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DRAFT

Generation problems

Problem 1 (Inverse generator problem). Let H be a Hilbert space over C
and let A : D(A) ⊆ H → H be the infinitisimal generator of a bounded
semigroup on H. Assume further that A−1 exists as a densely defined, closed
operator.

Is A−1 the infinitesimal generator of a bounded semigroup?

Comments. This problem was originally posed (for Banach spaces) by R. de
Laubenfels in [1]. However, it is not hard to show that for general Banach
spaces the answer to the problem is negative, see e.g. [4]. The counter ex-
ample can be chosen such that the strongly continuous semigroup generated
by A is a contraction semigroup, whereas in Hilbert spaces the answer to the
problem is positive for a generator of a contraction semigroup (almost trivial
to show).

There is a strong relation between the inverse generator problem and
the question whether the Cayley transform of A is power bounded, i.e. if
supn ‖And‖ <∞, where Ad = (I+A)(I−A)−1, see [3]. The latter question is
related to numerical analysis, since this Cayley transform pops up when ap-
plying the Crank-Nicolson scheme to the differential equation ẋ(t) = Ax(t).
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When the answer to the inverse generator problem is positive, then the
(strong) stability of the semigroup generated byA is equivalent to the (strong)
stability of the semigroup generated by A−1. Furthermore, it is equivalent to
the strong stability of Ad, i.e., limn→∞A

n
dx = 0 for all x ∈ H, [3].

For finite-dimensional Hilbert spaces H, it is clear that the problem has a
positive answer. For these spaces the question is; if there exists a constant c
independent of the dimension of H such that supt≥0 ‖eA

−1t‖ ≤ c supt≥0 ‖eAt‖.
In 2017, a nice survey on the problem appeared [2]. In that paper, the

interested reader can find more results and references on the inverse generator
problem.

Communicated by Hans Zwart.
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Problem 2 (An analytic semigroup generation problem). This problem,
arising in the theory of Gaussian open quantum systems, consists in proving
that a dissipative operator G which is quadratic in creation and annihilation
operators (or, after a unitary transformation, a differential operator quadratic
in partial derivatives ∂j and multiplication by coordinates xk) generates an
analytic semigroup. The solution has applications in the proof of strong
positivity, irreducibility and regularity properties of Gaussian open quantum
systems.

Let aj, a
∗
k be the annihilation and creation operators on `2(Nd;C) defined

by closure from their action on the canonical orthonormal basis (e(n1, . . . , nd))n∈Nd

aj e(n1, . . . , nd) =
√
nj e(n1, . . . , nj−1, nj − 1, . . . , nd),

a∗k e(n1, . . . , nd) =
√
nk + 1 e(n1, . . . , nk−1, nk + 1, . . . , nd).
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Let H,L` be the closures of operators defined on the canonical basis by

H =
d∑

j,k=1

(
Ωjka

∗
jak +

κjk
2
a∗ja

∗
k +

κjk
2
ajak

)
+

d∑
j=1

(
ζj
2
a∗j +

ζ̄j
2
aj

)
,

L` =
d∑

k=1

(v`kak + u`ka
∗
k) ` = 1, . . . , 2d

where Ω := (Ωjk)1≤j,k≤d = Ω∗ and κ := (κjk)1≤j,k≤d = κT ∈Md(C), are d× d
complex matrices with Ω Hermitian and κ symmetric, V = (v`k)1≤`≤2d,1≤k≤d,
U = (u`k)1≤`≤2d,1≤k≤d are 2d× d complex matrices ζ = (ζj)1≤j≤d ∈ Cd.

It is not difficult to show (see e.g. [1] Proposition 4.9) that the closure of
the operator G defined on the canonical basis by

G = −iH − 1

2

2d∑
`=1

L∗`L`

generates a C0 contraction semigroup P = (Pt)t≥0 on `2(Nd;C).
Suppose that the non-degeneracy condition (block-matrix form)

K =

[
V T

U∗

] [
V U

]
=

[
V TV V TU
U∗V U∗U

]
> 0

holds, then sufficient conditions for P to be an analytic semigroup are also
available.

The problem it to find a classification of the set of parameters Ω, κ, U, V, ζ
for which P is analytic.

