manifold and G(M™) the set of A-diffeomorphisms
f:M"™ — M" satisfying the following conditions:

e if a basic set belonging to nonwandering set NW(f) of a diffeomorphism f € G(M™) is
nontrivial (that is different from periodic orbit) then it is either an orientable codimension
one expanding attractor or an orientable codimension one contracting repeller;

e invariant manifolds of isolated saddle periodic points intersects transversally;

e separatrices of isolated saddle periodic points with Morse index one can intersect only
(n-1)-dimensional separatrices of other saddle isolated periodic orbits and separatrices of
isolated saddle periodic points with Morse index (n-1) can intersect only one-dimensional
separatrices of other saddle isolated periodic orbits.

Let us recall that Morse index of hyperbolic periodic point p € NW(f) of a diffeomorphism
f:M"™ — M™ is called the dimension of unstable manifold W*"(p) of the point p.

For f € G(M™) denote p1; > 0 the number of all nodal periodic points (sinks and sources),
vy > 0 the number of isolated saddle periodic points with Morse index 1 or n — 1 and Ay > 0
the number of all periodic points whose Morse index dose not belong to the set {0,1,n—1,n}.
Moreover denote by ky > 0 the number of nontrivial basic sets and x; the number all bunches
belonging to union of all nontrivial basic sets of f.

Below, S™ is an m-sphere, T" is an n-torus. Denote 7, a manifold that is either empty set
if m = 0 or is connected sum of m > 1 copies of n-torus T" if m > 0

T - - #T".
>1

Denote §), a manifold that is either the sphere S™ if m = 0 or is connected sum of m > 1
copies of St x Stif m >0 :

(S"' xS -t (S x SY).

N

-~

m>1

Denote N,,, a manifold that is either empty set if m = 0 or is connected sum of simply-connected
manifolds N* if m > 0:
Ni'g-- 4N,
and each manifold N; admits polar Morse-Smale diffeomorphisms f; : N; — N; such that
NW (f;) does not contain saddle periodic points with Morse index 1 or n — 1.
Theorem. Let M™ be a closed orientable n-manifold, n > 3, supporting a diffeomorphism
f € G(M™). Then there are interges ky > 0, g5 > 0, [y > 0 such that M" is homeomorphic to
connected sum:
T S8 NG,
where g < kp+vp —1, [f < Ay
Remark If k; = 0 then g; = W;—fﬁ

Acknowledgments. Report is supported by the Russian Science Foundation under grant
17-11-01041.
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Mathematical model of traffic flow at a regulated intersection
A.S. Konkina,@ S.A. Zagrebina,ﬁ G.A. Sviridyuk.ﬁ

Keywords: Multipoint initial-final condition, geometric graph, traffic flows, Oskolkov equation.
MSC2010 codes: 05C10, 35K70.

Introduction. To begin with, consider a <intersection - a place of intersection, abutment
or branching of roads at the same level, bounded by imaginary lines connecting, respectively,
opposite, most distant from the center of the intersection, the beginning of the curving of the
carriageway. Exits from adjacent territories are not considered as intersections>

Problem setting. Imagine an intersection with a changing mode of its passage (traffic light
is on) in the form of an eight-edge geometric graph G; (pic. 1). In this case, the conditions
<continuity> and <flow balance > [1] will look like

dlu%x(ll, t) — dzU%x(O, t) + dgu%)x(lg, t) — d4U}lz(O, t)+
+d5U%x(l5, t) - d6Uéx(O, t) + d7u%x(l7, t) - dguéx((), t) = O,

3 3
7 7
Figure 3: The intersection before the Figure 4: The intersection after chang-
change of the traffic signal, during the time ing the traffic signal, in the time period

period [7;_1, 7] (75, Tjr1]

Let be k rib length [, measured in linear metric units (kilometers or miles), however, in
the mathematical model of traffic flow, the value is dimensionless. The number of lanes on
the carriageway in one direction di will be called the capacity, similarly, in the context of
the mathematical model, the value is dimensionless. Suppose that all adjacent roads at the
intersection under consideration are equivalent, so we will assume that the capacity of each
direction will be the same, i.e. dy =dy = ... =dg = d.

The traffic flow will be determined using the Oskolkov equations given on the graph Gy

/\ullct - ullctzaz = Vullczv:c + fli7 k= 17—8 (1)
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Here u}, = ul(z,t), z € [0,1;], t € R, (= {0} UR,), k = 1,8, characterizes the average speed
of the traffic flow on the set of edges E} characterizes the average speed of the traffic flow on
the set of edges of the graph G;. The average force that makes the wheels of vehicles spin, we
will consider fp = fi(x,t), (z,t) € [0, 1] x R,

Coefficient A is equal to one divided by the retardation coefficient, which can take nega-
tive values, so we consider A € R. The viscosity of the traffic flow, namely, its ability <ex-
tinguish> sudden changes in speed, sets the coefficient v, by virtue of the physical meaning
velR,.

Consider the intersection at the initial moment of turning on the traffic light, when the
intersection mode changes from unregulated (yellow blinking traffic light mode) to regulated
and designate this moment ¢ = 75. Suppose that at this moment on the first and fifth edges the
traffic signal is red, i.e. for definiteness, we take the flow velocity on these edges to be equal
to zero uj(x, ) = ui(x,79) = 0, on the remaining ribs uj.(z,70) = uly(z), k =2,3,4,6,7,8. In
general, we write these conditions

P(u'(z,m0) — ug(x)) = 0. (2)

When the time is reached t = 7, the traffic signal will change, the traffic flows at the
intersection will be different, so we will consider a new graph Go (pic. 2).
On this graph, the equations take the form

/\uzt - uitw:p - V”im + fl?? k= 1’_87 (3)
and the conditions <continuityPés and <flow balance >

u%(llv ) = >t) = % l37t) = UZ(O
= u2(ls, 1) (0,t) = u2(l7,t) = u2

du%zal? ) duQa:( ) + du3m( t
+du§x<l5’ ) duﬁx(o t) + du?a:(l ) du8m<0a t) = 07

u3(0

u%x(o’ t) = u%x<l2> t) = u%x(ov t) = u?lx<l47 t) =
= U%Qc(()a t) = U%I(lg, t) = u%x(()? t) = uggc(l& t) =0.
When changing the traffic signal at the time ¢ = 7 the average speed of the third and
seventh ribs will tend to zero, i.e.

lim u3(z,t) =0, lim u3(x,t) = 0.

t—To t—To

In this case, on the remaining edges, the speed will be the one that is reached on the corre-
sponding edge by the time 71, ui(z,7) = up(z,71) = v, (z), k = 1,2,4,5,6,8. In general
terms, these conditions take the form

P(u?(z, 1) —ui(x)) = 0. (4)

Continuing the procedure for switching traffic lights at times ¢t = 7;, j = 0, n, and for even n
treat an intersection as a graph Gy, and for odd n — as a count Gs. In general, the multipoint
initial-final condition takes the form

Pu™(z,7j) —ui'(x)) =0, j=0,n, m=1,2, (5)

where 7; — the moment of switching the traffic light [2|.

References: [1| G.A. Sviridyuk, S.A. Zagrebina, A.S. Konkina. The Oskolkov Equations
on the Geometric Graphs as a Mathematical Model of the Traffic Flow // Bulletin of the South
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Bi-Lipschitz Mane projections and finite-dimensional reduction
for complex Ginzburg-Landau equation
A. Kostiankd®

Abstract. In this talk I will discuss the problem of the finite-dimensional reduction for 3D
complex Ginzburg-Landau equation (GLE) with periodic boundary conditions. Using spatial
averaging principle, which was introduced by J.Mallet-Paret and G.Sell to handle the 3D
reaction-diffusion equations, together with temporal averaging we will be able to show that the
attractor of our problem possesses Mane projections with Lipschitz continuous inverse. This
work can be considered as the first step to proof the existence of an inertial manifold for GLE.
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Topological conjugacy Morse-Smale flows
with finite number of moduli on surfaces

V.E. Kruglovﬁg]

Keywords: Morse-Smale flow; moduli of topological conjugacy; equipped graph
MSC2010 codes: 37D15

Introduction. Two flows f¢, f'*: M — M on a manifold M are called topologically equiv-
alent if there exists a homeomorphism h: M — M sending trajectories of f* into trajectories
of f" preserving orientations of the trajectories. Two flows are called topologically conjugate
if h sends trajectories into trajectories preserving not only directions but in addition the time
of moving. To find an invariant showing the class of topological equivalence or topological
conjugacy of flows in some class means to get a topological classification for one. Note, that
for some classes their classifications in sense of equivalence and conjugacy coincide; for other
classes these classifications completely differ.

The Morse-Smale flows were introduced on the plane for the first time in the classical
paper of A.A. Andronov and L.S. Pontryagin in [1]. The non-wandering set of such flows
consists of a finite number of hyperbolic fixed points and finite number of hyperbolic limit
cycles, besides, saddle separatrices cross-sect only transversally, which means on surfaces that
there is no a trajectory connecting saddle points. The most important for us combinatorial
invariants for Morse-Smale flows are the Leontovich-Maier’s scheme 2], [3] for flows on the
plane, the Peixoto’s directed graph [4] for Morse-Smale flows on any closed surface and the
Oshemkov-Sharko’s molecule |5] for Morse-Smale flows on any closed surface.

J. Palis in [6] proved that the class of topological equivalence of a flow can contain any
volume of topological conjugacy classes, describing by parameters called moduli. For example,
a modulus appears when a flow has a separatrix common for two saddle points.

Obviously, any limit cycle generates a modulus equals to the period of one. Additionally,
in [7] it was proved that the presence of a cell bounded by limit cycles gives infinite number of
moduli connected with the uniqueness of invariant foliation in the basin of the limit cycle.

The results. The first result solves the problem of a flow class with a finite number of
modulus.

Theorem 1. A Morse-Smale surface flow has finite number of moduli iff it has no a trajectory
going from one limit cycle to another.

Second, we use the complete topological classification with respect to equivalence for Morse-
Smale surface flows [5], [8] by means of an equipped graph Y7, describing dynamics of ¢'.

To distinguish topological conjugacy classes we add to the equipped graph an information
on the periods of the limit cycles. It gives a new equipped graph TZi. In this way we get the
following result.

Theorem 2. Morse-Smale surface flows ¢, ¢* without trajectories going from one limit cycle
to another are topologically conjugate iff the equipped graphs T3} and 17, are isomorphic.

Acknowledgments. The results were obtained in collaboration with O.V. Pochinka. The
reported study was funded by RFBR, project number 20-31-90067.
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Resonant localized patterns in the Swift-Hohenberg equation
L. M. Lerman | N. E. Kulagin /7|
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MSC2010 codes: 35J35, 35J60, 35J91

The generalized Swift-Hohenberg equation (briefly, SHE)
= ou — (1 4+ A)2u+ pu® —u?

is the well known pattern-forming model equation and studying its solutions with different
spatial structure is a very interesting problem both theoretically and in view of its various
applications. We are interested here in its solutions with the localization property

lim u(t,v) =0, r=(z,y), r°=az>+y>
r—00
Such solutions are important in many applications and were found in a various experiments,
both natural and numerical ones.
In the Sobolev space of H?(R?) this equation defines a gradient-like differential equation
with the functional

1 « 6 . 1
_ 21 Al? — X2 — Bs o T
F /{2[( + A)uj 5 3u +4u tdady,
R2

therefore its stationary solutions are of the primary importance.

The existence of localized stationary solutions being rotationally invariant or radial, i.e.
when u depends only on r, u(r), is rather well studied ([1], [2], [3], and others). But numer-
ical and natural experiments demonstrate also an existence of non-radial localized stationary
patterns to this equation. Thus, it is an interesting problem to understand a genesis of such
solutions and their possible shape.

Our strategy of searching non-radial stationary localized solution is to select some branch of
radial solutions, for instance, fix # and vary «, and find those points on the branch, where the
linearization of the equation on that radial solution experiences a bifurcation of the appearance
of non-radial solution with the lesser symmetry group. The latter means a possible appearance
of a solution being invariant w.r.t. a discrete symmetry group Z,, instead of symmetry group S*.
Appearance of such solutions reminds the resonance phenomena when an elliptic equilibrium
passes through the resonance of frequencies, from here is the title.

When studying the phenomenon we found the localized resonant solutions with invariant
w.r.t the group Z,, n = 2,3,4,5,6. After a related bifurcation we continued the newborn
solution numerically. To substantiate the results, we address to the polar coordinates and use
the Galerkin approximations expanding solutions in the Fourier series in angular variable .
This gives a system of differential equations in radial variable that is investigated.

Acknowledgments. The work of .M. Lerman was partially supported by the Laboratory
of Dynamical systems and Applications of NRU HSE of the Ministry of Science and Higher
Education of RF, grant # 075-15-2019-1931 and by the Mathematical Center "Mathematics for
Future Technologies" of the Institute of Information Technology, Mathematics and Mechanics
of NNSU under the Project# 0729-2020-0036 of the Ministry of Science and Higher Education
of RF.
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The massive modular Hamiltonian

R. Longo,@

Abstract. A solution of the Klein-Gordon equation can be viewed as a signal carried
by a classical wave packet, or as the wave function of a quantum particle, or as a coherent
state in Quantum Field Theory. Our recent work concerns the definition, computation and
interpretation of the local entropy of this object and its relation to quantum energy inequalities.
The Operator Algebraic approach, in particular the Tomita-Takesaki modular theory, provides
a natural framework and powerful methods for our analysis. In this talk, I will discuss part of
the general ground for our analysis and some key results, in particular the solution of an old
problem in QFT: the description of the modular Hamiltonian associated with a space ball B
in the free scalar massive QFT; this sets up the formula for the entropy density of a real wave
packet.
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Introduction. Dynamical systems satisfying an Axiom A (in short, A-systems) were intro-
duced by S.Smale. By definition, a non-wandering set of A-system is the topological closure of
periodic orbits endowed with a hyperbolic structure. Due to Smale’s Spectral Decomposition
Theorem, the non-wandering set of any A-system is a disjoint union of closed, invariant, and
topologically transitive sets called basic sets. E.Zeeman proved that any n-manifold, n > 3,
supporting nonsingular flows supports an A-flow with a one-dimensional nontrivial basic set.
It is natural to consider the existence of two-dimensional (automatically non-trivial) basic sets
on n-manifolds beginning with closed 3-manifolds M?3. We prove that any closed orientable
3-manifolds supports A-flows with two-dimensional attractors. Our main attention concerns to
embedding of non-mixing attractors and its basins (stable manifolds) in M3,

Main results. Let f! be an A-flow on a closed orientable 3-manifold M3 and A, a two-
dimensional non-mixing attractor of f*. The stable manifold (in short, a basin) W*(A,) of A,
is an open subset of M? consisting of the trajectories whose w-limit sets belong to A,. First,
we construct a special compactification of W¥(A,) called a casing by a collection of circles that
form a fiber link in the casing.

Theorem 1. Let f' be an A-flow on an orientable closed 3-manifold M? such that the
non-wandering set NW (f*) contains a 2-dimensional non-mixing attractor A,. Then there is a
compactification M (A,) = W*(A,) U, I; of the basin W*(A,) by the family of circles [y, ...,
{;; such that

e M(A,) is a closed orientable 3-manifold,;

o the flow f*|yys(a,) is extended continuously to the nonsingular flow ft on M(A,) with the
non-wandering set NW(f") = A, UF | I; where [y, ..., I}, are repelling isolated periodic
trajectories of f%;

o the family L = {ly,..., Iy} C M(A,) is a fibered link in M(A,).

The second result of the paper, in a sense, is reverse to the first one.

Theorem 2. Let {ly,...,l1} C M? be a fibered link in a closed orientable 3-manifold M?.
Then there is a nonsingular A-flow f* on M?3 such that the non-wandering set NW ( f*) contains
a 2-dimensional non-mixing attractor and the repelling isolated periodic trajectories Iy, ..., lj.

Corollary. Given any closed orientable 3-manifold M3, there is a nonsingular A-flow f* on
M3 such that the non-wandering set NW (f*) contains a two-dimensional attractor.

Acknowledgments. This work is supported by the Russian Science Foundation under
grant 17-11-01041, except Theorem 2 supported by Laboratory of Dynamical Systems and
Applications of National Research University Higher School of Economics, of the Ministry of
science and higher education of the RF, grant ag. No 075-15-2019-1931.
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LARGE-TIME ASYMPTOTICS
OF FUNDAMENTAL SOLUTIONS FOR DIFFUSION EQUATIONS IN
PERIODIC MEDIA
S. E. Pastukhova™}

Keywords: large time asymptotics; homogenization; operator-type estimates of homogenization
error.

