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1. One-parameter groups and semigroups of linear operators

Short- and long-time behavior in (hypo)coercive ODE-systems
and kinetic partial differential equations

Franz Achleitner1

We will discuss hypocoercivity on the level of ODEs and devise a new way to construct
strict Lyapunov functionals: Systems of ODEs dx/dt = Ax with semi-dissipative matrix A
(i.e. the Hermitian part of matrix A is negative semi-definite) are Lyapunov stable but not
necessarily asymptotically stable. There exist many equivalent conditions, to decide if the ODE
system is asymptotically stable or not. Some conditions allow to construct a strict Lyapunov
functional in a natural way. We will review these classical conditions/approaches and identify
a “hypocoercivity index” which e.g. characterizes the short-time asymptotics of the propagator
norm for semi-dissipative ODEs.

Finally, we apply these results to study the long-time behavior of (hypocoercive) nonlinear
BGK-type model with constant collision frequency, and (kinetic) Fokker-Planck equations. In
particular, we will compare our strict Lyapunov functionals for the linear(ized) kinetic equations
with other classical approaches.

1TU Wien. Email:franz.achleitner@tuwien.ac.at
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Approximate numbers of the operator embedding potentials in the
space of bounded and uniformly continuous functions

N. Kh.Alkhalil, Kh. Almohammad2

The purpose of this article is to study the behavior of the approximate number operator of
the embedding of potentials in the space of bounded and uniformly continuous functions.The
potential space HG

E ≡ HG
E (Rn) is defined as the set of convolutions of potential kernels with

functions from the base space

HG
E (Rn) = {u = G ∗ f : f ∈ E(Rn)} ,

∥u∥HG
E

= inf {∥f∥E : f ∈ E(Rn), G ∗ f = u} .

where E — a rearrangement invariant space, and the kernel G — special kind,

G(x) = G0
R(x) +G1

R(x); G0
R(x) = G(x)χBR

(x); G1
R(x) = G(x)χc

BR
(x),

c1Φ(r) ⩽= G(x) ⩽ c2Φ(r) r = |x| ∈ (0, R),

0 < Φ ↓ in R+;
R∫
0

Φ(ρ)ρn−1 dρ < ∞, G1
R ∈ L1(Rn) ∩ E ′(Rn); E ′(Rn) — associated space

for E(Rn). An estimate is obtained for the approximate numbers of the operator embedding
potentials in the space C(Rn)the space of bounded and uniformly continuous functions with
the norm

ωk
c (u; τ) = sup

{
∥∆k

hu∥c : |h| ⩽ τ
}
, τ ∈ R+.

Here ∆k
hu(x) is the k-th difference with the step h ∈ Rn at the point x ∈ Rn.Let A1 and A2 be

two complex (quasi) Banach spaces and let T ∈ L(A1, A2) is a linear and continuous operator
from A1 to A2. Approximate numbers of the operator T are defined by the expression:

am(T ) = inf{∥T − S∥ : S ∈ L(A1, A2), rankS ⩽ m}

References
[1] N.H. Alkhalil. Modulus of continuity for Bessel type potential over Lorentz space, Eurasian

Math. J., 12:2 (2021), 10–18.
[2] Kh. Almohammad. On modular inequalities for generalized Hardy operators on weighted

Orlicz spaces, Eurasian Math. J., 12:3 (2021), 19–28.

2Moscow, Russia. Email: khaleel.almahamad1985@gmail.com
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Smoothing properties and null-controllability for quadratic evolution
equations through the polar decomposition

P. Alphonse3

Keywords: quadratic operators; fourier integral operators; polar decomposition; hypoellipticity;
approximate null-controllability; integral thickness condition.

MSC2010 codes: 47D06, 35B65, 93B05, 35H10.

In this talk, we will focus on the evolution equations associated with nonselfadjoint quadratic
differential operators. On the one hand, it will be explained how the non-commutation phenom-
ena between the selfadjoint and skew-selfadjoint parts of these operators allow the evolution
equations studied to enjoy smoothing and localization properties in some specific directions of
the phase space, that will be precisely described. On the other hand, it will be found that
the properties of null-controllability of these equations are related to a notion of integral thick-
ness condition associated to the skew-adjoint part of the operators involved. These different
properties will be deduced from a fine description of the polar decomposition of the evolution
operators associated to the studied equations. An application to the generalized Ornstein-
Uhlenbeck equations, of which the Kolmogorov and Kramers-Fokker-Planck equations with
quadratic external potential are special cases, will be given. These are joint works with J.
Bernier (LMJL) and J. Martin (IRMAR).

References
[1] P. Alphonse, J. Bernier. Polar decomposition of semigroups generated by non-selfadjoint

quadratic differential operators and regularizing effects. // accepted for publication in the
Ann. Scient. Éc. Norm. Sup (2021), arXiv:1909.03662.

[2] P. Alphonse, J. Martin, Approximate null-controllability with uniform cost for the hypoelliptic
Ornstein-Uhlenbeck equations. // arXiv:2201.01516.

3Université de Lyon, ENSL, UMPA - UMR 5669, F-69364 Lyon, Email: paul.alphonse@ens-lyon.fr
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Tomography on locally compact groups
G. G.Amosov 4

Keywords: locally compact groups, projective unitary representations, quantum tomography

MSC2010 codes: 81P18, 20C25

Let G ∋ g → Ug be a unitary representation of a locally compact Abelian group G with the
Haar measure µ in a Hilbert space H. Given a unit vector f ∈ H

F (g) = ⟨f, Ugf |f, Ugf⟩ , g ∈ G,

is a characteristic function of some probability distribution {πχ, χ ∈ Ĝ} which can be deter-
mined by the formula

πχ =

∫
G

χ(g)F (g)dµ(g), (1)

where µ is the Haar measure on G and Ĝ is the dual group consisting of characters χ on G.
The knowledge of the probability distribution (1) only is not sufficient for reconstructing f .
We define a one-parameter set of unitary representations of groups being sections of the group
Ĝ×G. The corresponding set of probability distributions allowes to restore f . The entire set of
unitary representations forms a projective unitary representation of Ĝ×G. Thus we introduce
the tomography of a state f on G [1]. Three examples in which G = R, Zn and T (the circle
group) are considered. As an application we study tomography of output states of quantum
Weyl channels [2-3].

The main idea of tomography can be explained as follows. Let us define a projective unitary
representation π of the group Ĝ×G in the Hilbert space H = L2(G) by the formula

(π(χ, g)f)(a) = χ(a)f(a+ g), χ ∈ Ĝ, g ∈ G, f ∈ H.

Then, the following statements holds true
Proposition 1. Given fixed χ ∈ Ĝ, g ∈ G the set Gχ,g = {(χ′, g′) : χ′(g) = χ(g′)} is a

subgroup of Ĝ×G.
Proposition 2. The map Gχ,g ∋ (χ′, g′) → [χ′(g′)]1/2π(χ′, g′) is a unitary representation of

Gχ,g in H.
The unitary representation of Gχ,g determined by Proposition 2 results in the probability

distribution π(χ,g). The set of all distributions (π(χ,g), χ ∈ Ĝ, g ∈ G) is said to be a quantum
tomogram. In the partial case G = Ĝ = R

Gx,y = {x′, y′ : x′ = t cosφ, y′ = t sinφ, tanφ =
y

x
, t ∈ R} ≡ Gφ

appears to be a one-parameter group indexed by φ ∈ [0, 2π].

Acknowledgments. This work is supported by the Russian Science Foundation under
grant 19-11-00086.

References
[1] G. Amosov. On quantum tomography on locally compact groups. // arXiv:2201.06049

[quant-ph] (2022).
[2] G. Amosov. On classical capacity of Weyl channels. // Quantum Inf. Process. 2020.

