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�àáîòà ïîñâÿùåíà èçó÷åíèþ íàèëó÷øèõ ðàâíîìåðíûõ ðàöèîíàëüíûõ ïðèáëèæåíèé (Í��Ï) íåïðåðûâ-

íûõ �óíêöèé íà êîìïàêòíûõ, â òîì ÷èñëå êîíå÷íûõ, ïîäìíîæåñòâàõ ÷èñëîâîé îñè R. Ïîêàçàíî, ÷òî

Í��Ï íà êîíå÷íîì ìíîæåñòâå ñóùåñòâóåò íå âñåãäà. Áîëåå ïîäðîáíî èçó÷åí àëãîðèòì �åëüìóòà Âåð-

íåðà ïîèñêà Í��Ï âèäà Pm/Qn =
m
∑

i=0

aix
i
/

n
∑

j=0

bjx
j
äëÿ �óíêöèé íà ìíîæåñòâå èç N = m+n+2 òî÷åê

x1 < . . . < xN . Ýòîò àëãîðèòì ìîæåò èñïîëüçîâàòüñÿ â àëãîðèòìå �åìåçà ïîèñêà Í��Ï íà îòðåçêå. Ïðè

ðàáîòå àëãîðèòìà Âåðíåðà âû÷èñëÿåòñÿ (n + 1) âåùåñòâåííîå ñîáñòâåííîå çíà÷åíèå h1, . . . , hn+1 äëÿ

ïó÷êà ìàòðèö A − hB, ãäå A è B � íåêîòîðûå ñèììåòðè÷íûå ìàòðèöû. Êàæäîìó ñîáñòâåííîìó çíà-

÷åíèþ ñîïîñòàâëÿåòñÿ ñâîÿ ðàöèîíàëüíàÿ äðîáü âèäà Pm/Qn, ÿâëÿþùàÿñÿ êàíäèäàòîì íà íàèëó÷øåå

ïðèáëèæåíèå. Ïîñêîëüêó íå áîëåå îäíîé èç ýòèõ äðîáåé ñâîáîäíû îò ïîëþñîâ íà îòðåçêå [x1, xN ], òî âîç-
íèêàåò çàäà÷à îòûñêàíèÿ òîãî ñîáñòâåííîãî çíà÷åíèÿ, êîòîðîìó ñîîòâåòñòâóåò ðàöèîíàëüíàÿ äðîáü áåç

ïîëþñîâ. Â ðàáîòå ïîêàçàíî, ÷òî åñëè m = 0, âñå çíà÷åíèÿ f(x1),−f(x2), . . . , (−1)n+2f(xn+2) ðàçëè÷íû
è Í��Ï ïîëîæèòåëüíî (îòðèöàòåëüíî) âî âñåõ òî÷êàõ x1, . . . , xn+2, òî ýòî ñîáñòâåííîå çíà÷åíèå çàíèìà-

åò [(n+2)/2]-å ([(n+3)/2]-å) ìåñòî ïî âåëè÷èíå. Ïðèâåäåíû òðè ÷èñëåííûõ ïðèìåðà, èëëþñòðèðóþùèõ

ýòî óòâåðæäåíèå.

Êëþ÷åâûå ñëîâà: íàèëó÷øèå ðàâíîìåðíûå ðàöèîíàëüíûå ïðèáëèæåíèÿ, ðàöèîíàëüíûå ïðèáëèæåíèÿ íà

êîíå÷íûõ ìíîæåñòâàõ, àëãîðèòì �åìåçà, àëãîðèòì Âåðíåðà, âûáîð ñîáñòâåííûõ çíà÷åíèé â àëãîðèòìå

Âåðíåðà.

Ââåäåíèå

Ñòàòüÿ ïîñâÿùåíà èçó÷åíèþ íàèëó÷øèõ ðàâíîìåðíûõ ðàöèîíàëüíûõ ïðèáëèæåíèé íåïðå-

ðûâíûõ �óíêöèé íà êîìïàêòíûõ, â òîì ÷èñëå êîíå÷íûõ, ïîìíîæåñòâàõ ÷èñëîâîé îñè R. �àöè-

îíàëüíûì ïðèáëèæåíèÿì ïîñâÿùåíî áîëüøîå ÷èñëî ðàáîò (ñì., íàïðèìåð, [1�5℄ è èìåþùèåñÿ

òàì ññûëêè).

�àáîòà ñîñòîèò èç øåñòè ïàðàãðà�îâ. Â ïåðâîì ïàðàãðà�å ïðèâåäåíû îñíîâíûå îáîçíà÷åíèÿ

è îïðåäåëåíèÿ. Âî âòîðîì ïàðàãðà�å ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ íàèëó÷-

øåãî ðàâíîìåðíîãî ðàöèîíàëüíîãî ïðèáëèæåíèÿ (Í��Ï), íàéäåííûå Óîëøåì, è ïîêàçàíî, ÷òî

Í��Ï íà êîíå÷íîì ìíîæåñòâå ñóùåñòâóåò íå âñåãäà (òåîðåìà 1). Òðåòèé ïàðàãðà� ïîñâÿùåí

åäèíñòâåííîñòè è õàðàêòåðèçàöèè Í��Ï. Ïðèâåäåíà òåîðåìà îá àëüòåðíàíñå äëÿ ðàöèîíàëü-

íûõ ïðèáëèæåíèé íà îòðåçêå (òåîðåìà À), à òàêæå àíàëîãè÷íàÿ òåîðåìà äëÿ ïðîèçâîëüíîãî

êîìïàêòíîãî ìíîæåñòâà èç R (òåîðåìà 2). Â ÷åòâåðòîì ïàðàãðà�å îïèñàí àëãîðèòì �åìåçà

ïîèñêà Í��Ï, à òàêæå ïðèâåäåí ðåçóëüòàò �àëüñòîíà î äîñòàòî÷íûõ óñëîâèÿõ ñõîäèìîñòè ýòî-

ãî àëãîðèòìà. Â ïÿòîì ïàðàãðà�å îïèñàí àëãîðèòì �åëüìóòà Âåðíåðà, êîòîðûé ìîæåò áûòü