Alternatively, by the unitary correspondence of the above basis with mul-
tidimensional Hermite polynomials (multiplied by exp(−|x|2/2) normalized),
one can formulate the problem with differential operators

aj =
1√
2

(
xj +

∂

∂xj

)
, a∗k =

1√
2

(
xk −

∂

∂xk

)
In this case strict positivity of K implies[

1 −1
1 1

]
K
[

1 1
−1 1

]
> 0

from which one finds the strong ellipticity condition for the self-adjoint part
G0 = −(1/2)

∑2d
`=1 L

∗
`L` of G

Re
d∑

j,k=1

(
U∗U + V TV − V TU − U∗V

)
jk
zjzk > ε‖z‖2

3



for z = (zj)1≤j≤d ∈ Cd.

Thinking of spectra of G0 and H one wonders if the semigroup P gen-
erated by P is analytic when K > 0 and H is bounded from below or from
above.

Communicated by Franco Fagnola.
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Problem 3 (Lumer–Phillips for transition semigroups). Let Ω be a Pol-
ish space. We call a semigroup T = (T (t))t≥0 of contractions on Cb(Ω) a
transition semigroup if

(i) for every f ∈ Cb(E) we have T (t)f → T (s)f locally uniformly whenever
t→ s and

(ii) for every t ≥ 0 and every uniformly bounded sequence (fn)n∈N ⊂ Cb(Ω)
that converges locally uniformly to f , we have that T (t)fn converges
locally uniformly to f .

Is there a chracterization of the generators of such a semigroup akin to the
Lumer–Phillips theorem?

Comments. The name ‘transition semigroup’ is inspired by applications in
probability theory, where semigroups with the above properties frequently
appear as transition semigroups of Markov processes (typically, these semi-
groups are additionally positive). We should point out that semigroups of
this kind (at least at first glance) do not fit into the theory of semigroups on
locally convex spaces (see, e.g. [5]) as this theory requires equicontinuity of
the operators involved. But even the simplest example of the heat semigroup
on Cb(Rd) shows that one cannot expect equicontinuity with respect to the
topology τco of uniform convergence on compact subsets of Rd.

Consequently, in the literature several approaches were developed where
this equicontinuity condition was weakened such as the ‘theory of of weakly
continuous semigroups’ by Cerrai [1] (where instead of Cb(Ω) one works on the
space BUC(Ω)) or the ‘theory of bi-continuous semigroups’ by Kühnemund
[3]; both approaches allow for a Hille–Yosida type generation result. On the
other hand, [4, Theorem 4.4] shows that conditions (i) and (ii) the above
definition already entail equicontinuity: Not with respect to τco but with
respect to the so-called strict topology β0 (which agrees with τco on ‖ · ‖∞-
bounded subsets of Cb(Ω)). This allows us to use the results from [5] after
all to characterize the generators of transition semigroups.
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Thus, characterizations of generators of transition semigroups are avail-
able in the literature. However, to the best of my knowledge, none of these
Hille–Yosida type theorems was ever used to establish that a certain oper-
ator generates a transition semigroup (even though many examples of such
semigroups and also their generators are known). This is not as surprising
as it might seem, for even in the setting of strongly continuous semigroups
the Hille–Yosida theorem is difficult to apply. This is due to the fact that
this result requires us (in the case of bounded semigroups) to prove uniform
boundedness of the family {λnR(λ,A)n : λ > 0, n ∈ N}, which is difficult in
concrete examples. In the case of non-strongly continuous semigroups one
would have to establish equicontinuity of this family of operators – an even
harder task.

The ‘weapon of choice’ to prove that a given operator generates a strongly
continuous semigroup is rather the Lumer–Phillips theorem (see [2, Theo-
rem II.3.15]) which, however, only characterizes the generators of contraction
semigroups. The main advantage of the Lumer–Phillips theorem is that one
does not have to consider powers of the resolvent. Indeed, given dissipativity,
we only need to check the so-called range condition, i.e. we need to prove that
λ− A has dense range for some λ > 0.

It would be very interesting to have a Lumer–Phillips type result for
transition semigroups. Part of the problem is to find out how such a result
should look like. Here, usability is (in my opinion) more important than
generality. If we can obtain a sufficient condition for generation (which might
make use of additional properties that one has at hand in many possible
applications such as positivity of the resolvent or the strong Feller property
for the resolvent or ...) this would be already be very nice.