Vol. 19. No. 401, 11 pp.
[3] G. Amosov. On capacity of quantum channels generated by irreducible projective unitary

representations of finite groups. // arXiv:2103.08515 [quant-ph] (2021).
4Steklov Mathematical Institute, Russia, Moscow. Email: gramos@mi-ras.ru
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Spectrum of (eventually) positive semigroups
S. Arora5, J.Glück6

Keywords: One-parameter semigroup of linear operators; positive semigroups; eventually positive
semigroup; long–term behaviour; stability.

MSC2010 codes: 47D06, 47B65, 47A10

Introduction. It is well-known that the growth bound and spectral bound of the generator
of a positive C0-semigroup on E coincide if E = Lp(Ω) for p ∈ [1,∞], C(K) for a compact
Hausdorff set K, or C0(Ω) for a locally compact Hausdorff space Ω. However, the previously
known proofs are quite technical in nature. Recently, Hendrik Vogt gave a much shorter proof
of the result for Lp-spaces. Inspired by his ideas, we present a simple proof of the result for the
spaces of continuous functions. In fact, the proof can also be adapted to the more general class
of eventually positive semigroups. We use this as a motivation to look at some other spectral
properties of eventual positivity.

References
[1] S. Arora, J. Glück. Spectrum and convergence of eventually positive operator semigroups.

// Semigroup Forum. 103 (2021) 791–811.
[2] S. Arora, J. Glück. Stability of (eventually) positive semigroups on spaces of continuous

functions. // Comptes Rendus - Série Mathématique (to appear). arXiv:2110.04581v1
[math.FA] (2021).

[3] D. Daners, J. Glück, J. B. Kennedy. Eventually positive semigroups of linear operators. //
J. Math. Anal. Appl. 433 (2016) 1561–1593.

[4] D. Daners, J. Glück, J. B. Kennedy. Eventually and asymptotically positive semigroups on
Banach lattices. // J. Differ. Equations. 261 (2016), 2607–2649.

[5] R. Nagel, editor. One-parameter semigroups of positive operators. Lecture Notes Math.
1184, Springer Verlag, 1986.

[6] H Vogt. Stability of uniformly (eventually) positive C0-semigroups on Lp-spaces. // Preprint.
arXiv:2110.02310v2 [math.FA] (2021).

5Technische Universität Dresden, Institut für Analysis, Fakultät für Mathematik , Germany, Dresden. Email:
sahiba.arora@mailbox.tu-dresden.de

6Universität Passau, Chair of Dynamical Systems, Faculty of Computer Science and Mathematics, Germany,
Passau. Email: jochen.glueck@uni-passau.de
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A Katznelson-Tzafiri theorem for analytic Besov functions
Charles Batty 7

The original Katznelson-Tzafriri theorem (1986), in its more general form, is as follows.

Let T be a power-bounded operator on a complex Banach space. Let f(z) =
∑∞

n=0 anz
n on the

closed unit disc, where
∑∞

n=0 |an| <∞, and let f(T ) =
∑∞

n=0 anT
n. Assume that the function f

is of spectral synthesis with respect to the set σu(T ) := σ(T )∩T. Then limn→∞ ∥T nf(T )∥ = 0.

The assumption of spectral synthesis is slightly stronger than assuming that f vanishes on
σu(T ). If σu(T ) is countable, then it suffices to assume that f vanishes on σu(T ). Subsequently
several variants of the theorem have been proved, where the assumption of spectral synthesis
is replaced by the weaker assumption.

The functions f considered above form a Banach algebra W+, and the map f 7→ f(T ) is
an algebra homomorphism, so it is a W+-calculus for the operator T . Some power-bounded
operators have a functional calculus with respect to a larger Baanch algebra B of “analytic
Besov functions” on the unit disc—for example, power-bounded operators on Hilbert spaces
and Ritt operators on arbitrary Banach spaces. I will describe a theorem of Katznelson-Tzafriri
type, where T is assumed to have a B-calculus, f ∈ B, and f vanishes on σu(T ).

(Joint work with David Seifert)

7University of Oxford. Email: charles.batty@sjc.ox.ac.uk
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An overview of hyperbolic systems on networks - transport, telegraph
and more. Do they differ?
Adam B loch8, Jacek Banasiak9

Keywords: hyperbolic systems, networks, transport, telegrapher’s equation, general Kirchhoff’s
conditions

MSC2010 codes: 35R02, 35L40

In the talk we will discuss various manifestations of the initial-boundary value problem of
the form

∂t

(
υ
ϖ

)
(x, t) =

(
−C+ 0

0 C−

)
∂x

(
υ
ϖ

)
(x, t), 0 < x < 1, t > 0,

υ(x, 0) = υ̊(x),ϖ(x, 0) = ϖ̊(x), 0 < x < 1,

Ξout

(
υ(0, t)
ϖ(1, t)

)
+ Ξin

(
υ(1, t)
ϖ(0, t)

)
= 0, t > 0,

(1)

from the dynamics on a network point of view. Such systems arise e.g. when studying
telegrapher’s-type equations on a network with general local linear Kirchhoff’s boundary con-
ditions (see [1]). It is clear that transport problems on networks, investigated in e.g. [2] and [3],
fit into the framework of (1). On the other hand, (1) can be transformed into a pure transport
problem using the change of variables x 7→ 1−x for the function ϖ, which can be interpreted as
reversing the parametrisation of the edges of the underlying graph. We will see the similarities
and differences depending on the type of equation posed on the edges and see how too much
abstraction can sometimes be misleading.

References
[1] J. Banasiak, A. B loch, Telegraph systems on networks and port-Hamiltonians. I. Boundary

conditions and well-posedness, Evol. Eq. Control Th., doi:10.3934/eect.2021046, 2021.
[2] J. Banasiak, P. Namayanja, Asymptotic behaviour of flows on reducible networks, Netw.

Heterog. Media, 9 (2014), 197-216.
[3] M. Kramar, E. Sikolya, Spectral properties and asymptotic periodicity of flows in networks,

Math. Z. 249 (2005), 139-162.

8  Lódź University of Technology,  Lódź, Poland. Email: adam.bloch@dokt.p.lodz.pl
9University of Pretoria, Pretoria, South Africa.
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On Explaining the Surprising Success of Reservoir Computing
Forecaster of Chaos? The Universal Machine Learning Dynamical

System with Contrasts to VAR and DMD suggests a Next
Generation Reservoir Computing — NG–RC

Erik Bollt10

Keywords: Reservoir Computing; Vector autoregression (VAR); Machine Learning; Dynamical
System; Dynamic Mode Decomposition (DMD);Chaos.

MSC2010 codes: 62M10, 37N30, 68Q32

Abstract

Machine learning has become a widely popular and successful paradigm, including
for data-driven science. A major application problem is forecasting complex dynamical
systems. Artificial neural networks (ANN) have evolved as a clear leading approach,
and recurrent neural networks (RNN) are considered to be especially well suited for. In
this setting, the echo state networks (ESN) or reservoir computer (RC) have emerged for
simplicity and computational advantages. Instead of a fully trained network, an RC trains
only read-out weights. However, why and how an RC works at all, despite randomly
selected weights is perhaps a surprise. To this end, we analyzes a simplified RC, where
the internal activation function is an identity function. We explicitly connect the RC with
linear activation and linear read-out to well developed time-series literature on vector
autoregressive averages (VAR) that includes theorems on representability through the
WOLD theorem, which already perform reasonably for short term forecasts. In the case
of a linear activation and now popular quadratic read-out RC, we explicitly connect to a
nonlinear VAR (NVAR), which performs quite well. Further, we associate this paradigm
to the now widely popular dynamic mode decomposition (DMD), and thus these three
are in a sense different faces of the same concept. We illustrate our observations in terms
of popular benchmark examples including Mackey-Glass differential delay equations and
the Lorenz63 system. There is also a beautiful connection to concepts of concentration of
measure about the geometry of data in high dimensions and the random projection theory
that leads to the Johnson-Lidenstrass theorem. With these principles in mind, we will
describe a dramatically simpler, more efficient and faster variation as an implicit RC, that
we recently introduced as NG-RC.