ïðèìåíåí íà îäíîì èç øàãîâ àëãîðèòìà �åìåçà. Àëãîðèòì Âåðíåðà ïðåäíàçíà÷åí äëÿ ïîèñêà

Í��Ï âèäà Pm/Qn =
m
∑

i=0
aix

i
/

n
∑

j=0
bjx

j
�óíêöèé, çàäàííûõ íà ìíîæåñòâå èç N = m+n+2 òî÷åê

x1 < . . . < xN . Ìíîãî÷ëåí Qn íå äîëæåí èìåòü ïîëþñîâ íà îòðåçêå [x1, xN ]. Ïðè ðàáîòå ýòîãî

àëãîðèòìà âû÷èñëÿåòñÿ (n+1) ñîáñòâåííîå çíà÷åíèå h1, . . . , hn+1 äëÿ ïó÷êà ìàòðèö A−hB, ãäå
A è B � íåêîòîðûå ñèììåòðè÷íûå ìàòðèöû, B ïîëîæèòåëüíî îïðåäåëåíà. Âñå ýòè ñîáñòâåííûå

çíà÷åíèÿ âåùåñòâåííû, ïîýòîìó êàæäîìó èç íèõ ñîïîñòàâëÿåòñÿ ñâîÿ ðàöèîíàëüíàÿ äðîáü âèäà

Pm/Qn, ÿâëÿþùàÿñÿ êàíäèäàòîì íà íàèëó÷øåå ïðèáëèæåíèå. Êàê èçâåñòíî, íå áîëåå îäíîé èç

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíòû �� 13�02�12155-î�è_ì, 14�01�00516-À).
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ýòèõ äðîáåé ñâîáîäíî îò ïîëþñîâ íà îòðåçêå [x1, xN ]. Äàííîå óòâåðæäåíèå ìîæíî óòî÷íèòü,

çàìåíèâ îòðåçîê [x1, xN ] íà íàáîð òî÷åê x1, . . . , xN (ïðåäëîæåíèå 1).

Òàêèì îáðàçîì, âîçíèêàåò çàäà÷à îòûñêàíèÿ òîãî ñîáñòâåííîãî çíà÷åíèÿ, êîòîðîìó ñîîòâåò-

ñòâóåò ðàöèîíàëüíàÿ äðîáü áåç ïîëþñîâ. Ïðèâåäåíî äîñòàòî÷íîå óñëîâèå Êóðòèñà è Îñáîðíà

òîãî, ÷òî â ñëó÷àå n = 1 ýòî ñîáñòâåííîå çíà÷åíèå (åñëè îíî ñóùåñòâóåò) èìååò ìèíèìàëüíûé

ìîäóëü. Äàëåå â òåîðåìå 3 íàìè ïîêàçàíî, ÷òî åñëè m = 0, âñå çíà÷åíèÿ f(x1), −f(x2), . . .,
(−1)n+2f(xn+2) ðàçëè÷íû è ïðèáëèæàþùàÿ �óíêöèÿ Pm/Qn ïîëîæèòåëüíà (îòðèöàòåëüíà) â

òî÷êàõ x1, . . . , xN , òî ýòî ñîáñòâåííîå çíà÷åíèå çàíèìàåò [(n + 2)/2]-å ([(n + 3)/2]-å) ìåñòî â

ïîñëåäîâàòåëüíîñòè h1 < . . . < hn+1. Ïîñëå �îðìóëèðîâêè òåîðåìû ïðèâåäåíû òðè èëëþñòðè-

ðóþùèõ åå ÷èñëåííûõ ïðèìåðà.

� 1. Îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ

Âñþäó äàëåå m è n � íåîòðèöàòåëüíûå öåëûå ÷èñëà. Îáîçíà÷èì ñèìâîëîì Rm,n ìíîæåñòâî

âñåõ ðàöèîíàëüíûõ �óíêöèé âèäà

R(x) =
Pm(x)

Qn(x)
=

m
∑

i=0
aix

i

n
∑

j=0
bjxj

(1)

ñ âåùåñòâåííûìè êîý��èöèåíòàìè. Äå�åêòîì d(R) ðàöèîíàëüíîé �óíêöèè (1) íàçûâàåòñÿ

òàêîå ÷èñëî d, ÷òî am = am−1 = ... = am−d+1 = 0, bn = bn−1 = ... = bn−d+1 = 0, íî õîòÿ áû îäèí

èç êîý��èöèåíòîâ am−d, bn−d îòëè÷åí îò íóëÿ. Â ñëó÷àå R ≡ 0 ñ÷èòàåì, ÷òî d(R) = n.

Ïóñòü K � êîìïàêòíîå (âîçìîæíî, êîíå÷íîå) ïîäìíîæåñòâî ìíîæåñòâà äåéñòâèòåëüíûõ

÷èñåë R. Îáîçíà÷èì ñèìâîëîì RK
m,n (ñîîòâåòñòâåííî RK+

m,n) ìíîæåñòâî âñåõ �óíêöèé âèäà (1),

óäîâëåòâîðÿþùèõ óñëîâèþ Qn(x) 6= 0 (ñîîòâåòñòâåííî Qn(x) > 0) ïðè âñåõ x ∈ K.

Ìíîæåñòâî âñåõ íåïðåðûâíûõ �óíêöèé f : K → R îáîçíà÷àåòñÿ ÷åðåç C(K). �àöèîíàëüíóþ
�óíêöèþ R∗ = Pm/Qn áóäåì íàçûâàòü íàèëó÷øèì ðàâíîìåðíûì ðàöèîíàëüíûì ïðèáëèæåíè-

åì (Í��Ï) èç êëàññà RK
m,n (ñîîòâåòñòâåííî RK+

m,n) äëÿ �óíêöèè f ∈ C(K), åñëè âûïîëíÿåòñÿ

ðàâåíñòâî

max
x∈K

|R∗(x)− f(x)| = inf max
x∈K

|R(x)− f(x)|,

ãäå òî÷íàÿ íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì �óíêöèÿì R èç ñîîòâåòñòâóþùåãî êëàññà.