MSC2010 codes: 35K15

The diffusion equation is considered in an infinite 1-periodic medium of R?. We find large-
time approximations for its fundamental solution. The approximation precision has pointwise
and integral estimates of orders O(t~(*7+1/2) and O(t~U*+Y/2) j = 0, 1, B..., respectively.
The approximations are constructed on the base of the known fundamental solution of the
homogenized equation with constant coefficients, its derivatives, and solutions of a family of
auxiliary problems on the periodicity cell which is the unit cube in R?. The family of problems
on the cell is generated recurrently. These results are used to construct approximations of the
operator exponential of the diffusion equation with precision estimates in operator norms in
LP-spaces, 1 < p < oo. For the analogous equation in an e-periodic medium, where ¢ is a small
parameter, we obtain approximations of the operator exponential in LP-operator norms for a
fixed time with precision of order O(¢"), n = 1, 2, B...

To obtain these results, we use spectral approach based on the Bloch—Gelfand transforma-
tion.
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On the embedding of Morse-Smale diffeomorphisms in a topological flow

O. Pochinka™

The resuls were obtained in collaboration with V. Z. Grines and E. Ya. Gurevich.

This review presents the results of recent years on solving the problem of G. Palis [1] on
finding the necessary and sufficient conditions for the embedding of the Morse-Smale cascade
into a topological flow. To date, the problem has been solved by Palis for Morse-Smale diffeo-
mophisms given on manifolds of dimension two. The result for the circle is a trivial exercise.
In dimension three and higher, new effects arise related to the possibility of wild embedding of
closures of invariant varieties of saddle periodic points, which leads to additional obstructions
for the embedding of Morse-Smale diffeomophisms into a topological flow. The progress made
in solving the Palis problem in dimension three is connected with a recent complete topological
classification of Morse-Smale diffeomorphisms on three-dimensional manifolds and the intro-
duction of new invariants describing the embedding of separatrices of saddle periodic points in
the ambient manifold [2]. The transition to a higher dimension requires the use of the latest
results of the topology of manifolds.

Acknowlegment. The author is partially supported by Laboratory of Dynamical Systems
and Applications NRU HSE, of the Ministry of science and higher education of the RF grant
ag. 075-15-2019-1931.
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Introduction. Let ¢ = {¢s; : —00 < s < t < oo} be a stochastic flow on a locally
compact separable metric space M, that is a family of measurable random mappings of M
such that ¥, (1. s(x)) = Yre(x) as., Yss(z) = x as., for any sequence t; < to < ... < t,
mappings ¥, 1o, - - -, Y1, .1, are independent, for any s < ¢t mappings s, and ¢ ,_s are equally
distributed and for all f € Cy(M), s <t and z € M,

lim  sup E(f(¢uo(y)) — f(¥si(y)))* =0,

(uw)—=(st) yeM

lim B(f (5.4(5)) = F(ae@)))? = 0, Tim B(f(4(x)))?* = 0.

Yy—x

It is known (see [1]) that the relation
P™(z, B) = P((so4(1),...,%04(x,)) € B),n> 1,2 € M", B € B(M"),

establishes a one-to-one correspondence between stochastic flows on M and consistence se-
quences { P : n > 1} of coalescing Feller transition probabilities. The sequence {P™ :n > 1}
defines distributions of finite-point motions of the flow.

Problem setting. We will be interested in the existence of a strong stochastic flow that
corresponds to a consistent sequence { P™ : n > 1} of coalescing Feller transition probabilities.
By a strong flow we understand a stochastic flow ¢ such that

forall we Q,xe M,r <s<t,

Vst(W, Vrs(w, 1)) = ri(w, @), Yss(w,r) =2

Existence of a strong stochastic flow is well-known when its finite-point motions are families
of solutions of an SDE with smooth enough coefficients (see [2|). In this case the flow is a flow
of homeomorphisms of a corresponding manifold. On the contrary we will deal with flows in
which coalescence occurs. In the case M = R existence of strong coalescing stochastic flows
was proved in [3] for a large family of sequences {P™ : n > 1} (see [4] and [5] for applications
to the study of coalescing stochastic flows).

Main Result. Let M be a metric graph. By P we will denote the distribution of the
Feller process X in M™ that has transition probabilities P™ and starts from = € M™.

Theorem. Assume that transition probabilities P satisfy following properties:

o for any z € M and ¢ > 0 PV (z, B(z,€)¢) = o(t), t — 0+;
e for any compact K C M and any ¢t > 0

lim sup PMW(HX™ () >c)=0.
c—00 n>1,zeEKn
Then there exists a strong stochastic flow that corresponds to the sequence {P™ : n > 1}.

Acknowledgments. This work is supported by the National Research Foundation of
Ukraine, project 2020.02/0303.
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On non-singular flows on n-manifolds with two limit cycles

D. D. Shubin{7 O. V. Pochinka["|

Keywords: non-singular flows; Morse-Smale flows.
MSC2010 codes: 37D15

Introduction. The results were obtained in collaboration with O. Pochinka. This talk is devoted to
the so-called NMS-flows (non-singular Morse-Smale flows) which are Morse-Smale flows without fixed
points. Such flows have close connection with topology of ambient manifold. Exhaustive classification
of this systems with exactly two limit cycles on closed n-manifolds was obtained and will be presented.

General theory (see e.g. [1]) implies that ambient manifold M™ is the union of stable manifolds
and simultaneously the union of unstable manifolds. Thus, on of this trajectories is attracting and
another is repelling.

Due to Poincaré-Hopf theorem, Euler characteristic of the ambient manifold is 0. It leaves only
torus and Klein bottle for two-dimensional manifold. Classification of such flows is a part of the
problem solved in [2], [3], [4]. Namely, there are two equivalent classes of considered flows on the torus
and three on the Klein bottle.

For three-dimensional manifolds the fact that Euler characteristic is equal to zero does not contract
the class of manifolds since all three-dimensional manifolds have Euler characteristic equal to zero.
Necessary and sufficient conditions follow from [5] where author considers wider class of dynamical
systems. However, the results are not contain realisation and it is impossible to judge whether one or
other flow is admissible.

In case of two non-twisted orbits the topology of ambient manifolds is known from [6]: they are so
called lens spaces, which are obtained by attaching of two solid tori along their boundary. We establish
that every lens space, except sphere, admits exactly two equivalent classes of considered flows. On the
sphere S there is unique class due to [6]. If orbits are twisted then there is only one ambient manifold
admitting such flow, it is S2xS! and it admits two equivalent classes of considered flows.

For n > 3 the ambient manifold M™, n > 3 is two generalised solid tori D"~ x S! glued along
boundaries. The results [7] and [8] imply that only two manifolds which admit NMS-flow with two
limit cycles, they are S*~! x S, S"~1xS! and each of them admits two equivalent classes of considered
flows.

Acknowlegment. The author is partially supported by Laboratory of Dynamical Systems and
Applications NRU HSE, of the Ministry of science and higher education of the RF grant ag. BN
075-15-2019-1931.
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3. Interplay between linear infinite-dimensional systems and
nonlinear finite-dimensional systems

Geometry and Good Dictionaries for Koopman Analysis of Dynamical Systems
E. M. Bollf™|

Keywords: Koopman operator; spectral analysis; reduced order model; dynamical system; ROM;
good dictionary; DMD; EDMD

MSC2010 codes: 37M25, 37C10, 34M45, 47TE05, 42-04

In the spirit of optimal approximation and reduced order modelling the goal of DMD meth-
ods and variants is to describe the dynamical evolution as a linear evolution in an appropriately
transformed lower rank space, as best as possible. That Koopman eigenfunctions follow a linear
PDE that is solvable by the method of characteristics yields several interesting relationships
between geometric and algebraic properties. We focus on contrasting cardinality, algebraic mul-
tiplicity and other geometric aspects with the introduction of an equivalence class, “primary
eigenfunctions,” for those eigenfunctions with identical sets of level sets. We present a con-

struction that leads to functions on the data surface that yield optimal Koopman eigenfunction
DMD, (oKEEDMD).

"6Clarkson University, Clarkson Center for Complex Systems Science, United States, Potsdam. Email:
ebollt@clarkson.edu
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Betti numbers and the spectrum of dynamics on metrizable compact spaces
N. Edekd”]

Keywords: maximal equicontinuous factor, locally connected, monotone, torus, Betti number.
MSC2010 codes: 54H20, 37B05

In topological dynamics, the study of properties of a dynamical system in terms of the
underlying space is a central problem: In which way does the geometry of a space constrain the
possible dynamics on it? And which information can one recover from a space by knowing that
a dynamical system on it has certain properties? I will give an example of how these questions
can be approached in terms of operator theory. This will be done by studying a certain quotient
of a dynamical system, the maximal equicontinuous factor which is closely linked to a system’s
spectral properties. The starting point of the inquiry is the following result of Hauser and
Jager.

Theorem (Theorem 3.1, [1]). Suppose that ¢ is a homeomorphism of the two-torus T2. If
the maximal equicontinuous factor of (T?, ¢) is minima]@, then it must be one of the following
three:

(i) an irrational translation on the two-torus,
(ii) an irrational rotation on the circle,

(iii) the identity on a singleton.

Thus, the geometric properties of the two-torus imply that the maximal equicontinuous
factor of a homeomorphism on it must have a relatively simple structure if it is minimal: It is
a rotation on a compact abelian Lie group of dimension less than two. As it turns out, this is
representative of the following general phenomenon.

Theorem. Let ¢ be a homeomorphism of a compact metric space K such that K is locally
path-connected and the first Betti number b, (K) is finite. If all ¢-invariant functions f € C(K)
are constant, then every equicontinuous factor of (K, ) is isomorphic to a minimal flow on

. . . . by (K)
some compact abelian Lie group of dimension less than Do ()
We will see how operator theory can help prove this result and what it in turn means for

dynamical systems in terms of their spectral theory.
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Transfer operators and dynamical systems
G. Froylandlﬂ

Keywords: Exponential Stability, Port-Hamiltonian Systems.

I will introduce transfer operators, which are time-parameterised composition operators that
have played a central role in dynamical systems for the last 50 years. I will describe the heavily-
used spectral approach for analysing, and more recently optimising, the statistics and mixing
properties of dynamical systems, and illustrate these on geophysical flows if time permits.
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Koopmanism for dynamical systems on completely regular spaces
H. Kreidler]

Keywords: Koopman semigroup; jointly continuous flow; completely regular space.
MSC2010 codes: 37B02, 46A70, 47D06

The Koopman linearization of semiflows has proven to be an effective instrument to study
dynamical systems with the tools of linear functional analysis and operator theory. Classically,
this global linearization is considered for continuous semiflows on compact spaces. In this talk
we will present an approach allowing to extend this “Koopmanism” to dynamical systems on
locally compact, metric and even more general spaces, which makes it applicable to solutions
of many ordinary and partial differential equations. This is a joint work with Balint Farkas
(Wuppertal).
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Koopman operator framework for nonlinear identification

A. Mauroy!]|

The semigroup of Koopman operators provides a linear description of nonlinear flows in
terms of the evolution of observable functions. We leverage this framework in the context of
nonlinear system identification and parameter estimation. Since the infinitesimal generator
of the semigroup of Koopman operators is directly connected to the underlying dynamics, we
can exploit the key idea that identifying the linear generator is equivalent to identifying the
nonlinear dynamics. In this talk, we will first review a method developed in this context for
nonlinear ODE identification, along with convergence properties derived from the theory of
strongly continuous semigroups. Next we will focus on the extension of the framework to
infinite-dimensional dynamics by considering Koopman operator semigroups acting on a space
of nonlinear bounded functionals. This will provide a novel method to identify nonlinear PDEs.

81University of Namur, Belgium, Namur. Email: alexandre.mauroy@unamur.be
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A linear program approach to global attractors
C. Schlosserf?, M. Korda™]

Keywords: Global attractor, dynamical systems, infinite-dimensional linear programming, sum-
of-squares, semidefinite programming, occupation measures

MSC2010 codes: 34D45, 90C22

Global attractors, i.e., sets to which all bounded sets converge asymptotically under the
action of the dynamics, are typical and important objects in the (asymptotic) analysis of dy-
namical systems. Global attractors can be of complex nature so that computing /approximating
them is (computationally) challenging. We try to approach the task of computing converging
approximations of the global attractor by first embedding it into a linear setting. This is done
by using the so-called occupation measures. Historically this idea dates back to the 1970ies
when optimal control problems were reformulated as linear programs on measures. For a dy-
namical system & = f(z) with locally Lipschitz dynamics f : R" — R™ and compact state
constraint X C R™ we give the following linear program

p*=sup fio(X)
8.t 110, flo, fiys - € M(X)
[ Bt =Vl fduy = [vl dpy Vo' € CH(R™)

X X

[ B+ Vo fdu_ = [vPduy Yo* € CH(R™)
X X

po+ o = Ay

where M (X) denotes the set of (non-negative) measures on R” supported on X and A| . denotes
the Lebesgue measure restricted to X. We show that p* is given by the Lebesgue measure of
the global attractor. The main ingredients for the result are a well known characterization of
global attractors in terms of maximal positively invariant sets in combination with a previous
result on characterizing maximal positively invariant sets by linear programs on measures.

We can take advantage of the obtained linear structure because it allows to us to consider its
dual problem where positivstellensétze from real algebraic geometry can be applied. Together
with Lasserre’s sum-of-squares hierarchy this leads to a sequence of semidefinite programs for
which we show that their solutions provide converging outer approximations of the global
attractor.

In this talk we will not go too much into the details of the arguments but we rather give an
introduction to the methods used.

Acknowledgments. The authors are thankful to Matthew Kvalheim for early comments on
the text.
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Lévy Laplacian and gauge fields
B. O. Volkow®]

Keywords: Lévy Laplacian, infinite-dimensional Laplacians, Yang—Mills equations, Yang—Mills
heat flow, instantons

MSC2010 codes: 70515,58B20,58J35,53C07

The Lévy Laplacian Ay is an infinite dimensional Laplacian which was originally defined in
the following way (see [1]). Let f be a twice Fréchet differentiable function on Ls([0, 1], R) and
{e,} be an orthonormal basis in Ls([0, 1], R). Then

n

ALf(z) = lim — 3 (F"(2)ex, ex) for all z € Ly([0, 1], R).

e
The definition of the Lévy Laplacian depends on the choice of an orthonormal basis.

Let M be a Riemannian manifold and €2,, be a Hilbert manifold of H'-curves in M with
the fixed origin m € M. The Lévy Laplacian A2¢Y on the space of sections in a vector
bundle over €, was considered in [2,3,4,5,6]. It turns out that nonlinear differential equations
of the Yang—Mills theory are equivalent to linear differential equations containing such Lévy
Laplacian.

Le A be a connection in a vector bundle over M and F' be the associated curvature. The
parallel transport U4 generalized by the connection A can been considered as a section in a
vector bundle over 2,,,. The following theorem was proved for M = R* by Accardi, Gibilisco
and Volovich in [2] and generalized for the Riemannian manifold by Léandre and Volovich in
[3].

Theorem 1. A connection A is a solution of the Yang—Mills equations
Dy F =0,

where D is the adjoint operator to the exterior covariant derivative generated by A, if and
onj}é ;f the parallel transport U4 is a solution of the Laplace equation for the Lévy Laplacian
AL AAGVUA =0
7 :
We show that the similar theorem holds for the Yang-Mills heat flow (see [5]).

Theorem 2. A time-depended connection [0,7] 3 t — A(t, ) is a solution of the Yang-Mills

heat equations

if and only if the flow of parallel transports [0, T] 3 t +— UA®) is a solution of the heat equation
for the Lévy Laplacian A2CY
atUA - AfGVUA.