Communicated by Markus Kunze.
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Long-term behaviour of semigroups

Problem 4. Let T be a C0-semigroup over a Banach space X. Does the
weak attractivity of T (i.e. inft≥0 ‖T (t)x‖ = 0, for all x ∈ X) imply the
strong stability (= attractivity) of T , that is ‖T (t)x‖ → 0 as t→∞, for all
x ∈ X?

Comments. Weak attractivity was introduced (for systems without distur-
bances) in [1] and which is one of the pillars for the treatment of dynamical
systems theory over locally compact metric spaces in [2]. Its variations for
systems with controls are widely used also in the control theory. In the lan-
guage of [5], weak attractivity is precisely the limit property with zero gain.
The concept of weak attractivity is intimately related to the classical notion
of recurrent sets, see, e.g., [2, Definition 1.1 in Chapter 3].

The uniform variants of this property have played an important role in
the stability analysis of nonlinear control systems [3] and in the study of
non-coercive Lyapunov functions [4].

Communicated by Andrii Mironchenko.
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Problem 5 (Tauberian Theorem for Semigroups of Kernel Operators). Let
E := Lp(Ω, µ) for 1 ≤ p ≤ ∞ and a σ-finite measure space (Ω, µ) and let
(Tt)t∈[0,∞) ⊆ L(E) be a strongly continuous semigroup on E such that Tt
is a positive kernel operators for each t > 0, meaning that there exists a
measurable function kt : Ω× Ω→ R+ such that

(Ttf)(y) =

∫
Ω

kt(y, x)f(x)dµ(x)

for almost every y ∈ Ω.
Assume that (Tt)t∈[0,∞) is mean ergodic, meaning that the limit

lim
T→∞

1

T

∫ T

0

Ttfdt

exists in E for all f ∈ E. Does it follow that (Tt) is strongly convergent, i.e.
limt→∞ Ttf exists for all f ∈ E?

Comments. It is well known that positive semigroups of kernel operators
are strongly convergent provided that the semigroups possesses a fixed point
f ∈ E satisfying f(x) > 0 for almost every x ∈ Ω. This has been proven
in a very general setting in [1, Theorem 3.5]. The existence of such an
“quasi-interior” fixed point is crucial and cannot be omitted: For instance,
the Gaussian semigroup on L1(R) is not strongly convergent and fulfils all
assumptions of [1, Theorem 3.5] except that it does not possess a quasi-
interior fixed point. On the other hand, the Gaussian semigroup is not mean
ergodic on L1(R). In fact, using [1, Theorem 3.5] it is not difficult to show
the following Tauberian theorem:

Let (Tt)t∈[0,∞) be a positive, bounded and mean ergodic C0-semigroup on
L1(Ω) for any measure space Ω. If Tt0 is kernel operator for some t0 > 0,
then (Tt)t∈[0,∞) is strongly convergent.

The theorem above and similar results for semigroups on spaces of mea-
sures can be found in [2, Theorems 2.1, 4.1, 5.4]. This gives rise to the
conjecture that the existence of a quasi-interior fixed point in [1, Theorem
3.5] can always, i.e. for every 1 ≤ p ≤ ∞ or – more generally – for every Ba-
nach lattice E, be omitted in case of a mean ergodic C0-semigroup (Tt)t∈(0,∞).
In support of this conjecture one may note that the Gaussian semigroup on
Lp(R) for p ∈ (1,∞) is mean ergodic and converges strongly to 0.

Communicated by Moritz Gerlach.
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Positivity

Problem 6 (Infinite speed of propagation). Let E := Lp(Ω, µ) for 1 ≤ p <∞
and a σ-finite measure space (Ω, µ) and let := (Tt)t∈[0,∞) ⊆ L(E) be a strongly
continuous semigroup of positive kernel operators on E, meaning that for
each t > 0 there exists a measurable function kt : Ω× Ω→ R+ such that

(Ttf)(y) =

∫
Ω

kt(y, x)f(x)dµ(x)

for almost every y ∈ Ω.
Assume that (Tt) is irreducible, i.e. for all non-zero and positive f, g ∈ E+

there exists t ≥ 0 such that Ttf ∧ g 6= 0 (where ∧ denotes the infimum in the
Banach lattice E). Does it follow that (Tt) is expanding, i.e. Ttf > 0 almost
everywhere for all t > 0 and all non-zero positive f ∈ E+?