Çàìå÷àíèå 1. Ïóñòü K = [a, b] è f ∈ C[a, b]. Òîãäà íåñîêðàòèìàÿ ðàöèîíàëüíàÿ �óíêöèÿ

R∗ = Pm/Qn, äàþùàÿ Í��Ï èç êëàññàR
[a,b]
m,n äëÿ �óíêöèè f , íå èìååò ïîëþñîâ íà [a, b]. Ïîýòîìó

ìîæíî ñ÷èòàòü, ÷òî åå çíàìåíàòåëü Qn ïîëîæèòåëåí âñþäó íà [a, b]. Çíà÷èò, äëÿ íåïðåðûâíûõ

�óíêöèé íà îòðåçêå [a, b] ïîíÿòèÿ Í��Ï èç êëàññîâ R
[a,b]
m,n è R

[a,b]+
m,n ñîâïàäàþò.

� 2. Ñóùåñòâîâàíèå íàèëó÷øåãî ðàâíîìåðíîãî ðàöèîíàëüíîãî ïðèáëèæåíèÿ

Èç ðåçóëüòàòà Óîëøà [6, Theorem III, p. 672℄ âûòåêàåò, ÷òî åñëè K � êîìïàêòíîå ìíîæåñòâî

èç R áåç èçîëèðîâàííûõ òî÷åê (â ÷àñòíîñòè, îòðåçîê [a, b]), òî äëÿ ëþáîé íåïðåðûâíîé íà íåì

�óíêöèè ñóùåñòâóåò Í��Ï èç êëàññà RK
m,n.

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî Í��Ï íà êîíå÷íîì ìíîæåñòâå èç R ìîæåò íå áûòü.

Òåîðåìà 1. 1. Åñëè n > 1 è êîíå÷íîå ìíîæåñòâî K ⊂ R èìååò áîëåå ÷åì m + 1 òî÷åê,

òî íàéäåòñÿ �óíêöèÿ f0 : K → R, äëÿ êîòîðîé íå ñóùåñòâóåò Í��Ï íè èç êëàññà RK
m,n, íè

èç êëàññà RK+
m,n.

2. Åñëè n = 0 èëè ìíîæåñòâî K ⊂ R èìååò íå áîëåå m+1 òî÷åê, òî äëÿ ëþáîé �óíêöèè

f : K → R Í��Ï êàê èç êëàññà RK
m,n, òàê è èç êëàññà RK+

m,n ñóùåñòâóåò.
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Ä î ê à ç à ò å ë ü ñ ò â î. 1. ÏóñòüK = {x0, x1, . . . , xM}, ãäåM > m+1, x0 < x1 < . . . < xM .

Çàäàäèì �óíêöèþ f0 òàê: f0(x0) = 1; f0(xi) = 0 ïðè i = 1, . . . ,M . Ââåäåì ïîñëåäîâàòåëüíîñòü

�óíêöèé èç êëàññà RK+
m,n: Rj(x) = 1/(1+ j(x−x0)), j = 1, 2, . . .. Òîãäà âûïîëíåíû ñîîòíîøåíèÿ

0 6 inf
R∈RK

m,n

max
x∈K

|R(x)− f(x)| 6 inf
R∈RK+

m,n

max
x∈K

|R(x)− f(x)| 6 inf
j=1,2,...

max
x∈K

|Rj(x)− f(x)| =

= inf
j=1,2,...

max
i=1,...,M

|1/(1 + ji)| = 0.

Îòñþäà ñëåäóåò, ÷òî Í��Ï R∗ = Pm/Qn, åñëè îíî ñóùåñòâóåò, íà ìíîæåñòâå K äîëæíî ñîâ-

ïàäàòü ñ �óíêöèåé f . Ïîýòîìó çíà÷åíèå ìíîãî÷ëåíà Pm, èìåþùåãî ñòåïåíü íå âûøå m, â òî÷-

êå x0 äîëæíî áûòü îòëè÷íûì îò íóëÿ, à â òî÷êàõ x1, . . . , xM äîëæíî áûòü ðàâíûì íóëþ. Íî

ýòî íåâîçìîæíî, çíà÷èò, Í��Ï íå ñóùåñòâóåò.

2. Ïðè n = 0 äëÿ ïîñòðîåíèÿ Í��Ï R∗ = Pm/Qn äîñòàòî÷íî âçÿòü Qn ≡ 1, à â êà÷åñòâå Pm

âçÿòü ïîëèíîì íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ äëÿ �óíêöèè f íà ìíîæåñòâå K (åãî

ñóùåñòâîâàíèå äîêàçàíî Áîðåëåì â [7℄). �

Çàìåòèì, ÷òî äëÿ ÷àñòíîãî ñëó÷àÿ M = 2, m = 0, n = 1 ïðèìåð, àíàëîãè÷íûé ïðèìåðó èç

ï. 1 äîêàçàòåëüñòâà, ïðèâåë Âàòñîí â [2, p. 193℄.

� 3. Åäèíñòâåííîñòü è õàðàêòåðèçàöèÿ íàèëó÷øåãî ðàöèîíàëüíîãî ïðèáëèæåíèÿ

Õàðàêòåðèçàöèîííàÿ òåîðåìà î íàèëó÷øèõ ðàöèîíàëüíûõ ïðèáëèæåíèÿõ, ÷àñòî íàçûâàå-

ìàÿ òåîðåìîé ×åáûø¼âà îá àëüòåðíàíñå, äëÿ îãðàíè÷åííîãî ïðîìåæóòêà è åäèíè÷íîé âåñîâîé

�óíêöèè ìîæåò áûòü ñ�îðìóëèðîâàíà òàê ([1, ñ. 66℄, ñì. òàêæå [8℄, [4, Set. 8, p. 21℄).

Òåîðåìà À. Äëÿ ëþáîé �óíêöèè f ∈ C[a, b] íåñîêðàòèìàÿ ðàöèîíàëüíàÿ �óíêöèÿ R =

= Pm/Qn, äàþùàÿ Í��Ï èç êëàññà R
[a,b]+
m,n , åäèíñòâåííà. Ýòà �óíêöèÿ âïîëíå õàðàêòåðèçó-

åòñÿ òàêèì ñâîéñòâîì: ñóùåñòâóþò N = m + n + 2 − d(R) òî÷åê t1 < . . . < tN èç îòðåçêà

[a, b] è ÷èñëî ε0 ∈ {−1, 1} òàêèå, ÷òî âûïîëíÿþòñÿ ðàâåíñòâà

R(tk)− f(tk) = ε0(−1)k · max
x∈[a,b]

|R(x)− f(x)|, k = 1, . . . , N.

