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Closed Quantum Evolutions

System has a finite dimensional™ Hilbert space h with observables being the
self-adjoint operators. Sheadd | puf‘d‘v, e ﬁ&k.l -

Schrodinger picture: continuous unitary groups U; of operators on fh with
generators —iH .

Heisenberg picture: continuous group of automorphisms ¢, on B(h):

¢t(X) — Ut*XUt,

with generator
- * We will drop this later!




Open Quantum Evolutions

« Example (Wiener Noise)

U(t) = e BV where R = R* and W (t) a Wiener process.

Continuous contraction semigroups ¢(t) (¢ > 0):

o(t) X = E[U@)" XU(1)),

o -




Open Quantum Evolutions

« Example (Poisson Noise)

U(t) = SN where S is unitary and N(t) a Poisson process.

Continuous contraction semigroups ¢(t) (¢ > 0):

o(t) X = E[U@)" XU(1)),

e _




Complete Positivity (CP)

A map ¢ : B — B and a positive integer n we define its extension ¢ ® id,, to
the algebra B ® M,,, where M, is the algebra of n X n matrices, as

11 - Tin (15(39'11) ¢($1n)
¢ @ idy

Lni e Lnn ¢($n1) T ¢(xnn)

We say that ¢ is n-positive if ¢ ® id,, is positive.

The map is completely positive (CP) if ¢ ® id,, is positive for all n.
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Dilations of CP Semigroups S

Let ¢(t) : B — B be CP semigroup. A unitary dilation is given by finding a
second Banach space A such that (for every x € B and p € B,)

(P, 0(1)X) = (p @0, U (X @ La)Uy),

for o a positive normalized element of A and U; a unitary family on B ® A.

If A is commutative, then the most general class of CP semigroups we may ob-
tain is (at the level of generator) Hamiltonian plus Wiener plus Poissonian [Maassen

and Kummerer, 1987]. /r\’dﬁ A 74 - M
- n e :
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Hudson-Parthasarathy Dilations

We take A = B(F) where § is the Fock space over L*(R.,dt).

The exponential vectors on § are defined by

) = 12) & D (%f@@”), f e L2(Ry,dt).

We have (ef|e9) = e!/:9). They are total in §. The annihilation process is

defined by
Byle!) (/ f(r d'r) lef)




*separable Hilbert space
possibly infinite dimensional.

Hudson-Parthasarathy Dilations

Quantum Ito table:

Triple (S, L, H) in B(h) with* H = H* and S unitary. The QSDE

U(t) = I, admits a unique solution, which is a strongly continuous one-parameter
co-cycle with respect to the time shift on the Fock space.




Hudson-Parthasarathy Dilations

With the choice state o corresponding to the Fock vacuum vector, we get the
strongly continuous CP semigroup with generator

This is the Lindblad-Gorini-Kossakowski-Sudarshan generator.

This includes the essentially classical cases as special cases. Indeed,

B, + B = W4, A+ B + B, +t= N




Damped Cavity Mode
Cavity mode a, CCR [a,a*| = 1.

Open model on heavity ® § with

S=1, L=./ya, H=wa"a,

7ua~ Ilu ' OU ’PMS

Dilated evolution a; = U} (a ® Iz)U;

We have [a;,a}] =1, but ®,(a) = e~ (7/2+iw)tg,




Singular Perturbations (Classical/Linear)

Zs - slow, x¢ - fast! Ts = Ass$s+AstUf+Bsu
€£l'3f = AfSSCS—I—Aff:Ef—I-Bfu

S y = Csxs + Crzs + Du. .

Tf = _%H(Afsfps + Bfu).

4 . I
Te = (ASS — Asz Afs)ats —+ (B Asz Iy f)u

Yy = (OS — C’AfA—”AfS)LUS + (D — OSAL”B]C)’U,.

- J




A Physical Model

System = Atom + Cavity mode

Uy

Cavity mode a, CCR |[a,a*] = 1.

Htom/cavity = G @ a*a —i(F®a* — F*®a)
L =1® ,/va (only the cavity mode couples to the environment)

Singular limit da; = 0, rearrange

1
dCLt = —§’yatdt — iGtatdt -+ Ftdt -+ ﬁdBt

1
— Fidt — By ).




A Physical Model

S —TxIT

Uy Uy

LW =nl®,[a

H(n) - n2E11 X a*a + nElo X a* + nE01 X a + EOO

atom /cavity

As n — oo the unitary process/Heisenberg evolution converges to the reduced
model on Hatom ® § with

52 ")//2—?:E11
v/2+iE

. ' . 1
L : H = Fy+ ImE .
00 017/2+2E11
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Trotter-Kato Theorem (Hilbert Space)

Strongly continuous contraction semigroups V,,(¢t) (¢ > 0) on Hilbert space b
with generators L,,.

Strongly continuous contraction semigroup V() (t > 0) on closed Hilbert sub-
space hg C h with generator £ with core Dy.

KI'he following are equivalent: \

e Voeho,T>0,  lim sup [[Via(t)o—V(t)¢| =0.

n—oo 0<t<T

o V¢ e Dy, thereexists ¢, € dom(L,), such that ¢,, — ¢, Lo, — L.

\_ /




Trotter-Kato Theorem (Banach Space)

Strongly continuous contraction semigroups V,,(t) (t > 0) on Banach space B
with generators L,,.

Strongly continuous contraction semigroup V(t) (¢t > 0) on closed Banach
subspace By C B with generator £ with core Dy.

The following are equivalent:

o VX €5y, T >0, lim sup [|V,(t)X —V(¢)X]| =0.

n—oo 0<t<T

~

e VX €Dy, thereexists X, € dom(L,), such that X,, —» X, L,X, — LX.




Trotter-Kato Applied to Quantum
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Trotter-Kato (QSDE)

Set V =U¥*, and

dV(t) = V(t){Gll QK dA; + G1g ® dB;k + Go1 @ dBy + Gop ® dt}, V(O) =1,

and assume that there is a unique cocycle as solution extending to a unitary on

h®F§.
For o, B € C, set

K =a*(S* =B+ L*B — a*S*L — (%L*L — iH).




L. Bouten, R. van Handel, A. Silberfarb,
Journal of Functional Analysis 254 3123-3147 (2008)

Trotter-Kato (QSDE)

Strongly continuous unitary cocycles V,,(¢t) (t > 0) on h ® §.

Strongly continuous unitary cocycle V() (t > 0) on ho ® F, with Dy a core for
the Ka,g.

ﬁl’he following are equivalent: \

o VO chy®§,T >0, lim sup ||V,(t)® —V(t)®| = 0.

n—oo 0<t<T

o Voe Dy, apeC, thereexists ¢, € dom(K((:’g) such that

\ qbn — ¢7 K(gf,()-qun — K(()r[)-ggb




Adiabatic Elimination

h — hslow D hfast

Slimp=—"15;

7O HO 4 nHg®

H(n) = y Y
) HO +nHY  HO 4+ nHY + n2HP

&
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Adiabatic Elimination

Then U, (t) Ps converges
uniformly to U(t)P,.
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