Comments. The notion of irreducibility is of great importance – for instance
in the spectral theory of positive semigroups – and obviously, every expanding
semigroup is irreducible. On the other hand, the rotation semigroup on the
unit circle is an easy example of an irreducible semigroup that fails to be
expanding.

However, under certain circumstances the two properties, irreducible and
expanding, are equivalent. For instance, every holomorphic positive semi-
group is known to be expanding if it is irreducible [2, Theorem C-III 3.2].
A surprisingly little known fact is that the same holds for all positive semi-
groups on atomic Banach lattices like `p for 1 ≤ p <∞. This is due to a fact
which is referred to as “Lévy’s Theorem” in literature: for every stochastic
transition matrix (pi,j) one either has pi,j(t) = 0 or pi,j(t) > 0 for all t > 0.
The proof given by K. L. Chung in the appendix of [3] for this statement can
easily be transferred to the setting of semigroups on atomic spaces. Since
operators on atomic spaces often serve as a prototype for general kernel oper-
ators, it is natural to ask whether the same implication is true for semigroups
of kernel operators.

The notation expanding is not used in a uniform matter in the literature;
the property is, for instance, also referred to as “strongly positive” or “pos-
itivity improving”. We would like to advertise the more systematic naming
convention of [1, Section 9.1].

Communicated by Moritz Gerlach.
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Problem 7 (Positive commutator problem). Let E be a Banach lattice and
let C : E → E be a positive quasinilpotent compact operator. Do there exist
positive operators A,B : E → E such that C = AB−BA with one of A and
B compact?

Comments. Given an associative algebra A, the natural question is to deter-
mine all commutators of A. Shoda [11] proved that a matrix C ∈ Mn(F ) is
a commutator if and only if the trace of C is zero. Wintner [12] proved that
the identity in a unital Banach algebra is not a commutator. By passing to
the Calkin algebra, Wintner’s result immediately implies that a bounded op-
erator on a Banach space which is of the form λI+K for some nonzero scalar
λ and a compact operator K is not a commutator. Henceforth, researchers
tried to characterize which operators on a given Banach space are commuta-
tors. The complete characterization of commutators in the Banach algebra
B(H) of all bounded operators on an infinite-dimensional Hilbert space H is
due to Brown and Pearcy [4]. They proved that a bounded operator C on H
is a commutator if and only if it is not of the form λI +K for some nonzero
scalar λ and some operator K from the unique maximal ideal in B(H). Apos-
tol ([1, 2]) proved that a bounded operator on either `p (1 < p < ∞) or c0

is a commutator if and only if it is not of the form λI +K where λ 6= 0 and
K is compact. In the case of the Banach space `1 the same characterization
was obtained by Dosev in [5]. In the case of the Banach space `∞ Dosev and
Johnson [6] proved that a bounded operator is a commutator if and only if
it is not of the form λI +K where λ 6= 0 and K is strictly singular.

The study of positive commutators of positive operators on a given Ba-
nach lattice was initiated in [3]. The assumption on positivity of A,B and
C := AB − BA may lead to some restrictions on the commutator. Namely,
the authors proved that the positive commutator of positive compact opera-
tors is quasinilpotent. They also posed a question whether the same is true
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under the assumption that one of operators is compact. This question was
affirmatively and independently solved by R. Drnovšek [7] and N. Gao [9].
Inspired by a result of Schneeberger [10] asserting that a compact operator
acting on a separable Lp space (1 ≤ p < ∞) is a commutator, in [8] au-
thors prove that a positive compact operator acting on a separable Lp space
(1 ≤ p < ∞) is a commutator of positive operators. In [8] authors provide
a technical condition under which the answer to the proposed problem is
affirmative for positive operators on `p space (1 ≤ p ≤ ∞) satisfying this
technical condition.
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L∞-bounds

Problem 8 (L∞-boundedness problem). Let (Ω, µ) be a σ-finite measure
space. Let V be a dense subspace of L2(Ω) (complex-valued functions) and
suppose that a : V × V → C is a closed sectorial sesquilinar form, i.e. linear
in the first and antilinear in the second argument. Here, sectoriality means
that, for some θ ∈ [0, π

2
),

∀u ∈ V : a(u, u) ∈ Σθ := {z ∈ C \ {0} : |arg z| ≤ θ} ∪ {0},

and closedness of a means that V is complete for the norm

‖u‖a :=
(

Re a(u, u) + ‖u‖2
L2(Ω)

)1/2

.