Òî÷êè t1 < . . . < tN ïðèíÿòî íàçûâàòü òî÷êàìè àëüòåðíàíñà.

Äëÿ ðàöèîíàëüíûõ ïðèáëèæåíèé íà êîìïàêòíûõ ìíîæåñòâàõ èç R ìîæíî äîêàçàòü ñëåäó-

þùèé àíàëîã òåîðåìû À.

Òåîðåìà 2. Ïóñòü K ⊂ R � êîìïàêòíîå ìíîæåñòâî, f ∈ C(K), R = Pm/Qn � íåñîêðà-

òèìàÿ ðàöèîíàëüíàÿ �óíêöèÿ èç êëàññà RK+
m,n è K ñîäåðæèò íå ìåíåå ÷åì N = m+n+2−d(R)

òî÷åê. Òîãäà R åñòü Í��Ï èç êëàññà RK+
m,n äëÿ �óíêöèè f åñëè è òîëüêî åñëè ñóùåñòâóþò

N òî÷åê x1 < . . . < xN èç K è ÷èñëî ε0 ∈ {−1, 1} òàêèå, ÷òî âûïîëíÿþòñÿ ðàâåíñòâà

R(xk)− f(xk) = ε0(−1)k ·max
x∈K

|R(x)− f(x)|, k = 1, . . . , N.

Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû À â [1, ñ. 66℄.

� 4. Àëãîðèòì �åìåçà ïîèñêà íàèëó÷øåãî ðàöèîíàëüíîãî ïðèáëèæåíèÿ

Íà ïðèìåíåíèè òåîðåìû À îñíîâàí, â ÷àñòíîñòè, àëãîðèòì Å.ß. �åìåçà, ðàçðàáîòàííûé

èì äëÿ ïîèñêà ïîëèíîìîâ íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ íåïðåðûâíûõ �óíêöèé íà

îòðåçêå (ñì. [9, 10℄). Ýòîò àëãîðèòì áûë ìîäè�èöèðîâàí ðàçëè÷íûìè àâòîðàìè äëÿ ïîèñêà

Í��Ï (ñì., íàïðèìåð, [11,12℄). Ïðèâåäåì çäåñü îïèñàíèå àëãîðèòìà �åìåçà äëÿ ïîèñêà Í��Ï

R∗(x) =
m
∑

i=0
aix

i
/

n
∑

j=0
bjx

j
èç êëàññà R

[a,b]+
m,n äëÿ �óíêöèé f ∈ C[a, b] â ñëó÷àå d(R∗) = 0 è N =

= m+ n+ 2, êîòîðûé ìû áóäåì ðàññìàòðèâàòü äàëåå (ìû ñëåäóåì [2, p. 200℄ è [5, p. 366℄).
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Àëãîðèòì ñîñòîèò èç 4-õ øàãîâ.

Øàã 1. Ïîëîæèì p = 1 è âûáåðåì íà îòðåçêå [a, b] ïðîèçâîëüíîå ïîäìíîæåñòâî èç N ýëåìåíòîâ

Kp = {x
(p)
1 < x

(p)
2 < . . . < x

(p)
N }.

Øàã 2. �åøèâ íåëèíåéíóþ ñèñòåìó

m
∑

i=0

ai(x
(p)
k )i

/

n
∑

j=0

bj(x
(p)
k )j − f(x

(p)
k ) = (−1)kh(p), k = 1, . . . , N,

îòíîñèòåëüíî a0, . . . , am, b0, . . . , bn è h(p), ïîñòðîèì äàþùóþ Í��Ï íà ìíîæåñòâå Kp ðàöèî-

íàëüíóþ �óíêöèþ Rp(x) =
m
∑

i=0
aix

i
/

n
∑

j=0
bjx

j
.

Øàã 3. Ïîëîæèì rp(x) = Rp(x)−f(x) è âû÷èñëèì h
(p)

= maxx∈[a,b] |rp(x)|. Åñëè h
(p)

= |h(p)|, òî
(ïî òåîðåìå À) äðîáü Rp(x) äàåò íàèëó÷øåå ïðèáëèæåíèå íà [a, b], ðàáîòà àëãîðèòìà óñïåøíî

çàâåðøåíà, èíà÷å ïåðåõîäèì ê øàãó 4.

Øàã 4. Åñëè h
(p)

> |h(p)|, òî ñóùåñòâóåò òî÷êà x∗ ∈ [a, b] òàêàÿ, ÷òî |rp(x∗)| = h
(p)
. Âîçü-

ìåì íà îòðåçêå [a, b] íîâîå ïîäìíîæåñòâî Kp+1 = {x
(p+1)
1 < x

(p+1)
2 < . . . < x

(p+1)
N } òàêîå, ÷òî

sign(rp(x
(p+1)
k+1 )) = −sign(rp(x

(p+1)
k

)) ïðè k = 1, . . . , N − 1, |rp(x
(p+1)
k

)| > |h(p)| ïðè k = 1, . . . , N ,

à òàêæå max16k6N |rp(x
(p+1)
k )| = h

(p)
. (Ýòîãî ìîæíî äîáèòüñÿ, íàïðèìåð, çàìåíèâ îäíó èç òî÷åê

ìíîæåñòâà Kp íà x∗.) Óâåëè÷èì p íà 1 è ïåðåéäåì ê øàãó 2.