Let M be an orientable Riemannian 4-manifold. In this case, there is a connection between
Lévy Laplacians and instantons. A connection A is called an instanton (antiinstanton) if it is
a solution of the anti-self-duality (self-duality) Yang-Mills equations

F=—xF (F=xF),

where * is the Hodge star on M. The Lévy Laplacian A2V is not rotation invariant. A modified

Lévy Laplacian A can be obtained from the Lévy Laplacian by the action of an infinite

84Moscow Institute of Physics and Technology (State University), Russia, Dolgoprudnyi. Email:
borisvolkov1986@gmail.com
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dimensional rotation W € C([0,1],SO(4)). We show (see [6]) that the Laplace equations for

some modified Lévy Laplacians are equivalent to the anti-self-duality (self-duality) Yang-Mills
equations, but not to the Yang—Mills equations.
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4. Quantum stochastic evolutions and dynamical semigroups

Stochastic Koopman program, quantum extensions of classical evolutions
and a unified approach to classical and quantum dynamical systems
L. Accardi®

Abstract. In the first part of the talk I recall the stochastic version of the Koopman
program and its quantum extension. In the second part I outline an algebraic approach to
dynamical systems with emphasis on the role of 1-cocycles and multiplicative functionals. Then
I describe the structure of cocycles and multiplicative functionals that are not differentiable but
only stochastically differentiable. The third part of the talk goes in some sense in the converse
direction of the first part.
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Long composition of raisings and quantum ergodicity
M. Dubashinskiyf|

Keywords: quantum unique ergodicity, raising and lowering operators, singularity propagation
MSC2010 codes: 58J51; 11F37, 37D40, 74J20.

The well-known Rudnick—Sarnak conjecture on Quantum Unique Ergodicity (QUE) states
the equidistribution of large frequency eigenfunctions of Laplace—Beltrami operator on a com-
pact hyperbolic surface X. This means that quantum system is supposed to be more chaotic
then its classical counterpart, that is, the geodesic flow on X.

We construct a quantum homotopy between free quantum particle on X and a certainly
chaotic quantum system — the quantization of horocyclic flow on X. This homotopy reaches
the quantum horocyclic flow during the infinite time and preserves ergodicity during finite time.
The homotopy is given via raising operators on hyperbolic plane. Semiclassical measures of
systems are then transformed in a controllable way possessing a geometric description.
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Trace decreasing semigroup for an open quantum system
interacting with a repeatedly measured ancilla
S. N. Filippov [7]

Keywords: Zeno effect; non-Hermitian Hamiltonian; trace decreasing quantum semigroup.
MSC2010 codes: 81522

Problem setting. We consider a quantum system dynamics caused by successive selective
measurements of an ancilla coupled to the system. This scenario is similar to the Zeno effect
because the ancilla remains effectively frozen; however, the system dynamics is non-trivial. For
the finite measurement rate 7=! and the system-probe interaction strength v we derive analytical
evolution equations for the system in the stroboscopic limit 7 — 0 and 7?7 = const. We prove
that the induced dynamics of the subnormalized density operator is a semigroup provided the
system-ancilla interaction is unitary [1]. Dynamics of the normalized density operator is given
by a non-linear equation [1]. The obtained semigroup dynamics can be considered as a deviation
from the Zeno subspace dynamics on a longer timescale T' ~ (y*7)~1 > ~~L.

Main result. Importantly, the induced conditional dynamics of the main system is de-
scribed by the effective non-Hermitian Hamiltonian. By physical examples of multi-spin models
we show that the effective non-Hermitian Hamiltonian may drive the system to a maximally
entangled stationary state [2]. In addition, we report a new recipe to construct a physical sce-
nario where the quantum dynamics of a physical system represented by a given non-Hermitian
Hamiltonian H.g may be simulated [2]:

Theorem. The trace decreasing semigroup dynamics with the generator —i[H.g, | results
from the stroboscopic measurements on an ancilla, which is originally prepared in the state
|04)(04] and interacts with the system through self-adjoint Hamiltonian

1 7
H = §(Heﬁ-“ + Hlg) ®104)(04] + \/Cf + ;(Heﬁ-‘ — Hl3) ® (|04)(La] +14)(04]),

where ¢ = max(0, —M) and M is the minimum eigenvalue of the operator *(Heg — H).

Discussion. The developed formalism can be generalized to the case of time-dependent
system-ancilla Hamiltonian and the case of non-selective measurements [3|; however, the semi-
group dynamics for the system does not take place in general. We can also consider a situation,
in which the measurement basis changes in time, which is illustrated by nonselective measure-
ments in the basis of diabatic states of the Landau-Zener model.
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Trotter-Kato Theorems for Quantum Markov Semi-Groups

J. Gough®

We look at the application of Trotter-Kato Theorems for quantum stochastic evolutions. We
introduce the notion of perturbations of quantum stochastic models using the series product,
and establish the asymptotic convergence of sequences of quantum stochastic models under the
assumption that they are related via a right series product perturbation. While the perturbing
models converge to the trivial model, we allow that the individual sequences may be divergent
corresponding to large model parameter regimes that frequently occur in physical applications.
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Uniform and completely non equilibrium invariant states
for weak coupling limit type QMS
F. Guerrero-Poblet, M. C. de la Rosa, J. C. Garcia

Keywords: quantum Markov semigroup; weak coupling limit type; invariant state; Eulerian cycle.
Abstract

We define the uniform and completely non equilibrium invariant states, which are associated
with Eulerian cycles; once we did this, we use the Hierholzer’s algorithm to obtain a canonical
Euler-Hierholzer cycle, and for it, characterize the invariant state.
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Singular perturbations of quantum dynamical semigroups
A.S.Holevd™

Keywords: quantum dynamical semigroup, singular perturbation, nonstandard generator.
MSC2010 codes: 47D06, 46L53

We describe an approach to strongly continuous quantum dynamical semigroups [2,3,7] via
completely positive perturbations of their (in general, unbounded) generators. The semigroup
is standard if its generator is “of Lindblad’s type” [6], i.e. it is obtained by a completely positive
perturbation of a “no-event” generator. Then we consider two cases of dynamical semigroups
obtained by singular rank-one perturbations of a standard generator. First, we describe an
example which gives a positive answer to a conjecture of Arveson [1] concerning possible triv-
iality of the domain algebra. Second, we consider an improved and simplified construction
[4,5] of a nonstandard dynamical semigroup outlined previously in our short communication.
This gives answer to an old question on existence of dynamical semigroups with non-Linbladian
generators.
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Optimization of coherent and incoherent controls and

estimation of reachable sets for an open two-level quantum system
O. V. Morzhin], A.N. Pechen|

Keywords: quantum control, coherent control, incoherent control
MSC2010 codes: 81Q93, 34H05, 49Mxx

Control of quantum systems, e.g., individual atoms, molecules is an important direction in
modern quantum technologies [1-5]. Typically in experimental situations controlled systems
are open, i.e., interacting with the environment. Environment is often considered as having
deleterious effects on the dynamics. However, it also can be used for controlling the system.
A powerful method of incoherent control was found and studied in [6]. In this case, spectral
density of the environment, i.e., distribution of particles of the environment in their momenta
and internal degrees of freedom, is used as the control function to manipulate the system. This
spectral density is often considered as thermal (Planck distribution), but in general it can be any
non-equilibrium non-negative function, possibly depending on time, of momenta and internal
degrees of freedom of environmental particles. In [6], general method of incoherent control
using this spectral density was obtained, including in combination with coherent control, either
subsequent of simultaneous. The method was developed for any multilevel systems. Numerical
simulations were performed for an explicit example of four level systems using global search
optimization by genetic algorithms. Non-selective quantum measurements were also found to
be a powerful tool for incoherent control [7].

Initially for this incoherent method it was not clear to what degree it allows for manipulating
the system. In [8], a significant advance was achieved where it was shown that combination
of coherent and incoherent controls allows to approximately steer any initial density matrix to
any given target density matrix. This property approximately realizes controllability of open
quantum systems in the set of all density matrices — the strongest possible degree of quantum
state control. This result has several important features. (1) It is obtained with a physical class
of GKSL master equations well known in quantum optics and derived in the weak coupling limit.
(2) It was obtained for almost all values of parameters of this class of master equations and
for multi-level quantum systems of arbitrary dimension. (3) For incoherent controls in this
scheme an explicit analytic solution (not numerical) was obtained. (4) The scheme is robust
to variations of the initial state — the optimal control steers simultaneously all initial states
into the target state, thereby physically realizing all-to-one Kraus maps previously theoretically
exploited for quantum control [9].

In [10-14], this method was applied to the example of two-level quantum systems controlled
by scalar coherent v and incoherent n controls from various points of view, including different
objective criteria and optimization methods, analysis of reachable and controllability sets, use
of machine learning. Density matrix of the system p(t) € C**? is a Hermitian positive semi-
definite matrix, p(t) = pf(t) > 0, with unit trace, Trp(t) = 1. Following [6], master equation
for density matrix is

dolt) __i

20— LM+ Vo, 0] + Lo o0). 9(0) = o )
Here [A, B] denote the commutator [A, B] = AB + BA of operators A, B; h is the Planck’s

constant. Without loss of generality, Hy = hw (8 (1)> and V = p (? (1)) , where w > 0, u € R,
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p # 0. The superoperator of dissipation L, is

Latg(p(0) =1 (0(0)+ 1) (5p(0)0* — § {0 p(0) )

n(t) (o+p<t>a- oo, p(t)}) 40

It describes the controlled interactions between the quantum system and its environment (reser-
voir). Here {A, B} denotes the anti-commutator {A, B} = AB — BA of two operators A, B;

. 1 .
matrices ot = 00 - 0 ) define the transitions between the two energy levels. The

o~ =
1 0)° 0 0
following constraint follows from physical meaning of incoherent control as spectral distribution
of particles:

n(t) >0 vt > 0.

The optional constraints v(t) € [Umin, Vmax)s 7(t) € [0,Nmax] VE > 0 can be used with some
bounds Vpmin, Vmax, and Nyay. We denote u = (v, n).

In [10], the optimal control problem for steering the system (1) to a given target density
MatriX Prarget i minimal final time 7" was considered with piecewise continuous controls v, n.
For this time-minimal control problem, we consider the problems

Jl(u) = Hp(ﬂ) _ptargetH%{S _>inf, 1= 1,2,...7N,

for a series of decreasing final times {7;}Y . “HS” means the Hilbert-Schmidt norm.

In [11], the optimal control problem for maximizing the overlap (p(T'), prarget) g Petween
the final density matrix p(7") and given target density matrix piarget for the system (1) together
with minimization of T was considered with piecewise continuous controls v, n. The problems

Li(w) = (p(T), prarget) s — Sup,  i=1,2,...,N,

are considered for a series of decreasing final times {T;}¥ ;.

In [12, 13|, the system (1) was considered with piecewise constant controls under various
constraints on controls” magnitudes and variations. The article [12] considers a series of time-
minimal control problems using Bloch vectors for representing system quantum states, and
contains a design of a machine learning scheme based on the kNN method and neural networks
(MLPs), which shows useful results for generating suboptimal final time and controls v, n for a
given initial density matrix in the numerical experiments. The scheme uses the training dataset
formed by the optimization results obtained via the differential evolution and dual annealing
methods, implementations of which are available in SciPy. For training MLPs, scikit-learn
library was used.

In [13, 14|, various tools (support hyperplanes (see [15]), sections (see [16]), etc.) were
applied for numerical estimation of reachable and controllability sets in terms of the Bloch
parametrization. The work [13] includes also the exact description of reachable and controlla-
bility sets for some class of controls. In the framework of the approach using support hyper-
planes, [13] notes an optimal control problem, where v = 0 and n = 0 satisfy the Pontryagin
maximum principle [17] but not optimal. In addition, for this optimal control problem some
comparative numerical results were obtained using the dual annealing method, Krotov method
(see |4, 5, 18]), and Gradient Ascent Pulse Engineering (GRAPE) with one- and- two-step
gradient projection methods (see [19, 20]) for illustrating, first, how zero controls v, n are far
from the optimized controls and, second, the importance of adjusting the methods’ parameters.

Acknowledgments. This talk presents the work partially funded by the Russian Science
Foundation (project No. 17-11-01388).
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Introduction. The state-space representation of linear dynamical systems, deterministic
and stochastic, lie at the heart of modern mathematical systems and control theory [1|. The
stochastic case is described by linear stochastic differential equations of the form,

dz(t) = Az(t)dt + Bdw(t) + Eu(t)dt, dy(t) = Cx(t)dt + Ddv(t) + Fu(t)dt,

where x is the state, u is the input signal, y is the output signal, w and v are the system and
measurement Wiener noise vectors, respectively, and A, B, C, D are the real system matrices (of
the appropriate dimensions). This class of models is the basis for the Kalman-Bucy stochastic
filtering theory and linear quadratic Gaussian control [2].

In the quantum setting, one encounters a similar class of models, known as linear quantum
systems [3]. In the Heisenberg picture of quantum mechanics, the model takes the form of a
linear quantum stochastic differential equation (QSDE) [3,4],

dx(t) = Az(t)dt + Bdw(t) + Fu(t)dt, dy(t) = Cx(t)dt + Ddw(t) + Fu(t)dt. (1)

In this case, z(t), y(t) and w(t) are vectors consisting of operators on the Hilbert space b, ®
[4(L*([0,00); C™)), where b, is the Hilbert space for n quantum harmonic oscillators and
[4(L?([0,00); C™)) is the boson Fock space over the space of square-integrable complex functions
on [0,00) taking values in C™. In particular, z(t) = (qi(¢),p1(t), ..., qu(t), pu(t)T, w(t) =
(Q1(t), Pi(t), - ... Qu(t), Pu(t))" and y(t) = (Q(t), Pi(¢),...,Q.(t), P/(¥))" (r < m), where
¢;(t) and p;(t) are the position and momentum operators of the j-th oscillator, Q;(t) and P;(t),
and Q’(t) and PJ(t), are the amplitude and phase quadratures of the j-th input and output
boson fields (taken to be in a Gaussian state), respectively. In Eq. (1), u(t) is a classical (non-
quantum) deterministic or stochastic input signal. Quantum mechanical constraints require
that canonical commutation relations be preserved. This leads to algebraic constraints on the
A, B, C, D matrices, not encountered in the classical setting, known as the physical realizability
constraints, of the form [3]:

AJ, + J,AT + BJ,.BT =0, J,CT + BJ,,D* =0, DJ,,DT =1J,, (2).

where J, = I, ® 10

respond to the dynamics of physically valid systems. Note that when the joint initial state of
the oscillators is a quantum Gaussian state, then x(¢) and y(¢) remain in Gaussian states at all
times t > 0.

Physical relevance. Linear quantum systems accurately describe a wide-class of linear
quantum devices of interest in many applications, including, for instance, quantum optical
cavities, quantum optical parametric oscillators, microwave superconducting resonators, gravi-
tational wave interferometers and optical quantum memories [3|. Since linear quantum systems
preserve Gaussian states, they are of interest in Gaussian quantum information processing.
The linear structure of the QSDEs of linear quantum systems has motivated the adaptation

0 1 ] Only linear QSDEs (1) with system matrices satisfying (2) cor-
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and extension of powerful notions and methods from classical linear systems and control theory
[1,2] to address problems for linear quantum systems [3].

Future directions. This talk is intended as an overview talk (rather than a technical talk),
on the modelling of linear quantum systems and their applications. In particular, it will discuss
some new research directions for this class of systems. This includes the problem of system
identification of linear quantum systems [5,6], and developing a theory for infinite-dimensional
linear quantum systems, as a quantum analogue of stochastic distributed parameter systems
represented by stochastic linear PDEs. The latter is motivated by, for instance, fully quantum
modeling of a class of quantum memories called photon-echo memories, such as gradient echo
memories |7].
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Control of quantum systems, e.g., individual atoms, molecules is an important direction in
modern quantum technologies [1-5]. Consider coherent control of an N-level quantum system
which is isolated from the environment. Its dynamics is described by Schrodinger equation:

dU{ 5 s
i— = Ho + fOVIUF, Ui =1
Here Hy and V' are the free and interaction Hamiltonians (Hermitian N x N-matrices such that
[Ho, V] #0), and f € Ls([0,T],R) is a coherent control.
Let O be a quantum observable (system’s Hermitian operator) and W € SU(N) be a target
unitary operator. Typical quantum control objectives correspond to maximization of average
value of O and generation of target process W and are characterized by objective functionals

Jolf] = Te(OULpoUl)| — max.
Jwlf] = i|Tr(WTUJJ:)|2—>maX.

Globally optimal controls realize global maximum of the objective. Trap is a control which is
optimal only locally but not globally. To establish whether traps exist or not for a given control
objective is a highly important practical problem, since they determine the level of difficulty
for finding globally optimal controls in numerical and laboratory experiment [5-7].

In [5] it was proposed that quantum control objectives are typically free of traps. However,
this property was proved only for N = 2 [8,9] and for control of transmission (that corresponds
to N = 00) [10]. Examples of trapping behavior were found for systems with N > 3 [6,7].