10Department of Electrical and Computer Engineering and C3S2 the Clarkson Center for Complex Systems
Science, Clarkson University, Potsdam, New York 13699, USA. Email: ebollt@clarkson.edu

13



International Online Conference “One-Parameter Semigroups of Operators 2022”

A Lumer–Phillips type generation theorem for bi-continuous
semigroups

Christian Budde 11

The famous 1960s Lumer-Phillips Theorem states that a closed and densely defined oper-
ator A : D(A) ⊆ X → X on a Banach space X generates a strongly continuous contraction
semigroup if and only if (A,D(A)) is dissipative and the range of λ− A is surjective in X for
some λ > 0.

Despite its great success, the theory of C0-semigroups of course does not apply to any
evolution equation on any space. A well-known issue is that for some operators (A,D(A)) there
is indeed a semigroup T : [0,∞) → L(X) but its orbit maps fail to be continuous. A prototype
example for this effect is the transport equation, i.e., A = d

dξ
, on the space (Cb(R), ∥ · ∥∞) of

bounded continuous functions on the real line. Whereas the classic theory works perfectly on
the subspace of uniformly continuous functions, a quite natural expansion of the space destroys
the strong continuity of the shift semigroup which gives the solutions to the corresponding
Cauchy problem. A natural fix for this lack of continuity is to endow the space with a coarser
topology, here for example the topology of pointwise convergence or compact convergence. The
latter leads to the study of strongly continuous semigroups on locally convex topological vector
spaces.

Since its outset in 2001, the theory of bi-continuous semigroups has grown and by now
includes a Hille-Yosida type generation theorem, an approximation theory as well as a pertur-
bation theory including inter- and extrapolation spaces [4, 2]. We add another piece to the
puzzle by establishing a Lumer-Phillips type generation theorem for contraction semigroups.
This is in particular desirable since in the C0-setting the Lumer-Phillips theorem, see [3, Chapter
II, Thm. 3.15], is one of the most important tools to prove that a given operator is a generator.
Moreover, a Lumer-Phillips theorem for (equicontinuous) semigroups on general locally convex
spaces has been established recently by Albanese, Jornet [1]. To demonstrate the applicability
of our theorem we treat the prototype example from above as well as the heat equation, where
we now are able to prove the generation property without using a priori knowledge on the
semigroup. The latter was not possible with the previously existing generation theorems, see
[5, Prop. 3.11 & 3.12] and [4, Thm. 2.4.2 & 2.4.4]. Our whole last chapter is then devoted to
applications treating flows on infinite networks.

This is joint work with S.-A. Wegner.
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versity, 2003.
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Subordination principle and Feynman-Kac formulae for generalized
time-fractional evolution equations

Yana A. Butko12

Keywords: anomalous diffusion, time-fractional evolution equations, fractional calculus, Feynman-
Kac formulae, stochastic solutions, randomly scaled Gaussian processes, generalized grey Brownian mo-
tion, scaled Brownian motion with random diffusivity, inverse subordinators, self-similar processes with
stationary increments, Marichev-Saigo-Maeda generalized fractional operators, multinomial Mittag-
Leffler (Prabhakar) function.

MSC2020 codes: 35R11, 35S10, 45D05, 45K05, 60G18, 60G22,60G51, 60G52, 60H30

Introduction. We consider generalized time-fractional evolution equations of the form

u(t) = u0 +

∫ t

0

k(t, s)Lu(s)ds

with a fairly general memory kernel k and an operator L being the generator of a strongly
continuous semigroup. In particular, L may be the generator L0 of a Markov process ξ on some
state space Q, or L := L0 + b∇ + V for a suitable potential V and drift b, or L generating
subordinate semigroups or Schrödinger type groups. This class of evolution equations includes
in particular time- and space- fractional heat and Schrödinger type equations.

We show that the subordination principle holds for such evolution equations and obtain
Feynman-Kac formulae for solutions of these equations with the use of different stochastic
processes, such as subordinate Markov processes and randomely scaled Gaussian processes. In
particular, we obtain some Feynman-Kac formulae with generalized grey Brownian motion and
other related self-similar processes with stationary increments.

The talk is based on the joint work with Ch. Bender and M. Bormann.

References
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Optimal decay for a wave-heat system
with Coleman–Gurtin thermal law

Filippo Dell’Oro13

Abstract

We study the long-term behaviour of solutions to a one-dimensional coupled wave-heat sys-
tem with Coleman–Gurtin thermal law. Our approach is based on the asymptotic theory of
C0-semigroups and recent results developed for coupled control systems. As our main results,
we represent the system as a feedback interconnection between the wave part and the Coleman–
Gurtin part and we show that the associated semigroup in the history framework of Dafermos
is polynomially stable with optimal decay rate t−2 as t→ ∞. In particular, we obtain a sharp
estimate for the rate of energy decay of classical solutions to the problem.

13Politecnico di Milano, Milano, Italy. Email: filippo.delloro@polimi.it
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A generator theorem with applications to queueing systems
Alexander Dobrick14

Abstract

In the existing literature there are many articles investigating various different
queueing systems modeled by partial differential equations. Most of these articles
study these systems and the asymptotic behaviour of their solutions in the context
of semigroup theory. The state spaces of these problems are usually products of
L1-spaces over different measure spaces.

A major point in all those investigations is the proof that the solution to the
given queueing system is given by a (sub-)stochatistic semigroup. Recently, Tyran-
Kamińska and Gwiżdż proved a generator theorem that extended an abstract the-
orem of Greiner to the case of unbounded boundary conditions. We give a new
simplified proof of the theorem in the context of AL-spaces and apply it to several
different examples from the existing literature.

Finally, we show that the asymptotic behaviour of the solution semigroups can
be investigated by using tools from Perron-Frobenius theory only and without the
use of the ABLV-theorem.

14Christian-Albrechts-Universität zu Kiel, Kiel, Germany. Email: dobrick@math.uni-kiel.de
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Embeddability of matrices into real and positive semigroups
Tanja Eisner15, Agnes Radl16

Keywords: embedding problem; real and positive operators; finite and infinite matrices; strongly
continuous semigroups

MSC2010 codes: 15B48, 47B65, 47B37, 47B99, 47D06

It is a well-known problem in probability theory whether a Markov matrix is embeddable
into a Markov semigroup. Even today it is an active field of research, see e. g. the recent survey
[1]. We consider a related problem: Given a (finite or infinite) matrix T , is it embeddable into
a real/positive C0-semigroup, i. e., is there a real/positive C0-semigroup (T (t))t≥0 such that
T (1) = T?

We will give necessary and sufficient conditions for embeddability of a real matrix into
a real C0-semigroup. In the case that T is positive we will present necessary conditions for
embeddability of T into a positive C0-semigroup. Moreover, we will give a full description in
the case that T is a 2 × 2 matrix.

This presentation is based on [2].
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Pointwise and uniform convergence
of Chernoff approximations to C0-semigroups

O. E.Galkin 17, I. D. Remizov 18

Keywords: Chernoff product formula, approxition of C0-semigroup, rate of convergence, esti-
mates, examples

MSC2010 codes: 47D03, 47D06, 35A35, 41A25

This talk is devoted to the rate of convergence of Chernoff approximations [1, 2] to strongly
continuous one-parameter semigroups [3, 4]. We provide simple natural examples for which this
convergence: is arbitrary high; is arbitrary slow; holds in the strong operator topology (so we
have pointwise convergence) but does not hold in the norm operator topology (so we have not
uniform convergence on the unit ball). We also prove general theorem that gives estimate from
above for the speed of decay of the norm of the residual appearing in Chernoff approximations.
We provide also supplementary theorems which makes it easier to check the conditions of the
main theorem.

This talk is based on the results that are contained in the preprint [5] and are submitted to
a journal.

