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OOmiell uaeell KaueCTBEHHOTO WM3YyYCHHs JUHAMUYCCKUX CHCTEM, cOo BpeMEH pabor A. Aunponora, E. JleoHTo-
Bu4, A. Maiiepa, ABISeTCS BOSMOXKHOCTh ONHCAHMS JUHAMHUKH CHCTEMbl KOMOMHATOPHBIM MHBapHaHTOM. Tak, HarpuMep,
M. IlefimmoTo noKa3aa CTPYKTYPHO YCTOHUYMBBIE NOTOKM Ha IUIOCKOCTH ONPENENSIOTCsS €IMHCTBEHHBIM 00pa3oM, ¢ TOYHO-
CTBIO JI0 TOTIOJIOTHYECKOI SKBUBAJIEHTHOCTH, KJIACCOM M30MOP(HBIX OPHEHTHPOBAHHBIX Tpad)oB. MHOTOMEpHBIE CTPYKTYPHO
YCTOIYHMBEIE ITOTOKH HE MO3BOJITIOT BBECTH MX KIACCH(HKAIMIO B paMKax obmero koMOmHaTopHOro mMHBapHaHTa. OmHa-
KO JJIsI HEKOTOPBIX IOAKJIACCOB TaKUX CHCTEM CYLIECTBYET BO3MOXHOCTH JOCTUIHYTH HOJHOTO KOMOMHATOPHOTO ONHCAHUS
UX TUHAMHKH.

B nacrosmeii pabore, ocHoBanHOU Ha pesynbTarax C. [Tmmoruna, A. [punoiika, B. ['puneca, E. T'ypesuu u O. Ilo-
YHMHKA, K&KI0€ AEPEeBO C ABYXIBETHOH PacKpacKoi BEpIIMH peai30BaHO KaK IPaJUeHTHO-TIONOOHBIM MOTOK Ha m-cdepe,
n > 2 0e3 reTepOoKIMHIYECKHX IepecedeHnil. DTa 3ajada pemaeTcs ¢ IMOMOIIBI0 COOTBETCTBYIOIINX OIEpalyii IpUKIIenBa-
HUS TaK Ha3bIBAEMBIX sUeeK UeppH K MOTOKY-CABUTY. DTOT pe3yibTaT He TONBKO 3aBEPIIaeT TOMOJIOTHYECKYO KiIacCH(uKa-
IIUI0 TAKUX IIOTOKOB, HO U MO3BOJIIET MOJEIUPOBATh CUCTEMBI C PETYNIAPHBIM MoBeAeHUEeM. 11 TaKuX MOTOKOB peau3anus
0COOEHHO BaXKHA, MMOCKOJIBKY OHHM MOJEIIUPYIOT, HAPHMeEp, IIPOLECCHl IPUCOSUHEHNUS B COJTHEYHOH KOPOHE.
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A general idea of the qualitative study of dynamical systems, going back to the works by A. Andronov, E. Leontovich,
A. Mayer, is a possibility to describe dynamics of a system using combinatorial invariants. So M. Peixoto proved that the
structurally stable flows on surfaces are uniquely determined, up to topological equivalence, by the isomorphic class of a
directed graph. Multidimensional structurally stable flows does not allow entering their classification into the framework
of a general combinatorial invariant. However, for some subclasses of such systems it is possible to achieve the complet
combinatorial description of their dynamics.

In the present paper, based on classification results by S. Pilyugin, A. Prishlyak, V. Grines, E. Gurevich, O. Pochinka,
any connected bi-color tree implemented as gradient-like flow of n-sphere, n > 2 without heteroclinic intersections. This
problem is solved using the appropriate gluing operations of the so-called Cherry boxes to the flow-shift. This result not only
completes the topological classification for such flows, but also allows to model systems with a regular behavior. For such
flows, the implementation is especially important because they model, for example, the reconnection processes in the solar
corona.
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1. Introduction and statement of results

A general idea of a qualitative study of dynamical systems, going back to the works by A. Andro-
nov [1], E. Leontovich, A. Mayer [2, 3], is a possibility to describe dynamics of a system using
combinatorial invariants. A brilliant example of the implementation of such approach is the topological
classification of Morse—Smale flows on surfaces obtained by M. Peixoto [4]. He proved that structurally
stable flows on surfaces are uniquely determined, up to topological equivalence, by the isomorphic class
of a directed graph.