In [8,9] it was shown that if time T is large enough then the objective functional Jy for a
qubit has not traps. To explicitly formulate these results, define the special constant control f,
and the special time Tj:

f o —TI'H()TI'V + 2TI'<HOV)
o (TrvV2)2 — 2Tr(V?)
TO = "

|Ho — IHo/2 + fo(V —ITxV/2)||

Theorem 1. For N = 2, if TrV = 0 and T > Tj, then all maxima and minima of the
objective functionals Jp[f] and Jy [f] are global. Any control f # f, can not be a trap for any
T > 0.

In [10] it was proved that control of quantum transmission of a particle with energy E
through potential V' is free of traps. For fixed E, consider Tr[V] as objective functional of the
control potential V. The control goal is to maximize transmission.

Theorem 2. The only extremum of the transmission coefficient Tg[V] is the value Tx = 1,
ie.,

0T
5V
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In [11,12], small-time control landscapes were studied for the control objective Jy,. The
following result was proved [11].

Theorem 3. Let W € SU(2) be a single qubit quantum gate. If [IW, Hy + foV'] # 0 then for
any T > 0 traps do not exist. If [W, Hy + foV] = 0 then any control, except possibly f = fo, is
not trap for any 7" > 0 and the control f; is not trap for 7' > Tj,.

In [12] it is shown that the control fj is not a trap in the case T' < Tg and [W, Hy+ foV] = 0.
One can show that it is sufficient to consider Hy = 0., V = v,0,+v,0, and W = e¥?w = without
loss of generality. Here 0, 0,, 0 are the Pauli matrices, v,, v, € R such that v = | /v2 +v7 > 0,
and @y € (0,7]. In this case, the special time is T, = 7 and the special control is fy = 0. For
fixed py and T the value of the objective evaluated at fj is

Jwfo] = cos® (ow +T). (1)

The control fy = 0 is a critical point, i.e., gradient of the objective evaluated at this control is
zero. The Taylor expansion of the functional Jy, at fy up to the second order has the form:

1 T T
Iwlfo+f) =l + 5 [ [ Bess(t.s)6)6f (sdeds + o(I6fI3,). 5 .
0 0

where the integral kernel of Hessian has the form (see [12]):
Hess(s,t) = —2v% cos (pw + T) cos (ow + T — 2|t — s).

We study the spectrum of this integral operator. For this purpose, we consider the following
cases:

e (ow,T) belongs to the triangle domain

Dl::{(gow,T) : O<T<g, g§30W<7r—T};

e (ow,T) belongs to the triangle domain
T T
Dy = {(apW,T) 0<T < BL T—T<pw <m, (ow,T)# (5,7r)};
e (ow,T) belongs to the square domain without the diagonal

Ds = {(apW,T) : 0<T§g, O<g0W<g,<pW—|—T7£g}.
Remark 1. It is easy to see from (1) that if (ow,T) € (0, 3] x (0,7] \ (D1 U D, U D3) then
fo is a point of global extrema of the objective functional Jy .
Theorem 4. If (pw,T) € D1 U Dy U D3 then the Hessian of the objective functional Jy, at
fo = 0 is an injective compact operator on Lo([0, T],R). Moreover,

1. If (¢w,T) € Dy, then Hessian at f is strictly negative.

2. If (pw,T) € Dy U D3 then Hessian at fy has both negative and positive eigenvalues. In
this case, the special control fy = 0 is a saddle point for the objective functional.

The second case was previously proved using a different method [11]. The first case is a new
result of [12|, where it was rigorously proved that in this case fj is either a global maximum
point or a trap. In [12], also numerical optimization methods were used such as Gradient Ascent
Pulse Engineering (GRAPE), differential evolution, and dual annealing to show that the special
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control is a point of global maximum if (¢, T) € D;. A rigorous proof of this finding remains

an open problem. The numerical results also shown that for 5 < oy < 7mand 0 < T < §
achieving the objective functional value 1, i.e., providing exact generation of phase shift gate,

requires a final time 7" being not less than the minimal time T, = T — ©w.

Acknowledgments. This talk presents work partially funded by Russian Federation rep-
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Gaussian Quantum Markov Semigroups on a One-mode Fock Space:
Irreducibility and Normal Invariant States
D. Poletti™l

The presentation is based on a joint work with J. Agredo and F. Fagnola regarding Gaus-
sian Quantum Markov Semigroup on a One-mode Fock-Space. These are related with gaussian
states, or those states under wich position and momentum operators are distributed according
to a gaussian distribution. Indeed gaussian QMSs are the only QMSs that preserve “gaus-
sianity” of states. Usually they are considered by physicists via their generator (quadratic in
annihiliation and creation operators) without concerns about existance and well-definiteness
of the dynamics. On the other hand mathematicians usually consider them via their action
on Weyl operators of a regular representation of the CCR, but disregard the generator apart
from its formal definition. We tried to get the best of both worlds by rigorously working with
a quadratic generator in a generalized GKSL form which produced the usual explicit action
on Weyl operators. We successfully linked some properties of gaussian QMSs with properties
of the parameters of the generator. This allows one to study a gaussian QMS just with linear
algebra tools. In particular our main results are: complete characterization of the irreducibility
of the QMSs,characterization of existance and uniqueness of a normal invariant state for the
QMS, explicit formulas for such invariant states.
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Markov Generators of Low Density Limit: the 2-Generic Case
R. Quezada [

We will describe the class of low density limit type (LDLT) Markov generator, discuss
the locally generic condition, the structure of invariant states in the 2-generic case and some
examples exhibiting the breaking of the similarity principle.
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Introduction. It is known (see [1]) that the limit properties of distribution of the sum
of random variables with values in the topological vector spaces can be described by limit
theorems. In particular, the law of large numbers describes the convergence in probability
of the sequence of averaged sum of independent identically distributed (iid) random vector
valued variables to the limit of the mean value of the sum. The central limit theorem gives the
conditions of the convergence in distribution for the sequence of averaged sum of iid random
vector valued variables to the Gaussian random vector.

We study the sequence of compositions of iid random variables with values in the Banach
algebra of bounded linear operators B(H) acting in the separable Hilbert space H. In the
commutative case of operators of an argument shift on a random vector the limit distribution
of averaged composition can be described by the limit theorems for the sum of vector valued
variables. Some results on the LLN and CLT for the averaged composition of independent
random matrices or linear operators was obtained in [2, 3, 4]. We obtain the analogs of LLN
and CLT for the sequence of compositions of iid random semigroups or B(H )-valued random
processes with non-commutative values.

Law of Large numbers for compositions of random semigroups. Let A;, j € N,
be the sequence of independent identically distributed random variables with the values in
Banach space of bounded linear operators B(H) in some Hilbert space H. We are studying the
asymptotic behavior of the probability distribution of the averaged random variables

S|=

A, = (A, o..0(A)n,

when n — oo. Here the fractional power of the operator is defined by means of spectral
decomposition for unitary or self-adjoin operator. The fractional power for the operator U(t)
belonging to the set of semigroup values {U(t), ¢t > 0} is defined according to its dynamical
sense: (U(t))= = U(L).

Let Y;(H) be the topological vector space of the maps [0, +00) — B(H) which is continuous
in the strong operator topology. The topology 7, of the space Y;(H) is generated by the family
of seminorms ®7,, 7' >0, v e H: ®7,(U) = sup [|[U(t)v||g, U €Y.

t€[0,T]

The random semigroup is defined as the measurable mapping U : Q — Y (H) of the

probability space (€2, .4, 1) into the measurable space (Yj, Bs) such that the values of this map

are Cy-semigroups. Here Bj is the Borel o-algebra of subsets of the topological space (Ys(H), 7s).

Theorem 1. Let A be the random variable with the values in the set of self-adjoint operators
in the space H and let U(t) = exp(iAt), t > 0, be the corresponding random semigroup. Let
D be the dense linear manifold of the space H such that [ [|A(w)ullgdu(w) < co V u € D. Let

Q

operator Au = [ A(w)udu(w), u € D be essentially self-adjoint. Let {U,} be the sequence
Q

of independent identically distributed random semigroups such that any of them has the same

9"Moscow Institute of Physics and Technology, Department of General Mathematics, Russia, Dolgoprudny.
Email: sakbaev.vzh@phystech.edu
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distributions. Then the sequence {U, o ... o Uy} of its compositions satisfies the LLN in the
strong operator topology:

1 1 1 1
lim [ sup P(||[(U; o...oU} —M[Ugp o...oU))z|lg >€)]=0 VrxeH, Ve>0.

00 te0,T]

Generalization weak convergence and convergence in distribution for composi-
tions of operator valued random processes. Let E be a Hilbert space. Let B(E) be a
Banach space of bounded linear operators in the space E endowed with some operator topol-
ogy. Let ca(B(E),B(B(E))) be a Banach space of Borel measure with bounded variation oh
the measurable space (B(F),B(B(E))). Let X be a locally convex space of complex valued
functions on the space E which is invariant with respect to argument shift on any vector of the
space E. Let L(X) be a locally convex space of linear operators acting in the space X.

Definition. A sequence of measures {p,} : N — ca(B(F), B(B(E))) converges L( X )-weakly
to the measure p € ca(B(FE), B(B(E))) if the sequence of operators {¥,, } where ¥, u(x) =
[ w(Az)du,(A), ue X, x € E, converges in the space £(X) to the operator ¥,: U, u(z) =
B(E)
[ w(Az)du(A), ue X, z € E.
B(E)

Definition. The sequence {&,} of random variables with values in the space B(FE) converges
in the distribution £(X)-weakly to the random variable ¢ if the sequence of Borel measures
{n}: pn(A) = P(&,1(A)), A € B(B(E)), n € N, converges L(X)-weakly to the measure p:
u(A) = P(E71(A)), 4 & B(B(E)).

Theorem 2. Let £(t), t > 0, be a random process with values in the space B(FE). Let {&,}
be a sequence of iid random processes such that any of them has the same distribution. Let
X be a Banach space of functions v : E — C such that for any ¢ > 0 the linear operator
u — F(t)u = M(u(&(t)-)) is satisfied on the space X. If the function F(¢), ¢ > 0, satisfies the
conditions of Chernoff theorem then the sequence of random processes {n,(t), ¢ > 0}, where
M(t) = &(L) o ... 0 & (L), converges in distribution with respect to the space (B(X), 7y0) to
the Markov random processes corresponding to the semigroup exp(F'(0)t), ¢t > 0.

Remark 1. The CLT for the sum of iid random vectors in Euclidean space R? gives the con-
vergence in distribution with respect to topological vector space Cy(R?) of bounded continuous
function endowed with the pointwise convergence topology.
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Exponential Stability for Port-Hamiltonian Systems
E. Sassd”|

MSC2000 codes: 82C10, 47D06, 46L.55

The decoherence-free subalgebra A/(7T) is the maximal sub-algebra where a open quantum
system, described by a uniformely continuous Quantum Markov Semigroup (QMS), behaves a
a closed system. Many information about the QMS can be deduced by the structure of it. In
particular, where N/ (7) is atomic, it induces a block diagonal representation for the generator
of the semigroup providing a natural decomposition of it. We extend this result by using
the decomposition of the decoherence-free subalgebra in direct integrals of factors, obtaining a
structure theorem for every uniformly continuous QMSs. Moreover we prove that, when there
exists a faithful normal invariant state, fN'(7) has to be atomic and decoherence takes place.
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Master equations in all orders of perturbation theory
with Bogolubov-van Hove scaling
A.E. Teretenkov [

Keywords: non-Markovian quantum dynamics; open system; master equation. (3-8 keywords
recommended)

MSC2010 codes: 81522, 81Q05, 81Q15

We consider the dynamics of the reduced density matrix for the spin-boson model in the
rotating wave approximation with the reservoir at zero temperature. We show that if one
considers the perturbation theory with Bogolubov-van Hove scaling, then the dynamics of the
perturbative part of the reduced density matrix is described by the Gorini — Kossakowski —
Sudarshan — Lindblad equation with constant coefficients. So, it is simpler than the usual
time-convolutionless master equation derived by usual perturbation methods (without time
scaling). We also show that the initial conditions for the exact reduced density matrix and for
its perturbative part generally do not coincide. Moreover, under certain resonance conditions
the initial condition for the asymptotic equation should be not a density matrix to provide the
given asymptotic precision outside the reservoir correlation time. The talk is based on [1], both
further details and references could be found here.
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Adiabatic control of quantum-mechanical systems
D. Turaev”]

Abstract. We show that a periodic emergence and destruction of an additional quantum
number leads to an exponential growth of energy of a quantum-mechanical system subject to a
slow cyclic variation of parameters. We also show how a state of a quantum-mechanical system
can be controlled by an arbitrarily slow variation of parameters.
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5. Further applications of semigroups
in mathematical physics

Lie-algebraic approach to one-dimensional
translationally invariant free-fermionic dissipative systems

L. R. Bakker" V.I. Yashin[®] D. V. Kurlo"], A. K. Fedorov”], V. Gritsev['"|

Keywords: condensed matter; fermionic systems; open quantum dynamics; Lie algebras.
MSC2010 codes: 81Q80, 17B81, 47D06

Translationally-invariant quadratic fermionic chain.

Let us consider the one-dimensional translationally-invariant quadratic fermionic chains
with dissipation. The Markovian evolution of open quantum systems is described by the GKSL
equation [3]

dp

dt
where p is the density matrix, H is the Hamiltonian, D is the dissipator, and L is the Liouvillian
superoperator. The most generic Hamiltonian for the case we are interested in is

H=- Z Z (tnc;chFn + TnCiCitn + HC) — U Z C;Cj, (2)
7 J

n>1

—i[H, p] + D p] = Lp. (1)

where ¢; and c} are fermionic annihilation and creation operators, p is the chemical poten-
tial, and the complex parameters ¢, and -, are the hopping and p-wave pairing amplitudes,
correspondingly. The dissipator has the form

Dlpl =) (LJPL; - % {L;Lj, P}) L= (jencn +vjach) (3)

J n

where u, and v, are arbitrary functions. We assume that all parameters can be time dependent.
Due to translational invariance, under the periodic boundary conditions the generator of
time evolution in momentum space reads as

L= Li Lp=—ilHyp]+Dlo], (4)

keBZ

where the summation is over momenta inside the Brillouin zone, —7 < k < 7. The Hamiltonian
and the dissipator for each momentum mode are of the form

Hy = — (fkczck +ilcl el — Z-Akckcfk) ; (5)
P i
Dy [p] = LrpLy, — 9 {LkLka P} o Ly = ukcr +vrey, (6)
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where &, and A, are functions of «,, and ~,, whereas u; and v, are the Fourier components of
u, and v,. All £ commute with each other, and the equation (1) can be solved separately for
each momentum k.

Lie-algebra of superoperators.
Note that the £ consists of the following superoperators

1 1
X1,3P = (nﬁ:k - 5) P, X2,4P =p (nﬁ:k - 5) )

Xsp=clcp, Xep=pepc,

X7p=c_gckp, Xgp=pc_icC,

Xop=cipcf, Xip=cpcly, (7
Xi1p=cppc_y, Xp=c,pd,

Xi3p = c_ppc, Xup=clpc,,

X15P:CT_kPka, Xlﬁpzczpck-

One can easily check that these superoperators forms a finite-dimensional Lie algebra with
respect to composition, therefore, we can solve the equation for each k using the selebrated
Wei-Norman method [1]. In fact, and this Lie algebra is equivalent to u(1) @ sl(4,C), where
the element of the radical u(1) is X7 — Xo — X3 + Xj.

Therefore, linear operator equation (1) can be replaced by a system of nonlinear scalar
equations with the help of the celebrated Wei-Norman method [1]. In our case, one obtains the
system of 16 coupled Riccati equations [2].

Liouvillian spectrum and the closure of dissipative gap.