It is usually difficult to express the C0-semigroup
(
etL
)
t≥0

it terms of variable coefficients
of operator L. However, if the so-called Chernoff function [1] is constructed, i.e. an operator-
valued function G which satisfies the conditions of the Chernoff theorem (in particular, satisfied
G(t) = I + tL + o(t) in the strong operator topology as t → +0), then the semigroup can be
given by the equality etL = limn→∞G(t/n)n. An advantage of this approach arises from the
fact that often it is possible to construct G by an explicit and not very long formula which
contains coefficients of operator L. Expressions G(t/n)n are called Chernoff approximations
to etL.

We have constructed [5] the following examples.

Proposition 1. There exists a Banach space F , C0-semigroup (etL)t≥0 in F with generator
(L,D(L)), and Chernoff function G for operator (L,D(L)) such that Chernoff approximations
converge on each vector (i.e. converge pointwise) but do not converge in operator norm (i.e.
not converge uniformly in the unit ball). More precisely:
1. limn→∞ ∥G(t/n)nf − etLf∥ = 0 for all f ∈ F and all t ≥ 0,
2. ∥etL∥ = ∥G(t)∥ = 1 for all t ≥ 0,
3. for each t > 0 and each n ∈ N there exists fn ∈ F such that ∥fn∥ = 1 and the inequality

∥G(t/n)nfn − etLfn∥ ≥ 1 holds, so ∥G(t/n)n − etL∥ ≥ 1 ̸→ 0 as n→ ∞.

Proposition 2. There exists C0-semigroup (etL)t≥0 in Banach space F , Chernoff function
G and vector f0 ∈ F such that ∥f0∥ = 1 and f0 /∈ D(L) but the speed of convergence on
this vector is arbitrary high. More precisely: for arbitrary chosen non-increasing continuous
function v : [0,+∞) → [0,+∞) vanishing at infinity at arbitrary high rate (e.g. v(x) = (1+x)−k,
v(x) = e−x, v(x) = e−ex) and all T > 0 we have: supt∈[0,T ] ∥G(t/n)nf0 − etLf0∥ = Tv(n/T ) for
all n = 1, 2, 3, . . . such that Tv(n/T ) ≤ 1. Moreover, we have ∥etL∥ = ∥G(t)∥ = 1.

Proposition 3. There exists C0-semigroup (etL)t≥0 in Banach space F , Chernoff function
G and vector f1 ∈ F such that ∥f1∥ = 1 and f1 ∈ ∩∞

j=1D(Lj) but the speed of convergence
on this vector is arbitrary low, i.e. for arbitrary chosen non-increasing continuous function
v : [0,+∞) → [0,+∞) vanishing at infinity at arbitrary low rate (e.g. v(x) = (1 + x)−1/k,
v(x) = 1/ log(x+ e), v(x) = 1/ log(log(x+ ee))) and all T > 0 we have:

17HSE University, Russian Federation, Nizhny Novgorod city. Email: olegegalkin@yandex.ru
18HSE University, Russian Federation, Nizhny Novgorod city. Email: ivremizov@yandex.ru
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supt∈[0,T ] ∥G(t/n)nf1 − etLf1∥ = Tv(n/T ) for all n = 1, 2, 3, . . . such that Tv(n/T ) ≤ 1/2.
Moreover, we have ∥etL∥ = ∥G(t)∥ = 1.

Our main result is stated as follows.

Theorem 1. Suppose that
1. Number T > 0 is given, and C0-semigroup (etA)t⩾0 with generator (A,D(A)) in Banach

space F satisfies for some M1 ≥ 1 and w ≥ 0 the condition ∥etA∥ ⩽M1e
wt for all t ∈ [0, T ].

2. There is a mapping S : (0, T ] → L (F), i.e. S(t) : F → F is a linear bounded operator
for each t ∈ (0, T ]. There exists some constant M2 ≥ 1 that ∥S(t)k∥ ⩽M2e

kwt for all t ∈ (0, T ]
and all k = 1, 2, 3, . . .

3. Numbers m ∈ {0, 1, 2, . . . } and p ∈ {1, 2, 3, . . . } are fixed. There is a (etA)t⩾0-invariant
subspace D ⊂ D(Am+p) ⊂ F , i.e. (etA)(D) ⊂ D for any t ≥ 0 (for example D may be equal to
D(Am+p)).

4. There exist such functions Kj : (0, T ] → [0,+∞), j = 0, 1, . . . ,m+p that for all t ∈ (0, T ]
and all f ∈ D we have ∥∥∥∥S(t)f −

m∑
k=0

tkAkf

k!

∥∥∥∥ ⩽ tm+1

m+p∑
j=0

Kj(t)∥Ajf∥.

Then:
1. For all t > 0, all integer n ≥ t/T and all f ∈ D we have

∥S(t/n)nf − etAf∥ ≤ M1M2t
m+1ewt

nm

m+p∑
j=0

Cj(t/n)∥Ajf∥,

where Cm+1(t) = Km+1(t)e
−wt +M1/(m+ 1)! and Cj(t) = Kj(t)e

−wt for j ̸= m+ 1.
2. If D is dense in F and for all j = 0, 1, . . . ,m+ p we have Kj(t) = o(t−m) when t → +0,

then for all g ∈ F and T > 0 the following equality is true:

lim
T /T≤n→∞

sup
t∈(0,T ]

∥∥S(t/n)ng − etAg
∥∥ = 0.

Example 1. Let us consider particular modeling example. Suppose ∥etA∥ ≤ et, ∥S(t)∥ ≤ et,
∥S(t)f − f − tAf − 1

2
t2A2f∥ ≤ t2

√
t∥A3f∥ for all f ∈ D(A3) and t ∈ (0; 1]. Then D = D(A3),

m = 2, M1 = M2 = w = 1, K0(t) = K1(t) = 0, K2(t) = 1/
√
t for any t ∈ (0; 1]. So estimate

in the item of theorem 1 states that for any fixed t > 0 the following estimate is true for all
f ∈ D(A3) and integer n ≥ t, having the following asymptotic behaviour as n→ ∞:

∥S(t/n)nf − etAf∥ ≤ t3et

n2

(
1√
t/n

+
et/n

3!

)
∥A3f∥ =

= et
(
t2
√
t

n
√
n

+
et/nt3

6n2

)
∥A3f∥ =

t2
√
tet

n
√
n

∥A3f∥ +O
( 1

n2

)
.

Let us use the symbol UCb(R) for the space of all bounded, uniformly continuous functions
f : R → R with the norm ∥f∥ = supx∈R |f(x)|. Let us use symbol HCb(R) for the space of all
bounded, Hölder continuous functions u : R → R, and for each n ∈ {1, 2, 3, . . .} let us denote
by HCn

b (R) the space of all such functions u ∈ HCb(R), that u′, . . . , u(n) ∈ HCb(R). It is clear
that HCn

b (R) ⊂ UCb(R) and HCn
b (R) is dense in UCb(R) for all n ∈ {1, 2, 3, . . .}. Similarly,

the space UCn
b (R) is defined.

The theorem 1 implies the following proposition.
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Theorem 2. Suppose that
1. Numbers m, q ∈ {1, 2, 3, . . . } are fixed, and q̂ = 2⌊(q + 1)/2⌋. Functions a, b, c from

the class HC2m+q̂−2
b (R) are given, and infx∈R a(x) > 0. Operator L on UCb(R) with domain

D(L) = HC2
b (R) is defined by the formula

Lu = au′′ + bu′ + cu.

2. Numbers T > 0, M ≥ 1 and σ ≥ 0 are given. For any t ∈ (0, T ] a bounded linear
operator S(t) on UCb(R) is defined such that ∥S(t)k∥ ⩽Mekσt for all k = 1, 2, 3, . . . .

3. There exist nonnegative constants K0, K1, . . . , K2m+q such that for all t ∈ (0, T ] and all
f ∈ UC2m+q

b (R) we have ∥∥∥∥S(t)f −
m∑
k=0

tkLkf

k!