Let the linear operator A in L2(Ω) be associated with a a in the sense that,
for u, h ∈ L2(Ω),

u ∈ D(A) and Au = h ⇐⇒ u ∈ V and ∀v ∈ V : a(u, v) = 〈u, h〉,

where 〈u, h〉 :=
∫

Ω
fh dµ denotes the usual scalar product in L2(Ω). Then

−A is negative generator of a bounded analytic semigroup (T (·)) in L2(Ω),
which is contractive on the sector Σπ

2
−θ.

The semigroup (T (t))t≥0 is called L∞-bounded, if there exists M > 0 such
that

‖T (t)f‖∞ ≤M‖f‖∞, for all f ∈ L2(Ω) ∩ L∞(Ω). (1)

Can L∞-boundedness of (T (t))t≥0 be characterized in terms of the sesquilin-
ear form a?

Comments. The problem came up in discussions with Sönke Blunck (at the
end of the 1990s). The case M = 1 in (1), i.e., L∞-contractivity of (T (t))t≥0,
is characterized in terms of the sesquilinear form a by the well-know Beurling-
Deny criterion (see, e.g., [3, Theorem 2.7] or [5, Section 2.2]), namely by the
condition

∀u ∈ V : sgnu(|u| − 1)+ ∈ V and Re a(u, sgnu(|u| − 1)+) ≥ 0. (2)

Here v+ := −((−v) ∧ 0), where ∧ denotes the pointwise minimum, and
sgnu := u

|u|1{u6=0} denotes the sign of the function u.

A characterization of L∞-boundedness of (T (t))t≥0 could certainly be very
useful (for the restrictions that L∞-contractivity imposes on the coefficients
of second order elliptic operators on domains we refer to [5, Section 4.3]).
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It is clear that (T (t))t≥0 is L∞-bounded if there exists a function g ∈
L∞(Ω) with g > 0 µ-a.e. and 1/g ∈ L∞(Ω) satisfying

‖gT (t)f‖∞ ≤ ‖gf‖∞ for all f ∈ L∞(Ω) ∩ L2(Ω), (3)

since the norm f 7→ ‖gf‖∞ is equivalent to ‖·‖∞. A modification of condition
(2) characterizes (3), namely

∀u ∈ V : sgnu(|u| − g)+ ∈ V and Re a(u, sgnu(|u| − g)+) ≥ 0. (4)

The proof can be done similar to the proof of equivalence of (2) and L∞-
contractivity. One can also resort to invariance results in L2(Ω) and consider
the closed convex set

Kg := {f ∈ L2(Ω) : |f | ≤ g µ-a.e.}.

Then it is not hard to check that the projection Pg of L2(Ω) onto K is given
by Pgf := sgn f(|f | ∧ g) (Pg(f) is the best approximation of f in K). Then
observe u−Pg(u) = sgnu(|u|−g)+ and apply [4, Theorem 2.1] (we also refer
to [5, Section 2.1]).

In view of the comments to Problem 8 the following seems natural to ask.

Problem 9 (L∞-contraction for a weight problem). In the setting of Prob-
lem 8 assume that the semigroup (T (t))t≥0 is L∞-bounded, i.e., satisfies (1)
for some M ≥ 1. Does there exist a function g ∈ L∞(Ω) satisfying g > 0
µ-a.e., 1/g ∈ L∞(Ω), and (3)?

Comments. In general this might be more than one can hope for.

Hence we are lead to the following.

Problem 10 (Characterization of L∞-contraction for a weight). In the set-
ting of Problem 8, can one characterize those L∞-bounded semigroups (T (t))t≥0,
for which a function g ∈ L∞(Ω) satisfying g > 0 µ-a.e., 1/g ∈ L∞(Ω), and
(3) exists?