Multidimensional structurally stable flows do not allow to classify their into the framework
of a general combinatorial invariant. However, for some subclasses of such systems it is possible to
achieve a completely combinatorial description of their dynamics. Thus, according to the results by
S. Pilyugin [5], A. Prishlyak [6], V. Grines, E. Gurevich, O. Pochinka [7], the topological equivalence
class of a gradient-like flow (Morse—Smale flow without periodic orbits) on n-sphere, n > 2, without
heteroclinic intersections is completely determined by a bi-color tree corresponding to a skeleton of
co-dimensional one saddle invariant manifolds. A problem of the realization of an abstract invariant is
an integral part of the topological classification. For such flows, it is especially important because they
model regular processes in various natural sciences (see, for example, [8]). In particular, such flows
model reconnection processes in the solar corona (see, for example, [9, 10]).
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In such processes the corona of the Sun is divided on domains by fans and spines (2- and
1-dimensional invariant manifolds) of null points of the magnetic field (the points, at which the strength
of magnetic field is null). Restructuring of this domains underlie such effects as the flares and
prominences. This energy processes are very important for explanation of many nature laws. The topo-
logical structure of a magnetic field is defined by null points, spines, fans and separators, the union
of those forming the so-called skeleton of the magnetic field. Experiments and observations show that
the evolution of the structure of the magnetic field is similar to relaxation processes. At first plasma
evolves slowly for some considerable time but at some point there occurs a topological restructuring
of the magnetic configuration (reconnection) [11].

Indeed below we model different stable states of the magnetic field.

Let us recall that n-ball or n-disk is a manifold with a boundary homeomorphic to a standard
n-ball

B" = {(21,...,2,) ER™ | 23 4 ... + 22 < 1}.

An open n-ball or n-disk we call a manifold homeomorphic to an interior of B". We call by (n—1)-
sphere a manifold S™"~! homeomorphic to a standard (n — 1)-sphere

st = HB".

Let us consider a class GG of gradient-like flows without heteroclinic intersections on n-dimensio-
nal sphere S™,n > 3, that is, flows whose the non-wandering set consists of a finite many hyperbolic
fixed points such that the invariant manifolds of saddle points have no intersections.

Let f! € G. According to the result by S. Pilyugin [5, Lemma 2.2], the dimensions of the
invariant saddle manifolds of f* have to be only (n—1) and 1. Let us denote by Q ¢ the non-wandering
set of f?, and let

Q4 = {p e Qp [ dim W =i}.
By [12, Theorem 2.3],
st=Jwpr=|J W
pEth pEsz

It follows from [13, Proposition 2.3] that for any saddle point o of a flow f! the closure of its
invariant manifold W2 with dimension (n — 1) contains, except the manifold itself, exactly one fixed
point. That point is a sink if & = w and a source if & = s. Then the set ¢l Wg’ is a sphere with dimension
(n—1). By [14] and [15] this sphere is cylindrically embedded'. Denote by m + the number of saddle
points of a flow f!. Then the union

W= ] dawyu |J awy
PEQY, qEQ}l;l

of closures of all invariant manifolds of dimension (n — 1) divides a sphere S™ into kgt = mp + 1

connected components. Denote such components by Dy, ..., Dkf ., and let
kyt
Dy = U D;.
i=1

LA sphere S™™1 ¢ M™ is called cylindrically embedded in M™, if there exists a topological embedding h : "1 x
X [=1;+1] — M™, such that L(S"™* x {0}) = S~ 1.
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Fig. 1. Example of a flow and its bi-color graph

Puc. 1. Ilpumep moToKa U €ro IBYXLBETHOTO rpada

A bi-colour graph of a flow f* € G is a graph I s, such that:
1) the set F?t of vertices of I' 4+ bijectively corresponds to Dy« by a bijection

Eo: F(}t — th;

2) two vertices v;, v; are connected by an edge e; ; iff domains D; = Ey(v;), D;j = Eo(v;) have a
common boundary;

3) an edge e; ; has a colour u (resp. s) if the common boundary of D; and D; is the closure of an
unstable (resp. stable) saddle manifold (see Fig. 1).