It can be shown that the spectrum of £, contains 16 eigenvalues, which can be found
explicitely. There always exists a zero eigenvalue corresponding to the steady state solution.
The dissipative gap Ay of the Liouvillian is the maximal negative number from the real parts of
the eigenvalues. Dissipative gap is an important quantity since it’s closure signals a dissipative
phase transition. It was found that for the model with parameters

“+o00
2 cos kn
kaMJFE TR Lj:\@(CH‘C;) (8)
n=1

the dissipative gap behaves as Ay ~ —4?”|k|. This linear in momentum behaviour resembles
the situation at the point of a continuous phase transition in closed (non-dissipative) systems,
where a conformal field theory description is available. The presence of a linear mode in the
dissipative system (8) may indicate that it is possible to construct a (non-unitary) conformal
field theory describing the system at the point of a dissipative phase transition.
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of Education, Culture and Science (OCW). The results of D.V.K. and V.IY. on the application
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Analog of the Cauchy problem for a loaded equation of the second order
U. Baltaeva'"", N. Vaisova' "9, I. Abdukarimov"|

Let

Dy ={(z,y): 0 <z <400, 0<y<+o0},
Dy ={(z,y): —co<z<0, 0<y< 400},
J=A{(z,y): =0, 0<y<+oo},

D =D, UJUDs,.
We consider the following linear loaded [1] integro-differential equation.

uwz+a1uz+b1uy+clu_ Zmz([L',y)DSZU(I,y) Dla
0= = n (1)
Ugg — Uyy + Aty + botty + cou — - ni(w, y) DSiu(0, y) D,,
=1
where ay,bg,cx (K = 1,2) real numbers, moreover b; < 0, Dg‘; ( Df;) is the Riemann-Liouville
fractional integral operator of order «; (5;), if f € L(a,b), (a < b < +00) for a function f(y),
fractional operator of order «; < 0(f3; < 0), is defined as

D <y>fsg” / COs @,y e (ab).
0

The function D, f(y) is defined almost everywhere on (a,b) and belongs to the class L(a,b).
DY, fy) = f(y), at a; = 0, and we assume that functions a;(x,y), bi(z,y) are continuously
differentiable by Holder into the closure D of the domain D, where ¢ = const > 0 is given real
parameter. In this work, we will study the Cauchy problem in the domain D.

Cauchy problem. Find a a function u(zx,y), satisfying the following conditions:

1) u(z,y) is continuous in D;(i = 1,2);

2) partial derivatives u, and u, are continuous in D; U J(i = 1, 2);

3) u(z,y) is a regular solution of Equation (1) in the domains D;(i = 1,2)

4) the gluing conditions

n(y) = p(y)r(y) +7(y),

vi(y) = Bly)valy) +6(y)ma(y) + (),
are satisfied on J, where u(y), 5(y )
1Y), 1) € C2 B(y). 3(y),£(y) €

Tl(y) = U(—|—07 y)’ TZ(y) = U,(—07 y)a
V1<y) - u$(+07 y)7 VQ(y) - u$(_07y)7
5) u(x,y) satisfies the conditions

Y(y), 6(y),&(y) are given real-valued functions such that,
, and for any y € J, u(y)B(y) # 0, and

,_.\.

u(z,0) = p1(x), 0<z<+4o00,

u(z,0) = o(x), —oo<x<0,
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uy(z,0) =9¢(z), —oo<z<O0,

where ¢1, @, 1 are given real-valued functions such that functions ¢, ¢, € C?,9 € C*' moreover
©1(0) = B(0)¢2(0) +~(0),

#1(0) = B(0)¢5(0) + 6(0)p2(0) + £(0).

Theorem 1. 1 gr(x), palr) € C%, 0(x) € €', and g1(0) = B(O0)pa(0) + 4(0), £ (0) =
£(0)¢5(0) +0(0)p2(0) +£(0), then there exists a unique solution to the problem Cauchy in the
domain D.

The unique solvability of the problem is proved using the theory of integral equations [2].
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Stochastic solutions of generalized time-fractional evolution equations
Y. A. Butko['"| C. Bender['']]

Keywords: time-fractional evolution equations, fractional calculus, randomly scaled Lévy pro-
cesses, linear fractional Lévy motion, generalized grey Brownian motion, inverse subordinators, Saigo-
Maeda generalized fractional operators, Appell functions, three parameter Mittag-Leffler function,
Feynman-Kac formulae, anomalous diffusion

MSC2020 codes: 35R11, 35510, 45D05, 45K05, 60G18, 60G22,60G51, 60G52, 60H30

We consider a general class of integro-differential evolution equations which includes the
governing equation of the generalized grey Brownian motion and the time- and space-fractional
heat equation:

u(t, x) = uo(r) + /Ot k(t,s)Lu(s,x)ds, t>0, zeR% (1)

where L is a pseudo-differential operator associated to a Lévy process and k(¢,s), 0 < s <t <
00, is a general kernel.

We present a general relation between the parameters of the equation and the distribu-
tion of any stochastic process, which provides a stochastic solution of Feynman-Kac type.
More precisely, we derive a series representation in terms of the time kernel k and the symbol
—1) of the pseudodifferential operator L for the characteristic function of the one-dimensional
marginals of any stochastic solution. We explain how this series simplifies in the important case
of homogeneous kernels which includes the kernel k(t,s) = (t — 5)?~!/I'(3) for time-fractional
evolution equations and, more generally, kernels corresponding to Saigo-Maeda fractional diffin-
tegration operators. The connection between Saigo-Maeda fractional diffintegration operators
and positive random variables with Laplace transform given by Prabhakar’s three parameter
generalization of the Mittag-Lefler function is established. These results yield a stochastic rep-
resentation for (1) with a Saigo-Maeda kernel in terms of a randomly slowed down Lévy process
(Y48 )10, where Y is a Lévy process with infinitesimal generator L, A is an independent ran-
dom variable with Laplace transform given by the three-parameter Mittag-Lefler function, and
S corresponds to the degree of homogeneity of the kernel. If Y has a stable distribution (e.g., in
the case of a symmetric fractional Laplacian in space), the randomly slowed down Lévy process
can be replaced by a randomly scaled linear fractional stable motion, providing a stochastic
solution in terms of a self-similar process with stationary increments.
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Order structures and semigroups of isotone resolving operators
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Keywords: nonlinear problems of mathematical physics; semigroups of operators; isotone opera-
tor; operator lattice.

MSC2010 codes: 47HO7, 47H20, 45K05

Order structures naturally arise in the study of various problems in mathematical physics.
Ordered functional spaces with the order relation generated by the cone of nonnegative functions
[1-3] can be used to study problems of mathematical physics, solutions of which are nonnegative
in their physical meaning (theory of diffusion processes, theory of heat transfer, theory of
neutron and radiation transfer, kinetic theory of gases). It should be noted here, in particular,
the classical results of the mathematical theory of nuclear reactors [4,5].

We consider in the work some classes of nonlinear boundary value and initial boundary
value problems for systems of integro-differential equations of the theory of radiation transfer,
the theory of neutrino transport, the theory of diffusion and heat transfer. For these problems,
questions of correctness were studied using the Tarski theorem on fixed points of isotone oper-
ators acting in complete lattices [6]. The order properties of semigroups of resolving operators
acting in complete and conditionally complete lattices are studied, on the basis of which the
problems of order and metric stabilization of solutions of the corresponding nonlinear problems
are investigated [7-10].
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Inverse problem for Sobolev type equation of the second order
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Introduction. Let U, F,) be Banach spaces, operators By, By € Cl(U; F), A € L(U;F),

kerA # {0}, C € L(U;D), the functions x : [0,T] — L(V;F), f:[0,T] = F, ¥ :[0,T] — ).
Consider the following problem

AV'(t) = Biv'(t) + Bov(t) + x(t)q(t) + f(t), t€0,T7, (1)
v(0) = vy, v'(0) = vy, (2)
Cu(t) = W(t). (3)

The problem of finding a pair of functions v(t) € C?([0,T];U) and q(t) € C*([0,T];Y) from
relations (1) — (3) is called the inverse problem.

Existence of solutions. Let the pencil B = (Bo, B1) be polynomially A-bounded and
condition

/ RA(B)du = 0, (A)

where v = {u € C: |u| = r > a}, be fulfilled, then v(t) = Pv(t) + (I — P)v(t) = u(t) + w(t).
Here P is the relatively spectral projector in U. Put U° = ker P, U' = im P. Suppose that
U° C ker C. Then, by virtue of [3], problem (1) — (3) is equivalent to the problem of finding
the functions u € C%([0, T|;U'), w € C*([0,T};U°), ¢ € C'([0,T]; V) from the relations

u'(t) = Suw/(8) + Soul(t) + (A1) 7 Qx(t)a(t) + (A) T Qf (1), (4)

w(0) = ug, u'(0) = uy, (5)
Cu(t) = ¥(t) = Cu(t), (6)
How"(t) = Hiw'(t) +w(t) + (By) (T — Q)x(H)a(t) + (By) (T — Q) f (1), (7)
w(0) = wo, w'(0) = w, (8)

where S; = (AN)7!'B{, Sy = (AY)7'B}, up = on,u1 = Pvy, wyp = (I = P)vg, wy = (I — P)uy,
Hy = (BY)™*A° H, = (BY)™'BY, t € [0,T].

Theorem 1. Let the pencil B be polynomially A-bounded and condition (A) be fulfilled,
moreover, the oo be a pole of order p € Ny of the A-resolvent of the pencil g, U° C ker C,
x € CPT2([0,T); L(YV; F)), f € CP2([0,T]; F), ¥ € CP™([0,T];Y), for any t € [0,T] operator
C(AY)™LQx be invertible, with (C(A)~1Qx) " € CP*2(|0, T]; £()) the condition Cuy = W'(0)
be satisfied at some initial value v; € U', and the initial values wy = (I — P)uvy € U° satisfy

p itk
—ZKﬁBS)_lZ;k (I—Q)(x(0)q(0) + £(0))|, k=0,1

11580uth Ural State University, Department of Applied Mathematics and Programming, Russia, Chelyabinsk.
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Then there exists a unique solution (v, q) of inverse problem (1) — (3), where ¢ € C?™2([0,T]; ),
v = u + w, whence v € C?*([0,T];U') is a solution of (4) — (6) and the function
w € C?([0,T];U°) is a solution of (7) — (8) given by

Z KB [T - Q)uhatt) + £1)]

Applications. Let 2 C R” be a bounded domain with a boundary 0f2 of class C*°. In the
cylinder © x [0; 7] consider the Boussinesq — Love equation

A — Ay = (A = N)vg + B(A = N v+ fq, (9)
with initial conditions
v(w,0) = vo(w), vi(z,0) = vi(7), (10)
boundary condition
v(x,t)|an =0 (11)

and overdetermination condition

/ o(, ) K (2)dz = B(2), (12)

Q

where K (z) is a given function in Lo(€2) and f(z,t) = x(¢).

Equation (9) describes the longitudinal vibration in the elastic rod, taking into account the
inertia and under external load. Conditions (10) set the initial displacement and initial speed,
respectively, and (11) sets the value at the boundaries. The overdetermination condition (12)
arises when, in addition to finding the function u, one needs to restore part of external load
g. Problem (9) — (12) can be reduced to the second-order Sobolev type equation (1) with
conditions (2), (3).

Theorem 2. Let one of the conditions

A o(A) or (A€ a(A))AN=N)ANZ£N)

be fulfilled. Moreover, K, wug, u; € L{ f e C¥[0,T; LY; F)), & € CY[0,T);)),

> <f t) K> 0, the condition f v (z)K(x)de = ®'(0) be satisfied at some initial value
ANk
v1 € U, and the initial values w;, = (]I — P)vk € U° satisfy

f(-,0)q(0)

< v B0 — )\H),gpk>:0f0rk::)\k:/\,
fi(-,0)(0) + f (-, 0)¢'(0)
< v+ ﬁ()\k—/\”) ,(,Ok>20f07’]€2)\k:)\.
Then there exists a unique solution (v, ¢) of inverse problem (9) — (12), where ¢ € C?([0,T]; )),
v = u + w, whence u € C?*([0,T];U") is the solution of (4) — (6) and the function
w € C*([0,T];U°) is a solution of (7), (8) given by
w(t) = — < o Pe > Pk
A=A BAk = A)

Computational experiment. Let

A=—1, N=-1,N'=-2 a=2 8=-2¢c=4 T=1,l=m,
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f(x,t) = cos(z), vo(x)=sin(2z), vi(z)=sin(2x), K(z) = cos(z), F(t)= %sin(t).

Consequently, the Boussinesq — Love equation (9) takes the form
(=1 = A)vy = 2(A + 1)vy — 2(A + 2)v + cos(x)q(t),
conditions (10) have the form
v(x,0) = sin(2zx), v(z,0) = sin(2z),

and the overdetermination condition

1 .
/v(m,t) cos(z)dxr = 3 sin(t).

0

Therefore, all conditions of Theorem 2 are satisfied. The function ¢ was obtained by the method
of successive approximations.

(3+f)t

(—24v/21 + 56)e 3 + (24v/21 + 56)e-

217

o(t) = — 168 sin(t) .

It is an approximate solution of the problem posed, reaching admissible error 1.944964447 < ¢
at the first approximation step.

Further, the required function v(z,t) was found using the algorithms developed for the
direct problem [2]

v(x,t) =

VT 8573 25573

2¢! /21
+—f€ - | —63cosh [ —-— | (—17857% + 5440t + 2688)+
22491072 3

V2 sin(v4z) (64\/§ cos(t) , 224v2sin(t)

/21
+2sinh (%) V21(160657 + 19040t — 1728))) .
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High order heat-type equations
and random walks on the complex plane
S. Mazzucchi]

The celebrated Feynman-Kac formula for the solution of the heat equation is the first (and
most famous) example of an extensively developed theory connecting stochastic processes with
the solution of parabolic equations associated to second order elliptic operators. However, this
theory cannot be applied to higher order PDEs such as, for instance, high-order heat type
equations of the form:

0 oN
&u(t,x) = aax—Nu(t,x), (1)
u(0, ) = f(x),

where t € RT,z € R,a € R and N € N, N > 2. In fact, the lack of a maximum principle for
Eq. (1) forbids a probabilistic representation of its solution of the form

u(t, z) = E[f(z + X4)],

in terms of the expectation with respect to the distribution of a real valued stochastic process
{X:i}ier+. This problem has been extensively studied, e.g. by Krylov (1960), Hochberg(1978),
Funaki (1979), Burzdy (1995), Orsingher (1999), Levin and Lyons (2009).

Recently an alternative technique has been proposed in [1]. A sequence {WN(¢)} of scaled
random walks on the complex plane is constructed as

[nt]
1
W (t) = — > & (2)
j=1

where {{;},en are independent identically distributed complex random variables, uniformly
distributed on the set of N — th roots of unit. If N > 2, the particular scaling exponent 1/N
appearing in (2) does not allow the weak convergence of W (t). Nevertheless, the expectation
of particular functionals admit a limit for n — oo, in particular the following result holds

i Efexp(iAT7(1))] = exp (%m) (3)

and allows to interpret in a weak sense the limit of W (¢) as an N-stable random variable. The
convergence in Eq. (3) allows the proof of the following probabilistic representation formula for
the solution of (1)

u(t,z) = lim E[f(z+ WY (D))

n—-+o0o

for a suitable class of analytic initial data f.
The talk will provide an overview of these results.
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On L' asymptotics of collisionless transport semigroups

with stochastic boundary operators
M. Mokhtar-Kharroubi™]

This work deals with collisionless transport equations in bounded open domains 2 C R?
with C' boundary 99, a velocity measure m(dv) with support V' C R? and a stochastic (i.e.
mass-preserving on the positive cone) boundary operator H relating the outgoing and incoming
fluxes. Such equations are governed by stochastic Cy-semigroups (Ug(t))i>0 on L'(Q x V,dx ®
m(dv)). Under very natural assumptions, we show that if an invariant density exists then
(Ur (t))s>0 converges strongly (not simply in Cesard means) to its ergodic projection. We show
also that if no invariant density exists then (Ug(t)):>o is sweeping in the sense that, for any
density ¢, the total mass of Uy (t)¢ concentrates near suitable sets of zero measure as ¢t — +00.
Finally, we show a general weak compactness theorem of interest for the existence of invariant
densities; this theorem is based on several results on smoothness and transversality of the
dynamical flow associated to (Ug(t)):>0.
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An operational construction
of the sum of two non-commuting observables in quantum theory
and related constructions
V. Moretti'"] (joint work N. Drago and S. Mazzucchi)

Keywords: Quantum Theory; Spectral Theory; Trotter Formula; Jordan Product; Feynman In-
tegral

MSC2010 codes: 81Q10, 46N50, 46T12, 81540

Introduction. The existence of a real linear-space structure on the set of observables
of a quantum system — i.e., the requirement that the linear combination of two generally
non-commuting observables A, B is an observable as well — is a fundamental postulate of the
quantum theory yet before introducing any structure of algebra. However, it is by no means
clear how to choose the measuring instrument of a general observable of the form aA + bB
(a,b € R) if such measuring instruments are given for the addends observables A and B when
they are incompatible observables. A mathematical version of this dilemma is how to construct
the spectral measure of f(aA + bB) out of the spectral measures of A and B. We present such
a construction with a formula which is valid for general unbounded selfadjoint operators A and
B, whose spectral measures may not commute, and a wide class of functions f : R — C:

N—+4oc0 N
n=1

N
_ 1
f(aA+DB) =s lim f <— > (ad, + b,an)) dP\Vap® ... apMap® . (3)
R2N

The proof relies essentially on the Lie-Trotter-Kato formula. In the bounded case, we prove
that the non associative Jordan product

Ao B := %(AB + BA)
of A and B (and suitably symmetrized polynomials of A and B) can be constructed with the

same procedure out of the spectral measures of A and B.