Comments. The question is whether (T (t))t≥0 can be made to be a con-
tractive semigroup on the ‖ · ‖∞-closure of L2(Ω) ∩ L∞(Ω) in L∞(Ω) for an
equivalent norm of the special form f 7→ ‖gf‖∞. There is, of course and well-
known from semigroup theory, a norm ‖| · ‖| on L2(Ω) ∩ L∞(Ω), equivalent
to ‖ · ‖∞, such that

‖|T (t)f‖| ≤ ‖|f‖| for all f ∈ L∞(Ω) ∩ L2(Ω).

12



One can take ‖|f‖| := supt≥0 ‖T (t)f‖∞, which satisfies

‖f‖∞ ≤ ‖|f‖| ≤M‖f‖∞

by assumption (1). So the problem might be seen as an L∞-counterpart to
the question if every bounded C0-semigroup on a Hilbert space can be made
contractive for an equivalent scalar product. The answer to this question is
known to be negative and there is a nice characterization of those bounded
analytic C0-semigroups that are contractive for an equivalent scalar product
in terms of bounded imaginary powers (and bounded H∞-calculus) for the
negative generator (see [2]).

Still another question seems natural.

Problem 11 (Weight construction for L∞-contraction). In the setting of
Problem 8, assume that a function g ∈ L∞(Ω) satisfying g > 0 µ-a.e., 1/g ∈
L∞(Ω), and (3) exists. How can we find or construct such a function g?

Comments. In the general situation of Problems 8, 9, 10, and 11 it might well
be that positivity of the semigroup (T (t))t≥0 can help, i.e. the assumption
that f ≥ 0 a.e. on Ω implies T (t)f ≥ 0 a.e. on Ω for all t > 0. Recall that
positivity of the semigroup can be characterized in terms of the sesquilinear
form a (see [3], [5]).

Assume for the following that the semigroup (T (t))t≥0 is positive and that
the measure space (Ω, µ) is finite. Then L∞(Ω) ⊆ L2(Ω) and hence T (t)f ∈
L2(Ω) is defined for any f ∈ L∞(Ω). In this situation, L∞-contractivity
of (T (t))t≥0 is characterized by T (t)1Ω ≤ 1Ω µ-a.e. for all t > 0 where 1Ω

denotes the characteristic function of Ω.
Now let g ∈ L∞(Ω) such that g > 0 µ-a.e. on and 1/g ∈ L∞(Ω).

Then, consequently, (3) is characterized by T (t)g−1 ≤ g−1 µ-a.e. for all
t > 0 (since this is equivalent to L∞-contractivity of the positive semigroup
(gT (t)g−1)t≥0).

In particular, one has (3) for g ∈ L∞(Ω) with g > 0 µ-a.e. if h := 1/g ∈
L∞(Ω) is an eigenfunction for an eigenvalue λ ≥ 0 of A: Recalling that −A
is the generator of (T (t))t≥0 we obtain T (t)h = e−λth ≤ h µ-a.e. for all t > 0.

Specializing further, take Ω ⊂ Rd a bounded domain (with µ the Lebesgue
measure) and the usual Dirichlet form a(u, v) :=

∫
Ω
∇u · ∇v dx with form

domain V := VN := H1(Ω) (Neumann boundary conditions) or V := VD :=
H1

0 (Ω) (Dirichlet boundary conditions), and denote the associated opera-
tors by AN and AD, respectively (the negative Laplacian on Ω with Neu-
mann/Dirichlet boundary conditions).

Both semigroups are well-known to be positive and L∞-contractive, i.e.
they satisfy (3) for g = 1Ω. Now 1Ω is an eigenfunction of AN for the
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eigenvalue 0. However, for AD we do not even have 1Ω ∈ VD. We do have
an eigenfunction h ∈ L∞(Ω), h > 0 µ-a.e. on Ω, for the first eigenvalue
λ0 > 0 of AD, but 1/h 6∈ L∞(Ω) due to h ∈ VD = H1

0 (Ω). Hence, considering
(positive) eigenfunctions is not sufficient, in general.

It might be more adequate to consider positive subeigenfunctions, we refer
to [1, II-C Section 3] for the notion of positive subeigenvectors and their role
in the characterization of positivity of semigroups on Banach lattices.

Communicated by Peer Kunstmann.
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