Çàìå÷àíèå 2. Åñëè â êàêîé-òî ìîìåíò íåëüçÿ áóäåò ñäåëàòü øàã 2 (ýòî âîçìîæíî), òî àëãî-

ðèòì íå äàñò ðåçóëüòàòà. Èíà÷å â èòîãå ðàáîòû àëãîðèòìà ïîëó÷èì ïîñëåäîâàòåëüíîñòü ðàöè-

îíàëüíûõ �óíêöèé {Rp}
∞
p=1. Êàê ïîêàçàë �àëüñòîí â [13, Corollary 1, p. 329℄, äëÿ ðàâíîìåðíîé

ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè {Rp}
∞
p=1 ê Í��Ï R∗ äîñòàòî÷íî âûïîëíåíèÿ äâóõ óñëîâèé:

(à) òî÷êè x
(1)
k , âûáðàííûå íà øàãå 1 àëãîðèòìà, äîñòàòî÷íî áëèçêè ê òî÷êàì àëüòåðíàíñà tk èç

òåîðåìû À, k = 1, . . . , N ;

(á) âåëè÷èíà mink=1,...,N |R1(x
(1)
k )− f(x

(1)
k )| äîñòàòî÷íî áëèçêà ê âåëè÷èíå |R∗(t1)− f(t1)|.

� 5. Êîíñòðóêöèÿ è ñâîéñòâà àëãîðèòìà Âåðíåðà

Êàê ìû âèäåëè â ïðåäûäóùåì ïàðàãðà�å, íà øàãå 2 àëãîðèòìà �åìåçà òðåáóåòñÿ äëÿ äàí-

íîãî íàáîðà òî÷åê x1 < x2 < . . . < xN èç îòðåçêà [a, b] ðåøèòü íåëèíåéíóþ ñèñòåìó âèäà

m
∑

i=0

ai(xk)
i
/

n
∑

j=0

bj(xk)
j − f(xk) = (−1)kh, k = 1, . . . , N, (2)

îòíîñèòåëüíî a0, . . . , am,b0, . . . , bn,h, ÷òî ïîçâîëÿåò íà êîíå÷íîì ìíîæåñòâåM = {x1, x2, . . . , xN}

ïîñòðîèòü Í��Ï R(x) = Pm(x)/Qn(x) =
m
∑

i=0
aix

i
/

n
∑

j=0
bjx

j
èç êëàññà RM+

m,n äëÿ �óíêöèè f (ïðè

óñëîâèè, ÷òî d(R) = 0). Ïðè ýòîì çíàìåíàòåëü Qn(x) =
n
∑

j=0
bjx

j
äîëæåí áûòü ïîëîæèòåëåí

â òî÷êàõ x1, . . . , xN . Äëÿ ðåøåíèÿ ýòîé çàäà÷è è ïðåäíàçíà÷åí àëãîðèòì Âåðíåðà ( [14℄, ñì.

òàêæå [15, Set. 7℄). Çàìåòèì, ÷òî ñîãëàñíî òåîðåìå 1 äàííàÿ çàäà÷à ðàçðåøèìà íå âñåãäà.

Âåðíåð ïðåäëàãàåò äåéñòâîâàòü ñëåäóþùèì îáðàçîì. Óìíîæèâ ðàâåíñòâî (2) íà çíàìåíà-

òåëü è ïåðåíåñÿ âñå â ëåâóþ ÷àñòü, ïîëó÷èì ñèñòåìó óðàâíåíèé

m
∑

i=0

aix
i
k +

n
∑

j=0

bjx
j
k
((−1)k+1h− f(xk)) = 0, k = 1, . . . , N. (3)

Ïðè �èêñèðîâàííîì h ýòî � ëèíåéíàÿ îäíîðîäíàÿ ñèñòåìà óðàâíåíèé îòíîñèòåëüíî êîý�-

�èöèåíòîâ a0, . . . , am, b0, . . . , bn. Îíà èìååò íåíóëåâîå ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà åå
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îïðåäåëèòåëü ðàâåí íóëþ. Ìàòðèöà ñèñòåìû (3) èìååò âèä











x01 . . . xm1 x01(h− f(x1)) . . . xn1 (h− f(x1))
x02 . . . xm2 x02(−h− f(x2)) . . . xn2 (−h− f(x2))
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

x0N . . . xmN x0N ((−1)N+1h− f(xN )) . . . xnN ((−1)N+1h− f(xN ))











.

Ïîñêîëüêó h âõîäèò ëèøü â ïîñëåäíèå n+1 ñòîëáöîâ ýòîé ìàòðèöû, òî åå îïðåäåëèòåëü Dn+1(h)
ÿâëÿåòñÿ ìíîãî÷ëåíîì ñòåïåíè n + 1 îò h. Âåðíåð [14, p. 334�335℄ äîêàçàë, ÷òî âñå êîðíè

h1, . . . , hn+1 ýòîãî ìíîãî÷ëåíà ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè ïó÷êà ìàòðèö A− hB, ãäå
A, B � íåêîòîðûå ñèììåòðè÷íûå ìàòðèöû, B ïîëîæèòåëüíî îïðåäåëåíà. Ýòî îçíà÷àåò, ÷òî

âûïîëíÿåòñÿ ðàâåíñòâî Ab = hBb, ãäå b = (b0, . . . , bn) (ñì. òàêæå [16, ñ. 325℄). Îòñþäà ñëåäóåò,

÷òî h1, . . . , hn+1 âåùåñòâåííû. Äëÿ êàæäîãî ñîáñòâåííîãî çíà÷åíèÿ hs (s = 1, . . . , n + 1), ðå-
øàÿ ñèñòåìó (3) ïðè h = hs, ìîæíî íàéòè êîý��èöèåíòû ai = ai,hs

(i = 1, . . . ,m), bj = bj,hs

(j = 1, . . . , n) è ñîîòâåòñòâóþùèå ìíîãî÷ëåíû Pm,hs
(x) =

m
∑

i=0
ai,hs

xi, Qn,hs
(x) =

n
∑

j=0
bj,hs

xj .

Èçâåñòíî (ñì. [14, p. 335℄, [15, p. 261℄, [3, p. 115℄), ÷òî ñóùåñòâóåò íå áîëåå îäíîãî çíà÷åíèÿ hs,
äëÿ êîòîðîãî ñîîòâåòñòâóþùèé ìíîãî÷ëåí Qn,hs

ïîëîæèòåëåí íà îòðåçêå [x1, xN ]. Êðîìå òîãî,
âåðíî ñëåäóþùåå, ÷óòü áîëåå òî÷íîå, óòâåðæäåíèå.