Two graphs Iy« and Ty of some flows 1, f't are called isomorphic if there exists an isomorphism
n: [y — T g mapping vertices of I'y+ into vertices of Iy preserving adjacency and coloring.

It follows from [7], that the flows f?, f"* € G are topologically equivalent iff their graphs T ft
and I'y are isomorphic. Indeed, for any flow ft € G its bi-color graph is a tree, i.e. connected graph
without cycles.

The main result of the present paper is the following theorem.

Theorem 1. For every bi-color tree T there is a flow f'€G whose graph I+ is isomorphic to graph T.

Notice that flows of the considered class, under the assumption that they have a unique sink,
were classified and realized in [16] by means of a directed graph.

2. Realization of a flow by a bi-color tree

2.1. Description of bi-color tree. Recall some definitions from the graph theory (see, for
example, [17] for details).

A graph is a pair (V, E), where V is a set of vertices and F is a set of pairs of vertices, which are
called edges. If E/ contains ordered pairs, then the graph is called a directed one. A k-edge-colouring
of a graph is an assignment of k& colours to its edges.

Two vertices are called adjacent if they are connected by an edge (i.e. they constitute the edge),
and the edge is incident to each of the vertices. A loop is an edge, whose end-vertices coincide.
A simple graph is an undirected graph without loops.

The number of edges incident to a vertex is called degree of the vertex.

A set {vy, (v1,v2),v2, ..., Vk—1, (Vk—1, V), Vg } is called a path of the length k. A path is called
a cycle if v1 = vi. A graph is called connected if every two its vertices are joined by a path.

A tree is a connected acyclic graph. It means that any two its vertices are connected by exactly
one path.
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Any tree with at least 2 vertices has at least two pendant vertex, that is a vertex of the degree 1.

Any tree becomes a out-tree if arbitrary its vertex r is selected, as a root. In the other words a
planted tree is a tree in which one vertex r has been designated as the root and every edge is directed
away from the root.

If v is a vertex in a planted tree other than the root, the parent of v is the unique vertex w such
that there is a directed edge (w,v). If w is the parent of v, then v is called a child of w.

The rooted vertex r by definition has a level 0. The level d of any other vertex v in a such
planted tree is the number of edges in the unique path between the vertex v and the root r. The depth
of a tree D is the maximum level of any vertex there.

An ordered out-tree is an out-tree where the children of each vertex are ordered.

2.2. Construction of the flow by the graph. To construct a required flow on the n-sphere S™
for the given bi-color tree I' choose a pendant vertex r of I' as a root and an order all children to get
from the tree ' an ordered out-tree. Denote by /N the number of all vertices of T

To realize of a flow from the bi-color tree I', we will use the idea of embedding of NV — 1
pairwise disjoint Cherry boxes B, in a flow-shift g, : R™ — R", given by the formula

go(x1, ..., xp) = (21 +t,...,2,)
and the cherry box B, has a form
By ={(x1,...,7,) ER" : |21 — ap| < 8y, (w2 — Bu)? + 23 +...22 < 82}

for some o, B, € R, 0, > 0 which depends on parameters of v. The dynamics in B, coincides with the
flow-shift dynamics on the boundary of B, and differs from one inside the box due to the appearance
of a saddle and a node. We will say that the dynamics in B, has a type u (s), if the saddle point has
(n — 1)-dimensional unstable (stable) manifold and the node point is a source (sink) (see Fig. 2).
Below we give formulas for the following things:

1) The calculation of a position and a size of the Cherry-box B,;

2) The definition of a flow g! in B,;

3) The embedding of a resulting dynamics in S™.