∥∥∥∥ ⩽ tm+1

2m+q∑
j=0

Kj∥f (j)∥.

Then:
1. The closure L of operator L is a generator of C0-semigroup (etL)t⩾0 in Banach space

UCb(R), and the condition ∥etL∥ ⩽ eγt for all t ≥ 0 is satisfied, where γ = max(0, supx∈R c(x)).
2. For all t > 0, all integer n ≥ t/T and all f ∈ UC2m+q̂

b (R) we have

∥S(t/n)nf − etLf∥ ≤ Mtm+1ewt

nm

2m+q̂∑
j=0

Cj∥f (j)∥,

where w = max(σ, γ), q̂ = 2⌊(q + 1)/2⌋ and C0, C1, . . . , C2m+q̂ are nonnegative constants that
are independent of t and n.

3. For all g ∈ UCb(R) and all T > 0 the following equality is true:

lim
T /T≤n→∞

sup
t∈(0,T ]

∥∥∥S(t/n)ng − etLg
∥∥∥ = 0.

The following result is an example of usage of the theorem 2.

Example 2. Suppose that functions a, b, c ∈ HC2
b (R) are given such that infx∈R a(x) > 0.

For each u ∈ UC2
b (R) set Au = au′′ + bu′ + cu. For each t ≥ 0, each f ∈ UCb(R) and each

x ∈ R set

(S(t)f)(x) =
1

4
f
(
x+ 2

√
a(x)t

)
+

1

4
f
(
x− 2

√
a(x)t

)
+

+
1

2
f
(
x+ 2b(x)t

)
+ tc(x)f(x).

Then there exist nonnegative constants C0, C1, . . . , C4 such that for all t > 0, all n ∈ {1, 2, 3, . . .}
and all f ∈ UC4

b (R) the following inequality holds:

∥S(t/n)nf − etAf∥ ≤

≤ t2e∥c∥t

n

(
C0∥f∥ + C1∥f ′∥ + C2∥f ′′∥ + C3∥f ′′′∥ + C4∥f (IV )∥

)
.
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Eventual positivity: examples, results, perspectives
J. Glück19
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We give an overview of the theory of eventually positive C0-semigroups whose development
has began during the last few years. This theory is used in order to analyse linear evolution
equations on function spaces whose solutions for positive initial values first change sign, but
then become and stay positive again for large times.

We discuss a few theoretical results about those semigroups as well as a number of concrete
examples, and also mention some challenges and open problems.
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The Showalter – Sidorov and the Cauchy problems for a linear Dzekzer equation
with Wentzell and Roben boundary conditions in a bounded domain

N. S.Goncharov20, G.A. Sviridyuk21, S. A. Zagrebina22

Keywords: Dzekzer equation, deterministic and stochastic Sobolev type equations, Nelson –
Gliklikh derivative, Wentzell condition, Showalter – Sidorov condition, Cauchy condition.

MSC2010 codes: 93E10

Introduction. Let Ω ⊂ Rn, n ∈ N \ {1}, be a bounded connected domain with the
boundary ∂Ω of the class C∞. In cylinder QT = Ω × (0, T ), T ∈ R+, let us consider the linear
Dzekzer equation

(λ− ∆)
◦
η (ω, t) = α0∆η(ω, t) − β0∆

2η(ω, t)−

−γη(ω, t) + f, (ω, t) ∈ QT .
(1)

which modeling the evolution of the free surface of the filtered liquid [1]. In particular, the
authors are interested in the solutions, which must satisfy both to Wentzell boundary conditions

∆η(ω, t) + α1
∂η

∂ν
(ω, t) + β1η(ω, t) = 0, (ω, t) ∈ ∂Ω × (0, T ), (2)

and to Roben boundary conditions

α2
∂η

∂ν
(ω, t) + β2η(ω, t) = 0, (ω, t) ∈ ∂Ω × (0, T ), (3)

as well as the initial Cauchy condition

lim
t→0+

(η(t) − η0) = 0 (4)

Here λ ∈ R, αk, βk, γ ∈ R+, k = 0, 1 are real parameters, characterizing the medium; η = η(t)

is a stochastic process;
◦
η is the NelsonвЂ“ Gliklikh derivative of the process η(t); f is a

«white noise», which we understand the Nelson – Gliklich derivative an one-dimensional Wiener
process, ν = ν(x) is a external unit normal to ∂Ω.

In this report the deterministic and stochastic the Showalter – Sidorov and the Cauchy
problems for the Dzekzer equation with Wentzell – Roben boundary conditions was considered
by the authors. Note that for the filtration model under study, the Wentzell condition is
considered, which is not a classical condition. In recent years, the boundary condition has been
considered in the mathematical literature from two points of view (classical and neoclassical).
Since Cauchy and Shoulter – Sidorov initial conditions have been studied earlier in various
situations, in this work, in the particular case of classical Wentzell and Roben conditions,
by methods of the theory of degenerate holomorphic semigroups, exact solutions have been
constructed, which allow to determine quantitative predictions of changes in geochemical regime
of groundwater under unpressurized filtration. Nelson – Glicklich derivative theory was used in
stochastic case. In particular, the investigation of the set problems in the context of Wentzell
boundary conditions allowed to determine the processes occurring at the boundary of two media
(in the region and at its boundary). In particular, for suitable spaces the following theorem is
proved in stochastic case.

Theorem 1. Let λ ∈ σ(∆) and the coefficients (α0, γ) ∈ R2 and β ∈ R+ are such, that no
eigenvalue λk ∈ σ(∆) is the root of the equation β0ξ2 − α0ξ + γ = 0. Then for any η0 ∈ UKL2

20South Ural State University, Chelyabinsk, Russian Federation. Email: goncharovns@susu.ru
21South Ural State University, Chelyabinsk, Russian Federation. Email: sviridiukga@susu.ru
22South Ural State University, Chelyabinsk, Russian Federation. Email: zagrebinasa@susu.ru
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there exists a stochastic K-process η ∈ C∞(R+; UKL2), each trajectory of which is the unique
solution of the Showalter–Sidorov problems. Moreover, the stochastic K-process. η = η(t) has
the following form

η(t) = −
∑
λ=νk

λk
◦
βk (t) + U tξ0 +

t∫
0

U t−s
◦
W k (s)ds.

Otherwise, if λ /∈ σ(∆). Then for any η0 ∈ UKL2 there exists a stochastic K-process
η ∈ C∞(R+; UKL2) whose every trajectory is a unique solution to the Cauchy and Showalter-
Sidorov problem. Moreover, the stochastic K-process. η = η(t) has the following form

η(t) = U tη0 +

t∫
0

U t−s
◦
W k (s)ds.
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Dynamics of quantum states
generated by the nonlinear Schrödinger equation

Alisa Grekhneva 23

We consider the transformation of the initial data space for the Schrodinger equation. We
study the phenomenon of global existence of a solution of the Cauchy problem the phenomenon
of rise of a solution gradient blow up during a finite time. We define a solution extension through
the moment of a gradient blow up using the one-parameter family of probability measures on the
initial data space of the Cauchy problem. We show that this extension describes the destruction
of a solution as the destruction of a pure quantum state and the transition from the set of pure
quantum states. We show that the continuation of the dynamics of a pure quantum state
through the moment of a gradient blow up can be implemented using partial trace nonlinear
dynamics of a pure quantum state in an extended Hilbert space.

Cauchy problem for the nonlinear Schrodinger equation on the segment:

i
du

dt
= Lu(t) ≡ −∆u(t) − |u(t)|pu(t), t ∈ (0, T ); (1)

u(+0) = u0; u0 ∈ H ≡ L2(D), (2)

where
u0 ∈ H = L2(D), T ∈ (0,+∞], p ≥ 0,
u is unknown map [0, T ) → H which satisfies (1) and (2),
∆ is Laplace operator on the domain D,
D = (−π, π) ⊂ R.