Ïðåäëîæåíèå 1. Ñóùåñòâóåò íå áîëåå îäíîãî çíà÷åíèÿ hs, äëÿ êîòîðîãî ñîîòâåòñòâóþ-
ùèé ìíîãî÷ëåí Qn,hs

ïîëîæèòåëåí âî âñåõ òî÷êàõ x1, . . . , xN .

Ä î ê à ç à ò å ë ü ñ ò â î (ñð. [15, ñ. 261℄, [3, ñ. 115℄). Ïóñòü äëÿ çíà÷åíèé hi è hj ñîîòâåò-
ñòâóþùèå èì ìíîãî÷ëåíû Qn,hi

è Qn,hj
ïîëîæèòåëüíû âî âñåõ òî÷êàõ x1, . . . , xN . Ñîãëàñíî (2)

âûïîëíÿþòñÿ ðàâåíñòâà

Pm,hi
(xk)

Qn,hi
(xk)

− f(xk) = (−1)khi,
Pm,hj

(xk)

Qn,hj
(xk)

− f(xk) = (−1)khj , k = 1, . . . , N.

Âû÷èòàÿ, ïîëó÷èì

Pm,hi
(xk)Qn,hj

(xk)− Pm,hj
(xk)Qn,hi

(xk)

Qn,hi
(xk)Qn,hj

(xk)
= (−1)k(hi − hj), k = 1, . . . , N. (4)

Îòñþäà âèäíî, ÷òî ìíîãî÷ëåí Sm+n = Pm,hi
Qn,hj

− Pm,hj
Qn,hi

ñòåïåíè m + n ïðè hi = hj
îáðàùàåòñÿ â íîëü â òî÷êàõ x1, . . . , xN , à ïðè hi 6= hj èìååò ÷åðåäóþùèåñÿ çíàêè â ýòèõ òî÷êàõ.
Â ëþáîì ñëó÷àå îí èìååò íå ìåíåå ÷åì N−1 = m+n+1 ðàçëè÷íûõ êîðíåé. Ïîýòîìó Sm+n ≡ 0.
Òîãäà èç ðàâåíñòâà (4) ïîëó÷àåì, ÷òî hi = hj . Ïðåäëîæåíèå äîêàçàíî. �

Çàìå÷àíèå 3. Âîçìîæíà ñèòóàöèÿ, êîãäà íè îäíîìó èç h1, . . . , hn+1 íå ñîîòâåòñòâóåò ìíî-

ãî÷ëåí Qn,hs
, ïîëîæèòåëüíûé â òî÷êàõ x1, . . . , xN . Íàïðèìåð, òàê áóäåò, åñëè m = 0 è â ïîñëå-

äîâàòåëüíîñòè f(x1), . . . , f(xN ) åñòü äâà ñîñåäíèõ íóëåâûõ çíà÷åíèÿ. Ìàýëè [15, ñ. 262℄ òàêæå

ïðèâåë ñëåäóþùèé ïðèìåð òàêîé ñèòóàöèè: m = 0, n = 1; x1 = −1, x2 = 0, x3 = 1; f(x) = x.
Òàêàÿ ñèòóàöèÿ âîçìîæíà äàæå òîãäà, êîãäà âñå çíà÷åíèÿ f(x1), . . . , f(xN ) ïîëîæèòåëüíû.

� 6. Âûáîð ñîáñòâåííûõ çíà÷åíèé â àëãîðèòìå Âåðíåðà ïðè m = 0

Èç âûøåèçëîæåííîãî âèäíà àêòóàëüíîñòü ðàçðàáîòêè ýêîíîìè÷íîãî ñïîñîáà âûáîðà òîãî

åäèíñòâåííîãî (ñì. ïðåäëîæåíèå 1) ñîáñòâåííîãî çíà÷åíèÿ hs, äëÿ êîòîðîãî ìíîãî÷ëåí Qn,hs

ïîëîæèòåëåí âî âñåõ òî÷êàõ x1, . . . , xN (åñëè, êîíå÷íî, îíî ñóùåñòâóåò (ñì. çàìå÷àíèå 3)).

Â ñëó÷àå n = 1 èç ðåçóëüòàòà Êóðòèñà è Îñáîðíà [17, Set. 2, p. 287℄ ñëåäóåò, ÷òî åñëè

ïðîèçâîäíàÿ ïîðÿäêà m+ 1 �óíêöèè f ñîõðàíÿåò çíàê íà îòðåçêå [x1, xN ], òî ýòî ñîáñòâåííîå

çíà÷åíèå hs (åñëè îíî ñóùåñòâóåò) èìååò ìèíèìàëüíûé ìîäóëü ñðåäè âñåõ ñîáñòâåííûõ çíà÷å-

íèé (ïðè n = 1 èõ âñåãî äâà). Äàëåå â òîé æå ðàáîòå [17, Set. 2, p. 287℄ àâòîðû çàìåòèëè, ÷òî
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ïðè îòñóòñòâèè çíàêîïîñòîÿíñòâà ó fm+1
ñîáñòâåííîå çíà÷åíèå hs ìîæåò èìåòü ìàêñèìàëüíûé

ìîäóëü ñðåäè âñåõ. Ñîîòâåòñòâóþùèé ïðèìåð ïðèâåäåí Ìàýëè â [15, p. 262℄: m = 0, n = 1;
x1 = 1, x2 = 2, x3 = 6; f(x) = (4 + 5x− x2)/2. Ïðè ýòîì h1 = −2, h2 = 1, hs = −2, Qn,hs

= 6/x.
Â íàñòîÿùåì ïàðàãðà�å ìû ðåøàåì ýòó çàäà÷ó âûáîðà ëèøü äëÿ ñëó÷àÿ m = 0, òî åñòü

Pm(x) ≡ a0, R(x) = a0/Qn(x). Êðîìå òîãî, â ñèëó ñïåöè�èêè àëãîðèòìà Âåðíåðà äîëæíî áûòü

d(R) = 0. Îòñþäà ñëåäóåò, ÷òî a0 6= 0 è N = n + 2. Â ïðèâîäèìîé íèæå òåîðåìå êâàäðàòíûìè

ñêîáêàìè îáîçíà÷àåòñÿ öåëàÿ ÷àñòü ÷èñëà, çàêëþ÷åííîãî â íèõ.