N N
. An Pin (4) ;(B) (4) 1 p(B)
Ao B =s- Nl_lgrloo . ( E N) <n§:1 W) dP)\l de ’ "dPAN dPuN J (4)

n=1

Formula turns out to have an interesting operational interpretation and, in particular cases,
a nice interplay with the theory of Feynman path integration and the Feynman-Kac formula.
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Pointwise convergence of integral kernels for Feynman-Trotter path integrals
S.I. Trapassd'™)

Keywords: Feynman path integrals; Trotter formula; pointwise convergence; time-frequency anal-
ysis.

MSC2010 codes: 81540, 81S30, 35505, 42B35, 47L10

This contribution is based on joint work with F. Nicola (Polytechnic University of Turin).

Introduction. The Feynman path integral formulation of quantum mechanics is universally
recognized as a milestone of modern theoretical physics. Roughly speaking, the core principle of
this picture provides that the integral kernel of the time-evolution operator shall be expressed
as a “sum over all possible histories of the system”. This phrase entails a sort of integral on
the infinite-dimensional space of suitable paths, to be interpreted in some sense as the limit of
a finite-dimensional short-time approximation procedure. In spite of the suggestive heuristic
insight, the quest for a rigorous theory of Feynman path integrals is far from over, as evidenced
by the wide variety of mathematical approaches developed over the last seventy years - cf. [1]
and the references therein for a broad introductory account.

Lagrangian formulation via the Trotter formula. Among the several proposed frame-
works, the closest one to Feynman’s original intuition is probably the time-slicing approximation
due to E. Nelson [4]. In short, if U(t) is the Schrodinger time evolution operator with Hamil-
tonian H = Hy + V (free particle plus a suitable potential perturbation), then the Trotter
product formula holds for all f € L?(R%):

U)f = e HH = lim By(0)f,  Ba(t) = (e Fifoe i)
n—o0

Integral representations for the approximate propagators E,(t) can be derived, so that the

Trotter formula allows one to give a precise meaning to path integrals by means of a sequence

of integral operators.

The problem of pointwise convergence. Notwithstanding the convergence results in
suitable operator topologies, a closer inspection of Feynman’s writings suggests that his original
intuition underlay the much more difficult and widely open problem of the pointwise convergence
of the integral kernels of the approximation operators E,, () to that of U(t). In the recent paper
[5] we addressed this problem by means of function spaces and techniques arising in the context
of time-frequency analysis. The toolkit of Gabor analysis has been fruitfully applied to the study
of path integrals only in recent times, leading to promising outcomes [6,7,8].

Main results. With reference to the notation above, we consider a setting where Hj is
the Weyl quantization of a real quadratic form, hence covering fundamental examples such as
the free particle or the harmonic oscillator. In addition, we introduce a bounded potential
perturbation V' whose regularity is characterized in terms of the decay in phase space of its
windowed Fourier transform (such levels of regularity are encoded by the so-called modulation
spaces). This setting covers, and in fact extends, a case that is often met in the literature
on mathematical path integrals - namely, the harmonic oscillator plus a bounded perturbation
which is the Fourier transform of a complex (finite) measure (see for instance the pioneering
works by K. Itd6 and the line of research developed by S. Albeverio, R. Hgegh-Krohn and
S. Mazzucchi).

We exploit techniques of Gabor analysis of pseudodifferential operators to prove that the
problem of pointwise convergence has a positive answer under the previous assumptions. Pre-
cisely, we prove stronger convergence results which imply uniform convergence on compact
subsets for the integral kernels in the Trotter formula.
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salvatoreivan.trapasso@unige.it

129



tA
International Online Conference “One-Parameter Semigroups of Operators 2021” W

\

Our results hold for any fixed value of ¢t € R\ &, where € is a discrete set of exceptional times
- in that case the integral kernels are genuine distributions. In the recent contribution [2| we
characterized the properties of such distribution kernels (precisely, they are “mild distributions”
in the sense of Feichtinger’s Banach-Gelfand fundamental triple of harmonic analysis, cf. e.g.
[3]) and we derived weaker convergence results in the sense of modulation spaces even for ¢t € €.
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Optimal control problem for linear Sobolev type mathematical models
O. N. Tsyplenkova[?]| A. A. Zamyshlyaeva[?? N. A. Manakova[>]|

Keywords: Sobolev type equations; strong solutions; optimal control; phase space.
MSC2010 codes: 35K70, 49K20

The report presents a review of the work of the Chelyabinsk mathematical school on Sobolev
type equations in studying the optimal control problems for linear Sobolev type models with ini-
tial Cauchy (Showalter—Sidorov) conditions or initial-final conditions. To identify the nonempti-
ness of the set of solutions to the control problem we use the phase space method, which has
already proved itself in solving Sobolev type equations. The method reduces the singular equa-
tion to a regular one defined on some subspace of the original space and applies the theory
of degenerate (semi)groups of operators to the case of relatively bounded, sectorial and radial
operators. Here mathematical models are reduced to initial (initial-final) problems for an ab-
stract Sobolev type equation. Abstract results are applied to the study of control problems
for the Barenblatt—Zheltov—Kochina mathematical model, which describes fluid filtration in
a fractured-porous medium, the Hoff model on a graph simulating the dynamics of I-beam
bulging in a construction, and the Boussinesq—Léve model describing longitudinal vibrations
in a thin elastic rod, taking into account inertia and under external load, or the propagation of
waves in shallow water. The mathematical models under consideration belong to a wide class
of Sobolev type models (i.e., models based on Sobolev type equations).

The mentioned mathematical models with one or another initial (initial-final) conditions in
suitable Hilbert spaces can be reduced to the corresponding problems for a linear Sobolev type
equation

Az™ = Bx + y + Cu, (1)

where operators A € L(X;9)), B € Cl(X;9), C € L(¢;Y) functions u : T =4 y: T =P (T C
R), and X,92), 4 are Hilbert spaces. To select the only process under study, the mathematical
models under consideration and their abstract interpretation (1) are supplemented by one of
the following conditions:

— the Cauchy conditions

2™ (0) =z, m=0,...n—1, (2)
— the Showalter—Sidorov conditions
P(x(m)(O)—xm) =0, m=0,...,n—1, (3)
— the initial-final conditions
P, (a;(m)(O) — ) =0, Py, (x(m)(T) —]) =0, m=0,..,n—1, (4)

where P, P,,, Py;, are some spectral projectors in the space X. Condition (4) differs from the
initial conditions in that one projection of the solution is specified at the initial moment of time,
and the other at the final moment of the considered time interval. The initial-final condition
is a generalization of the Showalter—Sidorov condition, which in turn is a generalization of the
classical Cauchy condition. As it is well known, the Cauchy problem for the Sobolev type
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equation (1) (in case ker A # {0}) is not solvable for arbitrary initial values x,,. To overcome
this difficulty, G.A. Sviridyuk proposed the phase space method. The foundations of this
concept were laid down in [1]. Another approach to overcome the difficulties associated with
non-existence of the solution to (1), (2) is to consider the initial Showalter—Sidorov condition
(3) and a more general initial-final condition (4) instead of the initial Cauchy condition (2). We
are interested in solving the optimal control problem, which consists in finding a pair (z, ),
for which the relation

J(z,0) = (x,ugaleriuad J(z,u), (5)
holds. Here the pairs (z,u) satisfy the Cauchy problem (1), (2) or the Showalter—Sidorov
problem (1), (3), or the initial-final problem (1), (4) and J(z,u) is some specially constructed
quality functional, 4 is some closed and convex set in the control space il.

The report provides an overview of the results developed in the framework of the direction
headed by G.A. Sviridyuk on the optimal control of the solutions to the initial-final problem and,
in particular, the Showalter—Sidorov and Cauchy problems for linear Sobolev type equations.
The first who began to study the controllability problems and the optimal control problem for
linear Sobolev type equations with the Cauchy condition were G.A. Sviridyuk and A.A. Efremov
[2]. In these papers, the optimal control problem with a quadratic quality functional was studied
in case n = 1 with (A, p)-bounded or (A, p)-sectorial operator B and the Cauchy condition, the
necessary and sufficient conditions for the existence and uniqueness of a solution were obtained.
G.A. Sviridyuk suggested moving from considering the classical solution x € C'(J; X) of (1),
(2) to the strong solution z € HP*(X) of this problem, which allowed to set the optimal control
problem (1), (2), (5) and to use the technique of Hilbert spaces for its research. These studies
formed the basis of a number of works by G.A. Sviridyuk’s disciples and followers on the study
of optimal control problems for linear Sobolev type equations based on the theory of degenerate
resolving (semi)groups of operators. When considering the classical Cauchy condition, due to
the degeneracy of the equation, it was necessary [1-2| to reconcile the initial data with the
control action. Then G.A. Sviridyuk suggested an idea to use more general initial Showalter—
Sidorov condition (initial-final condition), which made it possible to remove the restriction on
the set of optimal controls and opened the way to a whole class of problems on this subject.
In [3] the necessary and sufficient conditions for the existence and uniqueness of the solution of
optimal control problems for high-order Sobolev type equations with an initial-finite condition
were obtained. The ideas and methods developed by G.A. Sviridyuk and A.A. Efremov on
controllability of linear abstract Sobolev type equation opened the way to the study of more
general controllability problems.
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6. Related topics

Lefschetz trace formula on stratified spaces
J. A. Alvarez Lépe, C.L. Franc

Keywords: stratified space; Lefschetz trace formula; Witten’s deformation.
MSC2010 codes: 58A14, 32560

We show a version of the Lefschetz trace formula for stratified maps between stratified spaces
with isolated singularities, using the intersection homology. It is different from the version of
that formula shown by Goresky and McPherson. Our main technical tool is a version of the
Witten’s deformation of the de Rham complex, involving the Dunkl harmonic oscillator.
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On the Liouville and strong Liouville properties

for a class of non-local operators
D. Bergeif®] R. L. Schilling™|

Keywords: Characteristic exponent; Lévy generator; Liouville property; strong Liouville property.
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Introduction. A C?-function f : R® — R is called harmonic, if Af = 0 for the Laplace
Operator A. It is kown that any bounded harmonic function is constant. Often it is helpful to
understand A f as a Schwartz distribution in D’'(R") and to re-formulate the Liouville problem
in the following way: The operator A enjoys the Liouville property if

feL®R") and Vo € C(R") : (Af,0) = (f,A¢p) =0 = f = const (1)

holds; (-,-) denotes the (real) dual pairing used in the theory of distributions. An excellent
account on the history and the importance of the Liouville property can be found in the paper
[1] by Alibaud et al. If the condition ‘f € L>*(R™)" in (1) can be replaced by ‘f > 0’, we speak
of the strong Liouville property. In this talk we prove a necessary and sufficient condition
for the Liouville and strong Liouville properties of the infinitesimal generator of a Lévy process
and subordinate Lévy processes. The talk is based on the preprint [2].

Main result. A Lévy process is a stochastic process with independent, stationary in-
crements and right-continuous paths with finite left-hand limits. It is well-known that the
infinitesimal generator L, of a Lévy process is a pseudo-differential operator

Lou(€) = —(©)a(€), ue SR

where 4(§) = (21)™" [z, e”“"u(z) dx is the Fourier transform and S(R") is the Schwartz
space of rapidly decreasing smooth functions. The symbol ) : R” — C is a continuous
and negative definite function which is uniquely characterized by its Lévy—Khintchine
representation

WO = =ibe gt 506 €+ [ (1= e i€ aln(a)) vido)
R\{0}

where b € R", @ € R™™ (a positive semidefinite matrix) and v (a Radon measure on R" \ {0}
such that fR”\{O} min{|z|?, 1} v(dz) < oo) uniquely describe ). Our main result states the
following:

Theorem 1. Let Ly be the generator of a Lévy process with symbol 1. The operator L,
has the Liouville property if, and only if, the zero-set of the symbol satisfies {¢) = 0} = {0}.
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Introduction. Let 2 C R" be a domain with the boundary 02 of class C* and T" € R,.
In the cylinder C' = Q x (0,7, consider the modified Boussinesq equation

A=Ay —*Au+u® =0, (z,t) €Qx(0,7) (1)
with Dirichlet boundary condition
u(z,t) =0, (x,t)€0Qx(0,T) (2)
and Cauchy conditions
w(z,0) = up(x), w(x,0)=u(z), =€, (3)

where A\,a € R. The equation has many applications in various fields of natural science.
For example, it simulates wave propagation in shallow water, taking into account capillary
effects. In this case, the function v = u(z,t) determines the wave height. In monograph [1] a
linear mathematical model of wave propagation in shallow water is constructed. A (modified)
mathematical model of wave propagation in shallow water in a one-dimensional region was
investigated in 2] and a soliton solution of equation (1) was obtained. The existence of a
unique global solution to the Cauchy problem for equation (1) was proved [3| for A =1, = 1.
In [4], a similar solution was obtained for describing the interaction of shock waves. In all
the works listed above, an essential condition is the continuous invertibility of the operator
at the highest derivative with respect to t. However, the operator A — A can be degenerate.
Equations that are not solvable with respect to the highest time derivative, according to [5] are
called Sobolev type equations.
Using the theory of p-bounded operators developed by G.A. Sviridyuk and his disciples |6,
7], it was shown in [8] that in appropriately chosen spaces the problem (1)—(3) can be reduced
to the initial value problem
u(0) = ug, u(0) =1y (4)

for an abstract semilinear second-order Sobolev type equation
Lii— Mu+ N(u) =0, (5)

where wu, 1 are the first and the second derivatives with respect to t, L = A — A, M =
oA, N(u) = u3. Then, using the phase space method, a theorem on the existence of a unique
local solution was proved.

Definition 1. The set B is called the phase space of equation (5) if
1) for any (ug,u1) € TP (TP is the tangent bundle of B) there is a unique solution to problem
(4), (5);
2) any solution u = u(t) of equation (5) lies in P as a trajectory.
Moreover, the notation (ug,u1) € T, should be understood as uy € P and u; € T,,,B.
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Let ker L # {0} and the operator M be (L, 0) bounded, then, by the splitting theorem [7],
equation (7) can be reduced to an equivalent system of equations

{ 0= (I— Q)(M+ N)(u),
i' = L Q(M + N)(u),

where u! = Pu, P is some projector along ker L. Then the phase space 8 of equation (5) is
the set [§]

P={ueci: T-Q)(M+ N)(u)=0}.

It was also noted that in the case of monotonicity of the operator N, the phase space would be
a simple manifold.

Main result. Let us formulate and prove a theorem that answers the question on how to
find a solution to (1) — (3).
Let the operator L : H'(Q) — H~*(Q) be given by formula

(Lu,v) = /(VUVU + Auv)dzx.
0

Denote B = L*(Q) N H}(Q2) and D = H*(Q) N coim L (where coim L = H'(Q) © ker L).

In addition, define spaces of distributions (functions with values in a Banach space)
L>(0,T; B) and L>(0,T; L*(€2)). Construct the conjugate spaces using the Dunford — Pet-
tis theorem: (L>(0,T; B))* ~ L*(0,T; L3(Q) U H1(Q)) and (L>=(0,T; D))* ~ L*(0,T; D*).

Let A\x be the eigenvalues of the homogeneous Dirichlet problem (2) for the Laplace operator,
numbered nonincreasingly taking into account their multiplicity, and ¢, be the corresponding
eigenfunctions. Note that the linear span of {¢1,pa,..., ¢} for m — oo is dense in B and
orthonormal (in the sense of the inner product in L?(Q2)).

Theorem 1. Let A € [A1,+00), up € B and uy € D and (ug,u1) € T,,,'B. Then there exists
a solution u = u(z,t) to problem (1)—(3) such that u € L>(0,7; B) and @ € L*>(0,T; D).

Theorem 2. Under the conditions of Theorem 1 and € being such that embedding H'(Q2) C
L*(€) is compact, the solution to problem (1)—(3) is unique.
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In the present work we focus on the abstract setting of coupled Cauchy problems, where one

of the sub-problems provides a extra condition, of boundary type, to the other. We consider
equations of the form:

u(t) = Au(t) fort >0, wu(0)=uy€FE,

0(t) = Bu(t) fort>0, v(0)=1vy€F,
v(t) for t > 0,

~
g

=
Il

where E and F' are Banach spaces over the complex field C, A and B are (unbounded) linear
operators on E and F, respectively. The coupling of the two problems involves the unbounded
linear operator L acting between F and F. Moreover, the coupling is such that one of the
problems prescribes a “boundary type” extra condition for the other one.