1. Cauchy problem for nonlinear Schrödinger equation (NSE): global existense or gradient blow
up.

2. Gradient blow up, self-focusing and destruction of the quantum state.
3. Continuation of the dynamics with transition into the space of mixed quantum states.
4. The extended dynamics as the partial trace of the nonlinear dynamics of pure states in the

extended Hilbert space.

23Gromov Flight Research Institute. Russia, Ramenskoye. Email: alice-prohorses@yandex.ru
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Strong mixing with rate of convergence for operator semi-groups
with non-sectorial generator

M. Grothaus24

ABSTRACT
Motivated by problems from Industrial Mathematics we further developed the concepts of

hypocoercivity. The original concepts needed Poincaré inequalities and where made for finite
dimensional and linear state spaces. In between we can treat as a state space manifolds or even
infinite dimensional state spaces. The condition giving micro- and macroscopic coercivity we
could relax from Poincaré to weak Poincaré inequalities. In this talk an overview and many
examples are given.

24Mathematics Department, TU Kaiserslautern, Kaiserslautern, Germany. Email:
grothaus@mathematik.uni-kl.de
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Approximate numbers of the operator embedding potentials in the
space of bounded and uniformly continuous functions

N. Kh. Alkhalil25, Kh. Almohammad26

The purpose of this article is to study the behavior of the approximate number operator of
the embedding of potentials in the space of bounded and uniformly continuous functions.The
potential space HG

E ≡ HG
E (Rn) is defined as the set of convolutions of potential kernels with

functions from the base space

HG
E (Rn) = {u = G ∗ f : f ∈ E(Rn)} ,

∥u∥HG
E

= inf {∥f∥E : f ∈ E(Rn), G ∗ f = u} .

where E — a rearrangement invariant space, and the kernel G — special kind,

G(x) = G0
R(x) +G1

R(x); G0
R(x) = G(x)χBR

(x); G1
R(x) = G(x)χc

BR
(x),

c1Φ(r) ⩽= G(x) ⩽ c2Φ(r) r = |x| ∈ (0, R),

0 < Φ ↓ in R+;
R∫
0

Φ(ρ)ρn−1 dρ < ∞, G1
R ∈ L1(Rn) ∩ E ′(Rn); E ′(Rn) — associated space

for E(Rn). An estimate is obtained for the approximate numbers of the operator embedding
potentials in the space C(Rn)the space of bounded and uniformly continuous functions with the
norm

ωk
c (u; τ) = sup

{
∥∆k

hu∥c : |h| ⩽ τ
}
, τ ∈ R+.

Here ∆k
hu(x) is the k-th difference with the step h ∈ Rn at the point x ∈ Rn.Let A1 and A2 be

two complex (quasi) Banach spaces and let T ∈ L(A1, A2) is a linear and continuous operator
from A1 to A2 . Approximate numbers of the operator T are defined by the expression:

am(T ) = inf{∥T − S∥ : S ∈ L(A1, A2), rankS ⩽ m}
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On Joint Convergence Rates for Approximation of Random
Evolution Equations

Katharina Klioba 27

Keywords: joint convergence rate; C0-semigroups; approximation; error bounds; Trotter-Kato;
random coefficients; polynomial chaos; random heat equation.
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Abstract: Solving random evolution equations numerically requires discretising in space,
in time, and of random parameters. Methods to treat these three problems seperately are well-
known, including rates of convergence. In this talk, conditions are presented under which these
rates of convergence are conserved for the fully discretised solution. Focusing on spatial discreti-
sation, a quantified version of the Trotter-Kato theorem corresponding to the weak formulation
is presented. On a semigroup level, this corresponds to approximating form-induced semi-
groups on separable Hilbert spaces by restricting the form to simpler, often finite-dimensional,
approximating spaces. Rates of strong convergence are obtained on dense subspaces under a
joint condition on properties of both the form and the approximating spaces. As a standard
application, results are discussed for the heat equation with random coefficients.
This is joint work with Christian Seifert.
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Flows on Metric Graphs with General Boundary Conditions
M. Kramar Fijavž28, K.-J. Engel29

Keywords: first order differential operators; transport equation; C0-semigroups; flows on net-
works, non-compact metric graphs.

MSC2010 codes: 47D06, 34G10, 35L04, 35R02

We present abstract results on the generation of C0-semigroups by first order differential
operators on the Banach space of Lp-functions on a collection of compact intervals, normalized
as [0, 1], and non-compact intervals, parametrized along semi-axis [0,∞), coupled with very
general boundary conditions. In many cases we are able to characterize the generation property
in terms of the invertibility of a matrix associated to the boundary conditions. The abstract
results are used to study well-posedness of transport equations on non-compact metric graphs.
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On equicontinuity and tightness of bi-continuous semigroups
K. Kruse30, F. L. Schwenninger31
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In many applications of semigroups of operators on Banach spaces the semigroups are not
strongly continuous with respect to the norm of the Banach space but strongly continuous with
respect to a weaker Hausdorff locally convex topology. Examples of such semigroups are adjoint
semigroups of norm-strongly continuous semigroups, implemented semigroups, and transition
and Koopman semigroups on the space of bounded continuous functions on a Polish space.

These examples belong to the general framework of bi-continuous semigroups [5,6]. In the
context of perturbation theory of bi-continuous semigroups the notion of tightness emerged
[1,2], which plays a similar role as equicontinuity in perturbation theory of strongly continuous
semigroups on locally convex spaces [3]. We study the relation between tightness and equiconti-
nuity with respect to the mixed topology and present sufficient conditions that guarantee their
equivalence. This talk is based on [4].
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Semigroups associated with systems of elliptic PDE’s with
unbounded coefficients

L. Lorenzi32

Keywords: systems of elliptic and parabolic equations with unbounded coefficients, semigroups
of bounded operators, Cb- and Lp-theory.

Introduction. In this talk, I will survey on recent and less recent results related to systems of
elliptic and parabolic equations with unbounded coefficients set in the whole Rd. I will consider both
the Cb- and the Lp-setting (mainly with respect to the Lebesgue measure).

32Department of Mathematics, Physics and Computer Sciences, University of Parma (Italy). Email:
luca.lorenzi@unipr.it
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On the supercritical fractional diffusion equation with Hardy-type
drift

Kodjo Raphaël Madou33

Abstract: We study the heat kernel of the supercritical fractional diffusion equation with
the drift in the critical Hölder space. We show that such a drift can have point irregularities
strong enough to make the heat kernel vanish at a point for all t > 0.

The talk is based on joint work with D.Kinzebulatov and Yu. A. Semënov.
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On spectral gaps of growth-fragmentation semigroups
Mustapha Mokhtar-Kharroubi34

We present a general approach to proving the existence of spectral gaps and asynchronous
exponential growth for growth-fragmentation semigroups in different moment spaces for un-
bounded total fragmentation rates and continuous growth rates r(.) such that

∫ +∞
0

1
r(τ)

dτ =
+∞. The analysis is based on weak compactness tools and Frobenius theory of positive oper-
ators. A systematic functional analytic construction is provided. This is a joint work with J.
Banasiak.

Reference: On spectral gaps of growth-fragmentation semigroups in higher moment spaces.
(to appear in "Kinetic and Related Models", 2022.)
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The Ornstein–Uhlenbeck operator on metric star graphs
Delio Mugnolo35

We first prove that the corresponding evolution equation is well-posed in different function
spaces (especially, the classical L2-space and a Lebesgue space L2

µ-with respect to an appropriate
invariant measure) and provide an explicit formula for the solution.