Òåîðåìà 3. Ïóñòü m = 0, x1 < . . . < xn+2, âñå çíà÷åíèÿ f(x1),−f(x2), . . . , (−1)n+2f(xn+2)
ðàçëè÷íû. Äàëåå, ïóñòü h1 6 . . . 6 hn+1 � âñå ñîáñòâåííûå çíà÷åíèÿ, çíà÷åíèþ hs ñîîòâåò-
ñòâóåò ïîëîæèòåëüíûé âî âñåõ òî÷êàõ x1, . . . , xn+2 ìíîãî÷ëåí Qn,hs

è Pm,hs
≡ a0,hs

6= 0.
Òîãäà ñîáñòâåííûå çíà÷åíèÿ h1, . . . , hn+1 ðàçëè÷íû, ïðè÷åì s = [(n + 2)/2] ïðè a0,hs

> 0,
s = [(n + 3)/2] ïðè a0,hs

< 0.

Ïåðåä äîêàçàòåëüñòâîì òåîðåìû ïðèâåäåì òðè ÷èñëåííûõ ïðèìåðà.

Ïðèìåð 1. Â îïèñàííîì âûøå ïðèìåðå Ìàýëè a0,hs
= 6 > 0, ïîýòîìó s = [(n+ 2)/2] = 1.

Â ñëåäóþùèõ äâóõ ïðèìåðàõ âñå ðåçóëüòàòû îêðóãëåíû äî òðåõ öè�ð ïîñëå äåñÿòè÷íîé òî÷êè.

Ïðèìåð 2. Ïóñòü m = 0, n = 3, N = 5; {xk}
N
k=1 = {1, 2, 3, 4, 5}; {f(xk)}

N
k=1 = {2, 7, 3, 8, 4}.

Òîãäà {hi}
n+1
i=1 = {−7.524,−2.251, 2.148, 3.876}. Äëÿ hs = −2.251 ïîëó÷èì ïîëîæèòåëüíûé â òî÷-

êàõ {xk}
N
k=1 ìíîãî÷ëåí Qn,hs

= −0.001x3 + 0.013x2 − 0.126x + 1. Ïðè ýòîì a0,hs
= 3.765 > 0,

ïîýòîìó s = [(n+2)/2] = 2. Çàìåòèì, ÷òî â äàííîì ñëó÷àå ìîäóëü hs íå ÿâëÿåòñÿ ìèíèìàëüíûì.

Ïðèìåð 3. Åñëèm = 0, n = 4,N = 6; {xk}
N
k=1 = {0, 1, 2, 3, 4, 5}; {f(xk)}

N
k=1 = {5, 6, 4, 7, 3, 8},

òî {hi}
n+1
i=1 = {−7.932,−6.348,−1.5, 3.348, 4.932}. Äëÿ hs = −1.5 ïîëó÷èì ïîëîæèòåëüíûé â òî÷-

êàõ {xk}
N
k=1 ìíîãî÷ëåí Qn,hs

= −0.04x4 + 0.404x3 − 1.283x2 + 1.364x + 1. Òàê êàê ïðè ýòîì

a0,hs
= 6.5 > 0, òî s = [(n + 2)/2] = 3.

Äëÿ äîêàçàòåëüñòâà òåîðåìû 3 íóæíà ñëåäóþùàÿ ëåììà (ñð. [14, Hilfssatz 2.1, p. 333℄).

Ëåììà 1. Ïóñòü x1 < . . . < xn+2, Q � ìíîãî÷ëåí ñòåïåíè íå âûøå n. Òîãäà

n+2
∑

k=1

(−1)kQ(xk)/|wk| = 0, ãäå wk =
n+2
∏

j=1
j 6=k

(xk − xj). (5)

Ä î ê à ç à ò å ë ü ñ ò â î. Èíòåðïîëÿöèîííûì ìíîãî÷ëåíîì äëÿ Q ñ óçëàìè x1, . . . , xn+2

ÿâëÿåòñÿ ñàì ìíîãî÷ëåí Q. Ñëåäîâàòåëüíî, ïðè âñåõ x âûïîëíåíî ñîîòíîøåíèå

Q(x) =

n+2
∑

k=1

Q(xk) ·

n+2
∏

j=1
j 6=k

(x− xj)
/

n+2
∏

j=1
j 6=k

(xk − xj).

Ïðèðàâíèâàÿ êîý��èöèåíòû ïðè xn+1
â ëåâîé è ïðàâîé ÷àñòÿõ, à òàêæå ó÷èòûâàÿ ðàâåíñòâà

wk = (−1)n−k|wk|, k = 1, . . . , n+ 2, ïîëó÷àåì óòâåðæäåíèå ëåììû. �

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 3.

Òàê êàê m = 0, òî ñèñòåìà (3) ïðèíèìàåò ñëåäóþùèé âèä:

a0 +
n
∑

j=0

bjx
j
k
((−1)k+1h− f(xk)) = 0, k = 1, . . . , n+ 2.

Äëÿ êàæäîãî i = 1, . . . , n+ 1 ïðè h = hi îíà èìååò íåòðèâèàëüíîå ðåøåíèå a0,hi
, b0,hi

, . . . , bn,hi
:

a0,hi
+

n
∑

j=0

bj,hi
xj
k
((−1)k+1hi − f(xk)) = 0, k = 1, . . . , n+ 2.
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Îòñþäà

a0,hi
+Qn,hi

(xk)((−1)k+1hi − f(xk)) = 0, k = 1, . . . , n+ 2. (6)

Ïðè i = s, ó÷èòûâàÿ, ÷òî Qn,hs
(xk) 6= 0, âûðàçèì èç (6) çíà÷åíèÿ f(xk):

f(xk) = a0,hs
/Qn,hs

(xk) + (−1)k+1hs, k = 1, . . . , n+ 2.