1. The calculation of a position and a size of the Cherry-box B,. For the vertex y which is a
unique child of the root  we put

1 1 1
-9 - e — =0, §,=1
%y py<2+2N_4+ + (2N—4)D—2>’ Py =0, 0 =1,

e
— T

I
I =

e

Fig. 2. An embedding of Cherry-boxes of the types w and s to the flow-shift

Puc. 2. Bnoxenue stueex Yeppu THna v U S B HOTOK-CABHUT
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where p, equals 1 (—1) if the edge (r,y) has a colour s (u) and D is the depth of the tree I'. For
any other vertex v with the level d, > 2 the parameters of the box B, are determined through the
parameters o, Py, O, of its parent’s box B, the order k, of v as a child and a number p, which
equals 1 (—1) if the edge (w,v) has a colour s (u) by the following way:

Ouw Su
% = g @ = Polloul =du = 80) o =P+ 5 = (2ky =13y,

So, the size and position are defined for each Cherry-box corresponding to every vertex of I’
except the root.

2. The definition of a flow ¢! in B,. Let
Sy = (1 — o) + (20 — o) + 22 4 - + 22,

Define the flow g! : R” — R™ by the formulas:

1682 o\ 2 2
L
1, otherwise
_ o
" (5 () ). e
o §2
x2 —(xQ - [31))7 2’U S ?’U
0, otherwise
Tn T (45 12; 2
% (3 (5 -9) 1) Fenen
- 52
In = —Tn, 2y < ?’U
0, otherwise

By construction flow g! has exactly two hyperbolic fixed points: the saddle (source) point
Py(ay + pudy/2,Pv,0,...,0) and the sink (saddle) point Q, (0, — pydy/2, Py, 0,...,0) for p, = 1
(py = —1). Define g : R™ — R" in such a way that it coincides with ¢ in B, and is g}, outside all
Cherry-boxes (see figure 3).

0x2,,...-xn

Fig. 3. An example of a tree I" and the flow gf

Puc. 3. Ilpumep nepera I' u noroka gf
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Let us notice that the flow gf- has no heteroclinic intersections. Indeed, by the construction the
interiors of the Cherry-boxes are pairwise disjoint. Moreover, in the hyperplane x; = a,, we have

i1 <0 if (2o —PBu)2+ 22+ ... 22 < (8,/2)%

i1 >0 if (8,/2)2 < (z2—PBu)? +23+...22 < &2
Also in B,, we have

29 <0 if 29 >By, 222>0 if x5 <Py,

G <0 if 2;>0, @ >0 if <0, i=3,...,n

Thus, the invariant (n — 1)-manifold of saddle point from B, outside B, coincides with a cylinder
C, = {(1‘1,...,1’n) cR": (.’L'Q—BU)2+.’E§—|—,__$2L szh

where 0,/2 < v, < 9,. By the construction these cylinders are pairwise disjoint, that proves the fact.
3. The embedding of a resulting dynamics in S".
Let us define a flow h! : R” — R™ by the formula:

Rt (1,2, .., Tn) = (2tx1, 2y, ..., 2ta;n) .

Let R? = {(z1,...,2,) ER" 121 > 0} and C = {(z1,...,3,) ER" 1 23+ -+ 22 < 1}. Itis easy
to verify that a diffeomorphism C : R"} \ O — C given by the formula

Uzty o yap) = (logQQ,ﬂ,...,JU—n>,Q: O R
Q Q
conjugates the diffeomorphisms ht|aR1\O and
g'|oc. Tt allows to define a flow ¢': R® — R"
in such a way that ¢’ coincides with h! outside
int R” and coincides with {1 g on R}
Let us project the flow ¢ to the n-sphere
by means the stereographic projection.
Denote by N(0,...,0,1) the North Pole
——

of the sphere S". F(;Lr every point z =
= (21,...,2Zny1) in S® C R™! there is the
unique line passing through the points A and .
This line intersects R” = Ox; ...z, at exactly
one point ¥(x) (see figure 4), which is called the Fig. 4. The stereographic projection
stereographic projection of the point x. One can Puc. 4. Crepeorpaduueckas mpoeKIus
easily to check that ¥ : S* \ {N} — R" is a

diffeomorphism, given by the formula

ﬁ(3617-~,37n+1) = <

T Tn—1 In
1_$n+17”.71_l‘n+171_$n+1 .