In order to give an approximate solution to this problem, we study operator splitting meth-
ods. The theory of one-sided coupled operator matrices (see [1], [3], [4]) provides an excellent
framework to study the well-posedness of such problems. We show that with this machinery
even operator splitting methods can be treated conveniently and rather efficiently. We consider
three specific examples: the Lie (sequential), the Strang, and the weighted splitting, and prove
the convergence of these methods along with error bounds under fairly general assumptions.
Simple numerical examples show that the obtained theoretical bounds can be computationally
realised.

The talk is based on the joint work [2]| with B. Farkas and M. Ehrhardt (Wuppertal).

Acknowledgment. Supported by the UNKP-20-5 New National Excellence Program of the
Ministry for Innovation and Technology from the source of the National Research, Development
and Innovation Fund.
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Introduction. This report focuses on constructing and using properties of Toeplitz algebras
generated by infinite directed graphs. The simplest examples of an infinite directed graph are
graphs (X, ¢) generated by mappings ¢: X — X of a countable set on itself. In papers [1],[2]
properties of C'x-algebras generated by such graphs were described. In this paper we will show
that many of statements from mentioned papers still hold in general case.

Let E = (E° E' s,r) be a directed graph, where E° is a set of graph vertices, F; is a
set of edges and s,r: E' — E° are source and range maps respectively. An edge sequence
a=ey...e,is called a path from a = s(ey) to b =r(e,) if r(e;) = s(ej41) forall 1 < j <n-—1.
A path is called a cycle if (e, ) = s(e1). We assume that a given directed graph doesn’t contain
cycles and loops. Let o = ey, ..., e, be a path. We call n the length of the path o and we write
that as d(«a) = n.

Let I>(E°) be the Hilbert space of functions on E° with a scalar product:

(fo9) = la)f(a)

acEY

A family of functions {e,},epo on E°, where e,(b) = 8, is the Kronecker delta, forms an
orthonormal basis of I2(E?). Let I[(EY) be a linear subspace of [?( E°) generated by finite linear
combinations of functions from {e,},cpo. A restriction of a scalar product to [(E°) is still a
scalar product. Define two operators T': [(E°) — [(E°) and T": I(E") — I(E°) as:

Te, = Z ep and T'e, = Z ep

be(r(s~1(a))) be(s(r=1(a)))
respectively.

Proposition 1. For any e,, e, € {€,}aepo the following holds:
(T'eq, e5) = (€4, Tey).

Let 7 = supp, (card(s(r~"(a))) + card(r(s~'(a))))-

Theorem 2. The operator T: I(E°) — I(E°) extends to a bounded linear operator T on
I2(E?) if and only if v < oo

Corollary 3. If T is an extension of an operator 7', then an adjoint operator T* is an
expansion of T".

Definition 4. A C*-algebra generated by operators T and T* is called the Toeplitz algebra
T& generated by a directed graph E = (E°, E*, s, 7).

We will show some of properties of the algebra Tg.

Let S be a semigroup with a zero generated by finite products of operators T and T*. Define
indL(L € S), such that indT = 1,indT* = —1 and if L = V;---V,, then indL = ) ] indV;,
where V; =T or V; = T*.

Let B, be a closed subspace in Tz generated by linear operators from S,, = {L € S: indL =

Theorem 5. The following statements hold:
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a Bn m C Bn+m7

)

b)

c) By is C*-algebra;
)
)

d) There exists conditional expectation Fy: T — By;

e) There exists representation m: S' — Aut7z of an unit circle S' to an automorphism
group Tg.

Acknowledgments. Authors are thankful to M.A.Aukhadiev for valuable comments.
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Introduction. This report presents a construction that allows us to set a topological
grading on the reduced semigroup C*-algebra over an arbitrary group.

The reduced semigroup C*-algebra is the algebra which is generated by the left regular
representation of a semigroup with the cancellation property. The study of such C*-algebras
was started by Coburn in 1960s. It has been further developed in the papers by a number of
authors (see, for example, [1]).

A grading for an object of a category allows us to investigate the structure of this object.
In the category of C*-algebras, one considers the gradings that are also called the C*-bundles,
or the Fell bundles [2]. The notion of the topologically graded C*-algebra was introduced in
[3] with the aim to extend the concepts of harmonic analysis to the non-commutative case.
An important property of a such grading is the existence of special operators, namely, the
conditional expectation and the Fourier coefficients.

We studied the semigroup C*-algebras and their gradings in [4-9].

The report presents the results of [7, 9]. In [7], we considered the topological gradings of
the semigroup C*-algebras over the group Z, of integers modulo n.

Fell bundle for semigroup C*-algebra. Throughout S is a discrete semigroup with the
cancellation property and the unit e.

Let us consider the Hilbert space (?(S) of all square summable complex-valued functions
defined on the semigroup S. The reduced semigroup C*-algebra C*(S) is the C*-subalgebra
generated by the set of isometries {7}, | @ € S} in the algebra of all bounded operators on ?(S).
Here the operator T, is defined as follows: T,(e,) = eq, a,b € S, where {e, | a € S} is the
canonical orthonormal basis in the space [%(S).

Further, in the C*-algebra C(S), we consider the involutive subsemigroup Mon consisting
of operators of the form

V=TT, T,
where a; € S, i; € {-1,1}, j =1,...,k, k € N, and Talj =T, ngl = T,.. These operators
are called the monomials.

Let G be an arbitrary group. We assume that there is a surjective semigroup homomorphism

o: 5 —(G.
It was shown in [9] that the formula
indV = o(a;)"o(as)™...0(ag)™

defines an involutive surjective homomorphism of semigroups ind : Mon — G.

The value ind V' is called the o-index of the monomial V. This concept was introduced in
[7] for the case G = Z,,.

Monomials with the o-index e constitute an involutive subsemigroup of operators in the
monomial semigroup Mon. In the C*-algebra C*(S) we consider the C*-subalgebra 2. gener-
ated by this subsemigroup of operators.
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For each g € G, let A, be the closure of the linear span for all operators of the o-index g.
The semigroup C*-algebra C(.5) is said to be G-graded if it contains a family of Banach
subspaces satisfying the conditions listed in the following theorem.

Theorem 1. For the family of Banach spaces {2, | ¢ € G} the following statements hold:
)QlthCngh for all g¢,h € G,
2) A g1 for every g € G,

3) the famlly {24, | g € G} consists of the linearly independent subspaces of C/(S);
) C

4) Cr(S) = B 2,

geG
So the family of subspaces {21, | ¢ € G} constitutes a Fell bundle for the semigroup C*-
algebra C*(S) over the group G.

Topological grading of semigroup C*-algebra. The G-graded C*-algebra C*(S) is
said to be topologically graded if there exists an operator with the properties formulated in the
following theorem.

Theorem 2. There exists a contractive linear operator
F:Cx(5) — A

which is the identity mapping on (. and vanishes on each subspace 2 , g € G, g # e.

Thus, in addition, the family {2, | ¢ € G} forms the topological G-grading of C/(.S).
As a corollary, for each g € GG, there is a contractive linear operator

F,:Cr(S) — 4,

which is the identity mapping on 2(, and vanishes on every subspace 2;,, h € G, h # g.
As is known, the operators F; are non-commutative analogs of the Fourier coefficients.
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Introduction. In the study of dynamic systems, methods based on the construction of
a symbolic image, which is a directed graph obtained with aid, are applied final phase space
cover [1, 2, 7.

The trajectories of the system are encoded by paths on the graph [1, 6] and can be found
using route algorithms in the graph by many agents, and closed paths by many salesmen. The
structure of the graph changes, and vertices and edge arise as a result of algorithmic procedures
of numerical resolution of the corresponding dynamic systems. There are a number of problems
associated with numerical implementation of symbolic image algorithms on large-dimensional
graphs [3-5].

1. Symbolic image of a dynamical system. Let f : M — M be a homeomorphism of
compact manifold M generating a discrete dynamical system and p(z,y) by a distance on M.
Let C = {M(1),...,M(n)} be a finite closed covering of manifold M. The set M (i) is called
cell with index .

Definition 1 [1, 7]. Symbolic image of the dynamical system z,,1 = f(x,) for covering C'
is a directed graph G with vertices {i} corresponding to cells {M(i)}. The vertices i and j are
connected by the edge i — j if f(M(:)) (M (j) # 0.

Symbolic image is a tool for a space discretization and graphic representation about the
global structure of the system dynamics. Symbolic image depends on a covering C. In other
words, an edge i — j is the trace of the mapping x — f(x), where x € M (i), f(x) € M(j). If
there isn’t an edge ¢ — j on G then there are not the points x € M (i) such that f(z) € M(j).

Definition 2 |1, 7]. A vertex of a symbolic image G is said to be recurrent if there is a
periodic path passing through it. The set of recurrent vertices is denoted by RV. The recurrent
vertices ¢ and j are called equivalent if there exists a periodic path passing through ¢ and j.

Thus, the set of recurrent vertices RV is split into equivalence classes {H}. In the graph
theory such classes are called strong connectivity component.

2. Program implementation of the symbolic image construction algorithm. Con-
sider the following algorithm for constructing a symbolic image.

Algorithm for the construction of a symbolic image

1. For the initial set M, in which the values of a discrete dynamical system lie, we construct
a cell cover C'. In this particular case, the cells have the shape of a square with a predetermined
edge size dy (cells can have either an arbitrary shape or an arbitrary size).

2. To cover C, we construct a graph G, such that it is a symbolic image.

3. Using one of the algorithms for finding strongly connected vertices, for example, Tarjan’s
algorithms [3, 4| or the algorithm for finding strongly connected vertices based on the path
search [5], we allocate strongly connected vertices {ix}. If {ix} = 0, then there is no attractor
in My and the localizeable chain-recurrent set is empty and the process of its localization
stops [2]. Otherwise, we remove the irrevocable vertices from the graph and move from the M,
region to the new M region, such that M, = {x € M : i, € G}.

4. We build for M; a coverage of C7, so that the edge size of the new cell d; = d2—0. Go to
step 2 if dy > e, where ¢ is a predefined limit cell size.
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The problem of software implementation of the algorithm for constructing a symbolic image
is based on the theory proposed by G.S.Osipenko [1, 2|. For the implementation of this
project, the Python programming language was chosen, which is justified by a wide choice
of libraries that are convenient for working with graphs and other mathematical structures,
its stability and portability. This language is well suited for the implementation of the task.
The OpenGL graphics environment is selected to display the graphics and render the images
needed to render the symbolic image. OpenGL (Open Graphics Library) — a specification that
defines a platform-independent programming interface for writing applications that use two-
dimensional and three-dimensional computer graphics. The OpenGL GLUT library is used.
OpenGL Utility Toolkit (GLUT) is a library of utilities for OpenGL applications that is mainly
responsible for the system level of I /o operations when working with the operating system. The
following functions are used: window creation, window management, monitoring of keyboard
input and mouse events. The NetworkX library created specifically for the selected Python
programming language is connected. The NetworkX package is designed to create and analyze
the study of structures, dynamics and functions of complex networks, and therefore directed
graphs. The library includes special data structures for graphs, both directed and non-directed,
a lot of standard algorithms on graphs, generators of classical and random graphs, flexible work
with vertices and edges, which can be almost any object and have any parameters and open
code, which allows you to freely use any algorithms from the library.

To work with arrays of data, the NumPy library was connected. This library provides ample
opportunities for working with two-dimensional arrays: a lot of convenient methods for working
with arrays, the ability to create large arrays in one line, and more.

Was also used by SciPy. The part relating to differential equations was imported from it.
The SciPy package allows you to solve both simple systems and systems of differential equations
with parameters. Anaconda was chosen as the development environment. The convenience of
working with Anaconda is that most of the widely used Python libraries are already installed
in distributions, which greatly simplifies their connection.

As test cases built display Hanona, Zaslavsky, attractors of Peter de Jon etc.
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Operator systems defined via one-parameter unitary groups
in the quantum error correction theory

A. S. Mokeev™

Keywords: operator systems; non-commutative operator graph; quantum error correcting code;
POVM; Jaynes-Cummings model.

MSC2010 codes: 81P73, 47L05

Introduction. The operator system V is the linear subspace of some algebra with involution
that is closed under conjugation A € V = A* € V and satisfying I € V. That type of spaces
considered a quantum analog of the so-called confusability graphs of communication channels,
so these spaces also called non-commutative operator graphs. The main condition defining
operator systems interesting for a given application is really tiny, we are interested in operator
systems that have the orthogonal projection P of rankP > 2 such that dim PV P = 1, given
condition is called the Knill-Laflamme condition, projection P and the subspace ImP are called
the quantum anticlique and the quantum error correcting code respectively. Discussion. We

are interested in the question of how should be generated the graph V allow us to check the
Knill-Laflamme condition in a more easy manner. Appears, that in the finite-dimensional case
it is possible to give the sufficient condition of existing of quantum error-correcting code for the
graphs generated by covariant positive operator-valued measure (POVM), these graphs have
the following form

V:span{UgQUg*geG}, (1)

where U, is the projective unitary representation of the compact group G' and @) is the positive
operator.

This technique could be extended on the infinite-dimensional case, it is possible to introduce
several examples of the non-commutative operator graphs that generated by unitary represen-
tations in the spirit of (1) possessing quantum anticliques, in most of that examples instead of
the group Uy, g € G we take the group of operators U, = e *# ¢ € R defining the dynamics
of some interesting quantum system with the Hamiltonian H. Such examples are given for the
two-mode quantum oscillator and for the Jaynes-Cummings model of light-matter interaction,
also introduced the example in the one-particle bosonic Fock space.

Acknowledgments. The author is thankful to his advisors and co-authors G. G. Amosov
and A. N. Pechen.
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On Abstract Friedrichs Systems and their Use in Complex Media
R. Picard™

At the outset we shall discuss a particular problem class, which is closely linked to the
classical concept of Friedrichs systems. We shall re-consider Friedrichs systems from a operator
theoretic perspective by initially studying operator equations of the form

(1+A)U =F,

where A is maximal accretive, i.e. A, A* accretive. Starting out with the structural assumption
that A is an extension of a skew-symmetric operator A, we are interested in describing maximal

accretive extensions of A. Complex materials can be addressed by combining such maximal ac-
cretive extensions with suitable material laws, which allows to go beyond the classical Friedrichs
type systems framework. Such materials are distinguished by resulting in maximal accretive
space-time equations. We shall illustrate the setting by inspecting its utility in the context of
electrodynamics in metamaterials.
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Remark on the autorepresentation of bounded functions
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Introduction. Cj-semigroup theory is considered to demonstrate hidden connections be-
tween different branches of mathematics (see [1] and references therein). For instance in work
[2] using semigroup of shifts in C|[0, co) the following relation has been proved:

flz+1) = lim iC’,’jtk(l—t)”_kf(erk/n), t€0,1], x€[0,00), feC[0,00). (1)

This formula is fulfilled uniformly both with respect to = on [0,00) and with respect to
t € [0,1]. In particular inserting = 0 into (1) one obtains the well-known Bernstein’s theorem

2].

In the report presented a number of results similar to formula (1) is discussed.

Main result. Let UC,(R™) is the space of all uniformly continuous bounded functions
f : R™ — R with the Chebyshev norm || f|| = supzegm | f(Z)| then the following statement is
valid:

Theorem. If R is arbitrary positive number and f € UC,(R™) then:

n—oo | =
|EI<R

where |€] = \/E2 + 2+ ...+ &2, S,(€) is a linear operator acting on functions from UC,(R™)
in accordance with the next rule:

(5.6)5) QHZc'f (74 220¢), )

and C* are the binomial coefficients.