We then turn to its spectral theory on L2
µ, proving in particular that the Ornstein–Uhlenbeck

operator has trace class resolvent.
We will also provide an explicit formula for the heat kernel associated with the harmonic

oscillator on metric star graphs.
This is joint work with Abdelaziz Rhandi (Salerno).
The work of D.M. was supported by the Deutsche Forschungsgemeinschaft (Grant 397230547).
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Abstract. In this presentation we study the stability properties of strongly continuous
semigroups generated by operators of the form A−BB∗, where A generates a unitary group or
a contraction semigroup, and B is a possibly unbounded operator. Such semigroups are encoun-
tered in the study of hyperbolic partial differential equations with damping on the boundary
or inside the spatial domain. In the case of multidimensional wave equations with viscous
damping, the associated semigroup is often not uniformly exponentially stable, but is instead
only polynomially or non-uniformly stable. Motivated by such situations, we present general
sufficient conditions for polynomial and non-uniform stability of the semigroup generated by
A−BB∗ in terms of generalised observability-type conditions of the pair (B∗, A). The proofs in
particular involve derivation of resolvent estimates for the operator A−BB∗ on the imaginary
axis. In addition, we apply the results in studying the stability of hyperbolic PDEs with partial
or weak dampings.

The research is joint work with R. Chill, D. Seifert, R. Stahn and Y. Tomilov and the results
are presented in the reference [1].
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Asymptotic properties of dynamics of antibody levels
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Introduction.
The immune status is the concentration of specific antibodies, which appear after infec-

tion with a pathogen and remain in serum, providing protection against future attacks of that
same pathogen. Over time the number of antibodies decreases until the next infection. During
fighting the invader the immunity is boosted and then the immunity is gradually waning, etc.
Our aim is to describe and study the evolution of probability density of the distribution of
the process using the semigroup approach [4]. The model is based on three factors: occasional
boosting and continuous waning of immunity and a general description of the period between
subsequent boosting events [5]. The density of antibody concentration distribution satisfies
some partial differential equation with an integral boundary condition. We check that this
system generates a stochastic semigroup. We give a new theoretical result on asymptotic sta-
bility of stochastic semigroups. This result is based on a decomposition theorem of a stochastic
semigroup into asymptotically stable and sweeping components [2], [3]. We apply the general
result concerning asymptotic stability of stochastic semigroups [1], [2], [3] to the model. We
analyze versions of the model with specially chosen functions describing the model, e.g. when
immunity decreases exponentially; with constant increase of antibodies after infection; with a
threshold concentration of antibodies at the re-infection; and with seasonal infections.
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Bi-Kolmogorov type operators and weighted Rellich’s inequalities
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Abstract. In this paper we consider the symmetric Kolmogorov operator L = ∆+ ∇µ
µ
·∇ on

L2(RN , dµ), where µ is the density of a probability measure on RN . Under general conditions on
µ we prove first weighted Rellich’s inequalities and deduce that the operators L and −L2 with
domain H2(RN , dµ) and H4(RN , dµ) respectively, generate analytic semigroups of contractions
on L2(RN , dµ). We observe that dµ is the unique invariant measure for the semigroup generated
by −L2 and as a consequence we describe the asymptotic behaviour of such semigroup and
obtain some local positivity properties. As an application we study the bi-Ornstein-Uhlenbeck
operator and its semigroup on L2(RN , dµ).

Work in collaboration with D. Addona, F. Gregorio and C. Tacelli.
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Semigroups of operators in cell cycle models
R. Rudnicki40,

Modeling of cell cycle is one of the fundamental subject of mathematical biology because
it could help to solve such problems as synchronization of cell division in cancer therapy and
allows to understand dynamics of growth of cellular populations (e.g. tissues). There are
many different models of cell cycles – some of them are based on application of semigroups of
operators. In this talk I am going to give some introduction to this subject, in particular, I will
briefly discuss the models that I have studied: a model given by partial differential equations of
the first order with time delay and space variable retardation [1], a model of maturity structured
population [2], and two-phase models of the cell cycle [3]. The main subject of my talk will
be a new age-size structured model based on the cell cycle length [4]. The model is described
by a first order partial differential equation with initial-boundary conditions, which leads to a
positive semigroup on some L1 space. We establish new criteria for an asynchronous exponential
growth of solutions to such equations. The discussion on model generalizations will be a good
excuse to present some new challenges in the study of asymptotic behaviour of semigroups of
operators.
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We study abstract suffcient criteria for open-loop stabilizability of linear control systems in a
Banach space with a bounded control operator, which build up and generalize a suffcient condi-
tion for null-controllability in Banach spaces given by an uncertainty principle and a dissipation
estimate. For stabilizability these estimates are only needed for a single spectral parameter and,
in particular, their constants do not depend on the growth rate w.r.t. this parameter. Our re-
sult unifies and generalizes earlier results obtained in the context of Hilbert spaces. The talk
is baed on joint work with Michela Egidi, Dennis Gallaun and Martin Tautenhahn [1].
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One Sobolev type equation in Hilbert spaces of differential forms
with stochastic coefficients

D. E. Shafranov42, O.G. Kitaeva43, G. A. Sviridyuk44

Keywords: Sobolev type equations; differential forms; stochastic equations; Nelson – Gliklikh
derivative.

MSC2010 codes: 35R60

Our spaces. Let M – be a smooth compact oriented Riemannian manifold without bound-
ary with local coordinates x1, x2, ..., xn.
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Learning Transfer Operators by Kernel Density Estimation
Sudam Surasinghe45, Jeremie Fish46, ErikBollt47
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Galerkin method; Kernel Density Estimation.
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Abstract

To infer transfer operators from data is usually take as a classical problem that hinges
on the Ulam method. The usual description is in terms of projection onto basis functions
that are characteristic functions supported over a fine grid of rectangles, that we have
previously called the Ulam-Galerkin method when taken in terms of finite time. Here,
we present that the same problem can be understood by statistical density estimation
formalism. In these terms, the usual Ulam-Galerkin approach is a density estimation by
the histogram method. This perspective allows us other methods such as spectral density
estimation, Kernel density estimation, etc. However, this is not the only popular method
of density estimation, and we point out inherent efficiencies available by the popular kernel
density estimation method, and this general phrasing of the problem allows for analysis of
bias and variance, toward a discussion of the mean square error for example.
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Substochastic semigroups for initial-boundary value problems
M. Tyran-Kamińska 48

Keywords: positive semigroup, substochastic semigroup, perturbation of boundary condition,
piecewise deterministic Markov process

MSC2010 codes: 47B65, 47D06, 60J25, 92C40

We study well-posedness of linear evolution equations on L1 of the form

u′(t) = (A+B)u(t), Ψ0u(t) = Ψu(t), t > 0, u(0) = f,

whereB, Ψ0,Ψ are positive (unbounded) linear operators. Such initial-boundary value problems
describe in particular the evolution of densities for piecewise deterministic Markov processes [1].
We assume that A0 defined as the restriction of the operator A to ker(Ψ0) generates a sub-
stochastic semigroup of operators on L1, i.e. a C0-semigroup of positive contractions on L1. We
provide sufficient conditions for the operator A to be the generator of a positive semigroup [2]
and for A+B to be the generator of a substochastic semigroup [1,3]. This extends the approach
of Greiner [4] by considering unbounded Ψ and positive semigroups on L1. We illustrate our
results with examples of age and size structured equations arising from a gene expression model
and a cell-cycle model.
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[1] P. Gwiżdż, M. Tyran-Kamińska. Densities for piecewise deterministic Markov processes

with boundary. // J. Math. Anal. Appl. 2019. Vol. 479. P. 384–425.
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One-parameter subgroups of the isometry group of the space H2
Ca

V. V.Volchkov,49 Vit. V.Volchkov50

Keywords: octave algebra; Cayley hyperbolic plane; infinitesimal operators.