As flow ¢! coincides with h! in some neighborhoods of the origin O and of the infinity point,
hence, it induces on S™ the required flow
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IHouunka Onvea Bumanvesna — popunack B 1972 romy. OkoHumia MEXaHUKO-
Maremarndeckuii dakynsrer Hmxeropoackoro rocynapcrsenHoro yHusepcurera um. H.M. Jlo-
6aueBckoro (1994), acnmpantypy (HI'CXA, 2004) n nokropantypy (HHI'Y, 2011). 3amurn-
Ja JWCCEepTalM Ha COMCKaHUE YYEHOH CTeNeHM KaHauaaTa (U3MKO-MAaTeMAaTHYECKUX HayK
(HI'CXA, 2004) u nokrtopa ¢usuko-maremarnueckux Hayk (HHIY, 2012). C 1997 mo
2014 rom paboranma Ha Kadeape Teopun (GYHKIMH MEXaHHKO-MaTeMaTHYECKOro (akyabTeTa
HHI'Y um. H.W. JlobaueBckoro: cHadana B JAODKHOCTH AaCCHCTEHTA, 3aT€M CTapIIEro IPero-
nmaBarens, poueHTta. C 2014 roma mo Hacrosmee BpeMsi — mpodeccop, 3aBeayromas kKaden-
poit GpyHIaMeHTanbHON MaTeMaTHKH HanmoHanbpHOTO HMCCleoBaTeIbCcKOTo yHUBEpPCUTETa Boic-
Iast IIKojIa S9KOHOMHKH. [IpodeccronanbHbIe HHTEPECH — Ka9eCTBEHHAsl TCOPHsI JUHAMHUYECKHX
CHUCTEM.
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lankuna Ceemnana [FOpveéna — pomunace B 1963 romy. OxoHUMIa MEXaHUKO-
MareMariHyeckuil (akynsreT MOCKOBCKOTO TOCyAapCTBEHHOro yHuBepcutera uM. M.B. Jlomo-
HocoBa (1986) u acupantypy (MI'Y, 1991). Kangunar ¢usuko-maremarndeckux Hayk (MI'Y,
2002). C 1991 mo 2005 rox pabortana B HikeropoackoM rocynapCTBEHHOM IEIAarOrHYeCKOM
YHHUBEpCUTETE, Ha Kaeape MaTeMaTHIecKoro aHajIH3a: CHadaua B JOIDKHOCTH acCHCTEHTa, 3a-
TEM CTapIIero MperoaaBarels, JOIeHTa, U.0. 3aBeAyIONmero kadepoii MaTeMaTHIeCcKOro aHalH-
3a. C 2005 no 2019 rox — nomeHT kadeapsl MpUKIaHOW MaTeMaTuku Hrmkeropozckoro rocy-
napctBeHHoro yHuBepcurera uM. H.U. Jlo6aueBckoro. C 2019 r. o HacTosmiee BpeMst — JOLECHT
Kadenps! GpyHAaMEHTAIbHOH MaTeMaTuKH HannoHaabHOTO HMCCIEeNOBaTENbCKOTO YHHBEPCHUTETA
Beicimast mkona sxoHoMHKH. HaydHble MHTEpechl: QyHKIIMOHAIBHBIN aHaIu3, Teopus QyHKIU
JIEWCTBUTENFHOTO EPEMEHHOTO, TEOPHUSI AIIPOKCUMAIMN (DYHKIIMH.
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tepHbix Hayk HUY BIID (Hmwxauit HoBropox), craxép-uccienosarens J1abopaToOpHy TOMOJIO-
ruyeckux MetonioB B quHamuke (MMuKH HIY BIID).
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