Proof. Let one consider the Cauchy problem for the linear transport equation with constant
vector of coefficients v € R™:

0
a—?—i—v Vu=0, u(@0)=u(®), TcR™, (4)
where ¥ - V_vla o +v2£ —l—...+vm%.
On the one hand it is well-known that exact solution of the problem (4) is equal to:

u(Z,t) = exp(—tv- V) ug(Z) = ug(Z — v't). (5)

On the other hand if initial condition ug € UC,(R™) then all results of theorem 3 of article

[3] are true, therefore exact solution of equation (4) can be expressed via the Chernoff function
G(U't) as follows:

w(Z,t) = lim G"(Ut/n)ue(Z), (6)

n—oo

138Higher School of Economics, Department of Fundamental Mathematics, Russia, Nizhnii Novgorod. Email:
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where in correspondence with theorem 2 from article [3]:

(G5t () = WTI T =270 )

Using notations from (5) it is easy to extract operator G(v't) from formula (7) explicitly:

G(T1) = 1+ exp(;2t17~ V)‘ (8)

Inserting expression (8) into (6) and comparing the result of this substitution with (5) it is
not difficult to derive that:

1 < 2k
T 0t)=lim - > Chug(Z—"7t).
up(Z — U't) = lim k Cy g <x 0 ) (9)

At last one can achieve the statement of the theorem by renaming variables and initial
condition as follows: Z — Tt — T, uo(Z) — f(Z) and —Tt — €. O

Setting ¥ = 0 in formula (9) and renaming after that in this formula —v't as gone can
establish that the theorem possesses by the next

Corollary. Let f € UC,(R™) then:
i ||~ ouf | =0, (10
n—oo

where o, is a linear operator acting on functions from UCy,(R™) as follows:
1 O 2kZ
Wf)(T) = — Chfl=—). 11
o)) = 5 20T (5F) (1)

Discussion. The proved theorem means that any function f € UC,(R™) can be represented
as linear combination of quite large number of some shifts of itself with preassigned accuracy.
For example if f(Z) = (1 + |Z|*)~! then formulas (2) and (3) are reduced to:

1 1 2k
= lim o~ G . (12)
o2+ nZd+ 2k —n) |2

The corollary means that any function f € UC,(R™) can be represented as linear combina-
tion of quite large number of its stretched copies. In particular formulas (10) and (11) applied
to the same function give one:

1 1 n 2k
= lim — Z”—Cn (13)

L2 AR2 [T

Remark 1. If & € R™ then it is easy to check by direct calculation that functions fi(Z) =
cos(W - Z) and fo(¥) = sin(W - &) obey both the theorem and the corollary. Moreover these
functions are eigenfunctions of operator S, (§) with twice degenerate eigenvalue (cos(d-&/n))™.

Remark 2. If function f € UC,(R™) () L1(R™) then one can consider its Fourier transform:

1

SUND = gy [ expl=id- #)f@)d", (14)

where ¢- 7 = q1x1 + Qoxa + ... + @uTp.
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Applying integral transform (14) to formula (3) one can find that:

BIS(E) 1) = (%) S11(@). (15)
If (0 ) = 0 then the same operation applied to formula (11) gives one that:
Lonm = CF ng
S10u 1) = g 2= o U1 (5 ) (16)

It is obvious that any consequences from formula (15) are trivial. But there are nontrivial
consequences from formula (16).

Application of other kinds of integral transforms to formulas (3) and (11) is very perspective
too.

Remark 3. There is the following relation between the Chernoff function and the linear
operator (3):

Su(€) = exp(—€ - V) G™(—E/n).

Remark 4. It is interesting to estimate rate of decreasing of limits in formulas (2) and (10)
in the framework of technique developed in theorem 1 of paper [4].

Remark 5. Tt is clear that all results of this work can be extended on the space UCy,(R™, C)
of all uniformly continuous bounded functions f : R™ — C with the Chebyshev norm.
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On final dynamics of semilinear parabolic equations
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Keywords: reaction—diffusion—convection equations, finite-dimensional dynamics on at-
tractor.

MSC2010 codes: 335B41, 35K57, 35K42, 35K90, 35K91.

The question on selecting a finite number of “determining” degrees of freedom of an infinitely
dimensional dynamical system is of a great interest. We consider [1] the class of one-dimensional
dissipative reaction-diffusion-convection systems and obtain conditions under which the final
(at large times) phase dynamics of a system can be described by an ODE with Lipschitz vector
field in RY. Precisely in this class, the first example [2] of a parabolic problem of mathematical
physics without the indicated property was recently constructed.
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N-soliton solutions in the problem of Rogue waves
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The rogue wave problem was originally related to abnormally high oceanic waves which
occurred suddenly on the sea surface, seemingly without clear precursors, and had resulted in a
number of fatalities including ship sinking, damages of off-shore platforms, coastal constructions
and large ships; people deaths [1]. Shortly later rogue waves became a hot topic of research in
optics. These waves represent electromagnetic fields of extreme intensity which can breakdown
the fiber in data transmission lines, when occur accidentally [2]. In the recent time, kindred
researches commenced in application to other physical realms [3].

The rogue wave studies in diverse physical fields have much in common. A significant part
of the research is developing nonlinear rogue wave models assuming that the corresponding
dynamics is due to fast unstable nonlinear effects, when the wave intensity / energy gets con-
centrated within some location and time interval. For example, the nonlinear cubic Schrodinger
(NLS) equation is the first-order approximation to the wave processes on the surface of a deep
sea, and also to the waves of light in optical fibers. The quadratic in nonlinearity Korteweg
— de Vries (KdV) equation describes water waves under the shallow water condition, while its
modified version with the cubic nonlinearity is applicable to the nonlinear optical fibers.

Remarkably, the mentioned above equations, the nonlinear Schrodinger equation, and the
two kinds of the Korteweg — de Vries equations (and also the extended, quadratic-cubic KdV,
called the Gardner equation), are completely integrable by the Inverse Scattering Transform
(IST) nonlinear partial differential equations [4,5]. They all possess soliton solutions which
correspond to the nonlinear limit of stationary waves (or wave groups) of the permanent shape.
Due to the nonlinear nature, the solitons may exhibit drastically different dynamical and prob-
abilistic properties compared to linear waves, hence they have received much attention in the
context of the rogue wave studies, and have inspired a new branch of the research in the field of
mathematics. Conventionally, rogue wave solutions in mathematics are the ones which demon-
strate fast localized growth of the solution; they often appear as a result of small perturbation
of a uniform solution, but behave qualitatively similar within some range of the perturbation
parameters (the issue of robustness [6]).

Within the IST solitons correspond to the discrete spectrum of the associated scattering
problem, while the continuous spectrum specifies the other (small-amplitude) waves. Since the
associated scattering problem is isospectral, the spectrum may be used to characterize the wave
system at any instant. The IST may be understood as a nonlinear generalization of the Fourier
transform. The limit of purely discrete spectrum is often considered as a reasonable problem
statement. Fortunately, in this case the machinery of the IST is significantly simpler and allows
some analytic results.
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The concept of soliton gas, i.e., ensembles of solitons with irregular parameters (such as
amplitudes and locations) represents the counterpart of the traditional paradigm of independent
linear waves, which leads to the Gaussian statistics. In particular, the stochastic sea wave
dynamics in many cases may be represented as a linear superposition of linear Fourier modes
(the Gaussian sea), or of nonlinear (Stokes) modes. However, the recent advances in the rogue
wave problem suggest that nonlinear interactions between the modes and coherent soliton-like
structures may be the main reason of occurrence of abnormally high waves in the ocean.

Since we are interested in the statistical properties of the waves, the application of kinetic
equations for solitons [7]|, which describe the transport of the soliton density, is limited. The
direct numerical simulation of soliton ensembles is a popular efficient tool to consider the prob-
lem when solitons interact occasionally. However, the simulation of simultaneous interaction
between many soliton is a strongly nonlinear process, even within formally weakly nonlinear
frameworks. It represents a heavy problem to the direct numerical simulation [8]. These very
rare events may correspond to the appearance of extremely large waves. Exact analytic solu-
tions to integrable equations help to investigate the problem systematically.

The general form of a multi-soliton / multi-breather solution of the integrable KdV-type
equations, which is even with respect to any variable when one of the variables is put equal
to zero, was derived and analyzed in [9,10]. Physically, this solution corresponds to the most
synchronized wave sequence (focusing of solitons). It was shown that the focused wave increases
in amplitude only when sign-alternating solitons interact. Hence, unipolar KdV-type solitons
do not exhibit extreme dynamics. This conclusion was also confirmed in direct numerical
simulations, e.g. [11].

Let us focus on the example of the classic Korteweg — de Vries (KdV) equation, which may
be presented in the standard dimensionless form as follows,

Up + 6uum + Upgr = 0; (1)

where the solution u(x,t) € R describes the perturbation, z € (—oo;00) has the meaning of
the spatial coordinate, and ¢t € (—o0; 00) is the time. The dynamics of irregular waves within
(1) (waves of the discrete and continuous spectra) was simulated numerically in [12]|, where the
regimes of strongly non-Gaussian statistics were found. The effect of two-soliton interactions
on the statistical properties of the solution was analyzed analytically in [13|. The evolution of
rarefied soliton gas was modeled numerically in a number of publications, e.g. [11].

The multisoliton solution of (1) can be obtained with the help of the Darboux transformation

2

0
'LL(iL',t) :Q@IHWN(wlaw%awN)a (2)

where Wy is the Wronskian of N so-called seed functions v;(z,t), j = 1,..., N (see e.g. in [10]),
¥; = coshkj(z — 4k2t — x;), if j is odd, (3)

¢; = sinh kj(z — 4k2t — x;), i j is even.

The parameters k; > 0 specify N solitons with amplitudes A; = 21{;]2- > 0; z,; are constants
which determine locations of the solitons. Though the solution (2) is explicit, its computation
is technically difficult when N is large.

The use of extra-high precision of the numerical subroutine (similar to [14]) helps to con-
struct the multisoliton solutions with larger N. We have implemented this approach to calculate
the solution (2) to the KdV equation (1), using typically the mantissa of the length of 100 dig-
its. The solution (2) may be used for constructing dense soliton gas within a finite interval.
The generated gas states may possess the property of uniformity within some shorter interval
if the density is not too large [15]. We also suggest the physically consistent way to calculate
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the soliton density function explicitly using the Darboux transformation approach. Then the
spectral moments p,, =< u" >, n = 1,2, ..., where the angle brackets mean ensemble averaging,
may be calculated.

We particularly consider the situation of synchronous collisions of KdV solitons, which
corresponds to the choice z; =0, j =1,..., N in (3). Then the solution (2) is characterized by
the symmetries u(z,0) = u(—x,0) and u(0,t) = u(0, —t). We choose for certainty the particular
distribution of the soliton amplitudes A; = 1/d’~!, j = 1,..., N, and vary the constant d > 1.
The appearance of the evolving solution, and the evolution of the third and the fourth statistical
moments, u3, (4, have been examined. The value d = 3 corresponds to the marginal situation in
the case N = 2, when the exchange and overtaking scenarios of the soliton interaction change;
however it does not correspond to a peculiar solution when N > 2.

Though we consider solutions when the number N is always limited, the obtained solution
is able to approximate the limit N — oo in some range of parameters, what allows us direct
examination of this ultimate limit of soliton interactions.

Acknowledgments. Different parts of this work are supported by Laboratory of Dynamical
Systems and Applications NRU HSE, of the Ministry of science and higher education of the
RF grant ag. No. 075-15-2019-1931, and by the Russian Science Foundation under the grant
No. 19-12-00253.

References

[1] C. Kharif, E. Pelinovsky, A. Slunyaev. Rogue Waves in the Ocean. — Springer, 2009.

[2] D.R. Solli, C. Ropers, P. Koonath, B. Jalali. Optical rogue waves. // Nature. 2007. V. 450.
P. 1054-1057.

[3] M. Onorato, S. Residori, U. Bortolozzo, A. Montinad, F.T. Arecchi. Rogue waves and
their generating mechanisms in different physical contexts. // Phys. Rep. 2013. V. 528.
P. 47-89.

[4] S. Novikov, S.V. Manakov, L.P. Pitaevskii, V.E. Zakharov. Theory of Solitons: the Inverse
Scattering Method. — Consultants Bureau, New York, 1984.

[5] A.R. Osborne. Nonlinear ocean waves and the Inverse Scattering Transform. — Academic.
Press, 2010.

[6] A. Islas, C.M. Schober. Numerical investigation of the stability of the rational solutions of
the nonlinear Schrodinger equation. // Appl. Math. Comput. 2017. V. 305. P. 17-26.

[7] G.A. El, A.M. Kamchatnov. Kinetic equation for a dense soliton gas. // Phys. Rev. Lett.
2005. V. 95. P. 204101.

[8] E.G. Didenkulova, A.V. Kokorina, A.V. Slunyaev. Numerical simulation of soliton gas within
the Korteweg — de Vries type equations. // Comput. Technol. 2019. V. 24. P. 52—66.

[9] A.V. Slunyaev, E.N. Pelinovsky. The role of multiple soliton interactions in generation of
rogue waves: the mKdV framework. // Phys. Rev. Lett. 2016. V. 117. P. 214501.

[10] A. Slunyaev. On the optimal focusing of solitons and breathers in long wave models. //
Stud. Appl. Math. 2019. V. 142. P. 385-413.

[11] E. Pelinovsky, E. Shurgalina. KDV soliton gas: interactions and turbulence. Challenges in
Complexity: Dynamics, Patterns, Cognition / I. Aronson, A. Pikovsky, N. Rulkov, L. Tsim-
ring (Eds) // Nonlinear Systems and Complexity. 2017. V. 20. P. 295-306.

[12] E. Pelinovsky, A. Sergeeva. Numerical modeling of the KdV random wave field. // Eur.
J. Mech. B/Fluids. 2006. V. 25. P. 425-434.

[13] E.N. Pelinovsky, E.G. Shurgalina, A.V. Sergeeva, T.G. Talipova, G.A. El, R.H.J. Grimshaw.
Two-soliton interaction as an elementary act of soliton turbulence in integrable systems. //
Phys. Lett. A. 2013. V. 377. P. 272-275.

[14] A. Gelash, R. Mullyadzhanov. Anomalous errors of direct scattering transform. // Phys.
Rev. E. 2020. V. 101. P. 052206.

[15] G.A. El. Critical density of a soliton gas. // Chaos. 2016. V. 26. P. 023105.

152



tA
International Online Conference “One-Parameter Semigroups of Operators 2021” W
N—

Derivations on Murrey-von Neumann algebras

F. Sukochev™

This talk presents an account of joint work with Aleksey Ber, Jinghao Huang and Karim-
bergen Kudaybergenov, whose large part can be found in the paper, Notes on derivations of
Murray—von Neumann algebras, Journal of Functional Analysis, 279 (2020), no. 5, 108589, 26
pp (by A. Ber, K. Kudaybergenov, F. Sukochev).

Recall, that a fat Cantor set E in [0, 1], is nowhere dense (in particular it contains no in-
tervals), yet has positive Lebesgue measure. Further, it is well-known that its characteristic
function y g is approximately differentiable but nowhere differentiable function. Firstly, we ex-
plain the description of the algebra of all approximately differentiable functions on (0, 1) (which
is probably well known to the experts) and then introduce the algebra of all approximately dif-
ferentiable operators affiliated with the hyperfinite //; factor (introduced by von Neumann in
1930’s). To this end, I shall briefly explain major results/notions concerning derivations on
algebras of unbounded operators.

Next, I shall explain that the classical differential operator 0 : D(0,1) — S(0, 1) acting from
the algebra of all differentiable functions on (0, 1) into the algebra of all Lebesgue measurable
functions allows an extension to the differential operator on the algebra S(0,1). However,
any such extension cannot be translation-invariant, which is in the strong contrast with the
properties of 0.
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Central Limit Theorem for generalized measures in a multidimensional space

M. O. Uskov™|

One of the important generalized measures is the so called Feynman measure. Using this
measure mathematicians defined the Feynman path integral. This generalized measure can
not be identified with any sigma-additive Borel measure. Below we regard an approach to
approximation of the Feynman type measure which was invented by O.G.Smolyanov. In the
case of locally convex topological vector space the Feynman measure can be approximated by
sigma-additive complex measures as shown in [1| without a detailed proof. In this talk we’ll
provide a sequence of sigma-additive complex measures which converges in some sense to a
Feynman type measure on a Euclidean space. The formula is similar to the Remizov’s one with
operators.
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Homogenisation and the Weak Operator Topology
M. Waurick™|

It is well-known that the description of one-dimensional elliptic homogenisation problems
is parallel to the study of weak™ convergence for the considered inverses of the L..-coefficients.
In an operator framework this is equivalent to the convergence of the inverses in the weak
operator topology. In the talk we provide a higher-dimensional version of this perspective.
More precisely, we characterise the convergence of the coefficients for elliptic homogenisation
problems in terms of certain weak-type topologies. The approach is based on complexes of
densely defined and closed operators in Hilbert spaces. The thus introduced topology is not
comparable to the weak operator topology but strictly weaker than the strong operator or norm
topology.
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