Äàëåå, ââåäÿ ïðè k = 1, . . . , n+ 2 îáîçíà÷åíèÿ αk = (−1)k+1a0,hs
/Qn,hs

(xk), ïîëó÷èì

f(xk) = (−1)k+1(αk + hs), k = 1, . . . , n+ 2. (7)

Îòñþäà â ñèëó óñëîâèé òåîðåìû ñëåäóåò ÷òî âñå çíà÷åíèÿ αk = (−1)k+1f(xk) − hs ðàçëè÷íû,
k = 1, . . . , n+ 2. Çàòåì ïîäñòàâèì âûðàæåíèÿ (7) â ðàâåíñòâà (6) äëÿ êàæäîãî i = 1, . . . , n+ 1:

a0,hi
+Qn,hi

(xk)(−1)k+1(hi − hs − αk) = 0, k = 1, . . . , n+ 2.

Âûðàçèì èç ýòîãî ðàâåíñòâà Qn,hi
(xk), ââåäÿ îáîçíà÷åíèÿ di = hi − hs ïðè i = 1, . . . , n+ 1:

Qn,hi
(xk) = (−1)ka0,hi

/(di − αk). (8)

Äàëåå âîñïîëüçóåìñÿ ëåììîé 1 äëÿ ìíîãî÷ëåíà Q = Qn,hi
ïðè êàæäîì i = 1, . . . , n + 1. Òîãäà

ïîäñòàâèâ â ðàâåíñòâî (5) âûðàæåíèÿ (8), ïîëó÷èì a0,hi

n+2
∑

k=1

|wk|
−1/(di − αk) = 0, ãäå a0,hi

6= 0.

Èòàê, ÷èñëà di, i = 1, . . . , n+ 1, ÿâëÿþòñÿ êîðíÿìè ñëåäóþùåãî óðàâíåíèÿ îòíîñèòåëüíî d:

n+2
∑

k=1

|wk|
−1/(d− αk) = 0. (9)

Äëÿ ëþáîãî k = 1, . . . , n+2 ëåâàÿ ÷àñòü óðàâíåíèÿ (9) ñòðåìèòñÿ ê −∞ ïðè d → αk − 0 è ñòðå-

ìèòñÿ ê +∞ ïðè d → αk + 0. Êðîìå òîãî, ëåâàÿ ÷àñòü (9) íåïðåðûâíà íà êàæäîì èç ñìåæíûõ

èíòåðâàëîâ, îáðàçîâàííûõ ðàçëè÷íûìè ÷èñëàìè α1, . . . , αn+2. Ñëåäîâàòåëüíî, óðàâíåíèå (9)

èìååò íå ìåíåå n+ 1 ðàçëè÷íûõ êîðíåé. Ñ äðóãîé ñòîðîíû, ïîñëå ïðèâåäåíèÿ ëåâîé ÷àñòè (9)

ê îáùåìó çíàìåíàòåëþ â ÷èñëèòåëå ïîëó÷èì ìíîãî÷ëåí ñòåïåíè íå âûøå n+1, çíà÷èò, ýòî óðàâ-
íåíèå èìååò íå áîëåå n+ 1 êîðíåé. Èòàê, êîðíè d1, . . . , dn+1 óðàâíåíèÿ (9) ðàñïîëîæåíû ðîâíî

ïî îäíîìó íà êàæäîì èç ñìåæíûõ èíòåðâàëîâ, îáðàçîâàííûõ ÷èñëàìè αk = (−1)k+1a0,hs
/qk,

k = 1, . . . , n + 2. Îòñþäà, ïîñêîëüêó qk = Qn,hs
(xk) > 0 ïðè k = 1, . . . , n+ 2 è ds = 0, ïîëó÷àåì

ñëåäóþùèå âûâîäû.

1. Âñå êîðíè d1, . . . , dn+1 ðàçëè÷íû.

2. Ïðè a0,hs
> 0 ñðåäè α1, . . . , αn+2 íàõîäÿòñÿ ðîâíî [(n + 2)/2] îòðèöàòåëüíûõ ÷èñåë è ðîâíî

[(n+3)/2] ïîëîæèòåëüíûõ. Ïîýòîìó êîðåíü ds = 0 ñòîèò íà [(n+2)/2]-ì ìåñòå â óïîðÿäî÷åííîé

ïîñëåäîâàòåëüíîñòè êîðíåé d1 < . . . < dn+1. Ïðè a0,hs
< 0, ñîîòâåòñòâåííî, êîðåíü ds = 0 ñòîèò

íà [(n+ 3)/2]-ì ìåñòå â ýòîé ïîñëåäîâàòåëüíîñòè.

Ïîñêîëüêó hi = di + hs (i = 1, . . . , n+ 1), òî àíàëîãè÷íûå âûâîäû âåðíû è äëÿ ñîáñòâåííûõ

çíà÷åíèé. Èç ýòèõ âûâîäîâ ñëåäóåò óòâåðæäåíèå òåîðåìû. �

Àâòîðû áëàãîäàðÿò Àëåêñàíäðà Àðòàìîíîâà çà ïîìîùü â ïðîâåäåíèè ÷èñëåííûõ ýêñïåðè-

ìåíòîâ, â ðåçóëüòàòå êîòîðûõ áûë îáíàðóæåí ý��åêò, îïèñàííûé â òåîðåìå 3.
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The paper deals with the best uniform rational approximations (BURA) of ontinuous funtions on ompat

(and even �nite) subsets of real axis R. The authors show that BURA does not always exist. They study

the algorithm of Helmut Werner in more detail. This algorithm serves to searh for BURA of the type

Pm/Qn =
m
∑

i=0

aix
i
/

n
∑

j=0

bjx
j
for funtions on a set of N = m + n + 2 points x1 < . . . < xN . It an be used

within the Remez algorithm of searhing for BURA on a segment. The Verner algorithm alulates (n + 1)
real eigenvalues h1, . . . , hn+1 for the matrix penil A−hB, where A and B are some symmetri matries. Eah

eigenvalue generates a rational fration of the type Pm/Qn whih is a andidate for the best approximation. It

is known that at most one of these frations is free from poles on the segment [x1, xN ], so the following problem
arises: how to determine the eigenvalue whih generates the rational fration without poles? It is shown that

if m = 0 and all values f(x1),−f(x2), . . . , (−1)n+2f(xn+2) are di�erent and the approximating funtion is
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positive (negative) at all points x1, . . . , xn+2, then this eigenvalue ranks [(n + 2)/2]-th ([(n + 3)/2]-th) in
value. Three numerial examples illustrate this statement.
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