MSC2010 codes: 17A35, 53C27, 53C35

We consider the realization of the Cayley hyperbolic plane F ∗
4 /Spin(9) on the unit ball in

R16 and write out an explicit form of the isometries of this space. The results presented are used
to solve various problems in the theory of convolution equations on F ∗

4 /Spin(9) (see [1]-[3]).
Let A be an arbitrary finite-dimensional algebra over R in which a conjugation, i.e. some

involutory antiautomorphism a → a is given. Consider a vector space A2 which is a direct
sum of two copies of a vector space A, i.e. which consists of pairs of the form (α, β), where
α, β ∈ A. We introduce into A2 multiplication as follows: (α, β)(γ, δ) = (αγ − δβ, βγ + δα). A
simple check shows that relative to that multiplication the vector space A2 is an algebra. The
algebra A2 is called a doubling of A. We shall identify elements α and (α, 0) and thus assume
the algebra A to be a subalgebra of A2. If A is a unit algebra, then the element 1 = (1, 0) will
obviously be an identity element in A2 too. In addition, every element (α, β) ∈ A2 is uniquely
written as α + βe, where e = (0, 1).

For the procedure of a doubling to be iterated it is necessary to define a conjugation in A2.
We shall do this by the formula (α, β) = (α,−β). Then C := R2, Q := C2, Ca := Q2.

The basis of C consists of i0 = 1 and the imaginary unit i1 = (0, 1). The basis of Q consists
of i0 = 1 and three elements i1 = (i1, 0), i2 = (0, 1), i3 = i1i2. Analogously, the basis of Ca
consists of i0 = 1 and seven elements

i1 = (i1, 0), i2 = (i2, 0), i3 = (i3, 0), i4 = (0, 1), i5 = i1i4, i6 = i2i4, i7 = i3i4.

As the construction of a doubling is iterated the algebraic properties of the multiplication
gradually deteriorate. In particular, the octave algebra Ca is noncommutative and nonassocia-
tive.

For the Cayley algebra, we consider the vector space

Ca2 =
{
a = (a1, a2) : ak ∈ Ca, k = 1, 2

}
.

If b = (b1, b2) ∈ Ca2, put

ΦCa(a, b) = |a1|2|b1|2 + |a2|2|b2|2 + 2Re
(
(a1a2)(b1b2)

)
.

We identify Ca2 with R16 by the map a = (a1, a2) → x = (x1, . . . , x16), where

a1 = x1 + x9i1 + x5i2 + x13i3 + x3i4 + x11i5 + x7i6 + x15i7,

a2 = x2 + x10i1 + x6i2 + x14i3 + x4i4 + x12i5 + x8i6 + x16i7.

Setting y = (y1, . . . , y16), yk ∈ R,

b1 = y1 + y9i1 + y5i2 + y13i3 + y3i4 + y11i5 + y7i6 + y15i7,

b2 = y2 + y10i1 + y6i2 + y14i3 + y4i4 + y12i5 + y8i6 + y16i7,
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we have

ΦCa(a, b) = ΦCa(x, y) = 2
8∑

k=1

pk(x)pk(y) + p9(x)p9(y) + p10(x)p10(y)

with
p1(x) = x1x2 − x3x4 − x5x6 − x7x8 − x9x10 − x11x12 − x13x14 − x15x16,

p2(x) = x1x4 − x9x12 − x5x8 − x13x16 + x3x2 + x11x10 + x7x6 + x15x14,

p3(x) = x1x6 − x9x14 + x5x2 + x13x10 + x3x8 + x11x16 − x7x4 − x15x12,

p4(x) = x1x8 + x9x16 + x5x4 − x13x12 − x3x6 + x11x14 + x7x2 − x15x10,

p5(x) = x1x10 + x9x2 + x5x14 − x13x6 + x3x12 − x11x4 − x7x16 + x15x8,

p6(x) = x1x12 + x9x4 − x5x16 + x13x8 − x3x10 + x11x2 − x7x14 + x15x6,

p7(x) = x1x14 + x9x6 − x5x10 + x13x2 + x3x16 − x11x8 + x7x12 − x15x4,

p8(x) = x1x16 − x9x8 + x5x12 + x13x4 − x3x14 − x11x6 + x7x10 + x15x2,

p9(x) =
8∑

k=1

x22k−1, p10(x) =
8∑

k=1

x22k.

For x = (x1, . . . , x16) ∈ R16, y = (y1, . . . , y16) ∈ R16, i, j ∈ {1, . . . , 16}, we set

aij(x) = δi,j(1 − |x|2) +
1

2

∂2

∂yi∂yj

(
ΦCa(x, y)

)
, gij(x) =

aij(x)

(1 − |x|2)2
.

The matrix ∥gij∥16i,j=1 induces the structure of a Riemannian manifold on the unit ball B16 =
{x ∈ R16 : |x| < 1}. Denote this manifold by H2

Ca.
Theorem 1. The Cayley hyperbolic plane F ∗

4 /Spin(9) of maximal sectional curvature −1 is
isometric to the space H2

Ca.
Let u = (t, α), where t ∈ R, α ∈ Ca, and t2 + |α|2 = 1. Define the mapping

Ru(a) =
(
− ta1 + α a2, ta2 + a1α

)
, a = (a1, a2) ∈ Ca2.

Take x ∈ S15 = {x ∈ R16 : |x| = 1} arbitrarily. We write x in the form x = (α, β), where
α, β ∈ Ca. Put

τx = Rux ◦Rvx ,

where ux =
(
0,−|β|β−1

)
, vx =

(
|β|,−|β|β−1α

)
if β ̸= 0, and ux = (0, α), vx = (0, 1) if β = 0.

Next, let a ∈ Ca2, |a| < 1. Define

σa =

{
τa/|a| ◦ κa ◦ τ−1

a/|a| if a ̸= 0

κa if a = 0,

where κa is the mapping acting by the formula

κa(z1, z2) =
(
(z1 − |a|)(|a|z1 − 1)−1,

√
1 − |a|2(|a|z1 − 1)−1z2

)
, (z1, z2) ∈ Ca2.

We also put
ΨCa(z, w) = ΦCa(z, w) − 2⟨z, w⟩R + 1, z, w ∈ Ca2,

where ⟨z, w⟩R is the Euclidean inner product of the vectors z, w ∈ R16.
Theorem 2. (i) σa(0) = a and σa(a) = 0.
(ii) The identity

(1 − |a|2)2ΨCa(z, w) = ΨCa(z, a)ΨCa(w, a)ΨCa(σa(z), σa(w))
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holds for all z, w ∈ B16. In particular, 1 − |σa(z)|2 =
(1 − |a|2)(1 − |z|2)

ΨCa(z, a)
, z ∈ B16.

(iii) σa is an involution.
(iv) σa is an isometry of the space H2

Ca.
(v) The relation σa

(
(1 +

√
1 − |a|2)−1a

)
= (1 +

√
1 − |a|2)−1a holds. Moreover, σa fixes

exactly one point of B16, and no point of S15.
Corollary 1. Let

gt(z1, z2) =
(
(z1 − th t)(1 − (th t)z1)

−1, (ch t− (sh t)z1)
−1z2

)
, (z1, z2) ∈ Ca2.

Then {gt}t∈R is a one-parameter subgroup of the isometry group of the space H2
Ca.

In conclusion, we note that Theorem 2 also allows us to write down an explicit form of the
infinitesimal operators corresponding to involutive isometries of the space H2

Ca.
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Comments on the Chernoff estimate
V. A. Zagrebnov51
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Introduction. The Chernoff
√
n-Lemma is revised. This concerns two aspects: a re-

examination of the Chernoff estimate in the strong operator topology and the operator-norm
estimate for quasi-sectorial contractions. Applications to the Lie-Trotter product formula ap-
proximation C0-semigroups are also discussed.

Chernoff
√
n-Lemma

Lemma 1. Let bounded operator C on a Banach space X be a contraction, i.e., ∥C∥ ≤ 1.
Then one has the estimate

∥(Cn − en(C−1))x∥ ≤
√
n ∥(C − 1)x∥ , x ∈ X, n ∈ N. (1)

Revised
√
n-Lemma

Proposition 1. Let C be contraction on a Banach space X. Then {et(C−1}t≥0 is a norm-
continuous contraction semigroup on X and one has the estimate

∥(Cn − en (C−1))x∥ ≤ n

ϵ2n
2 ∥x∥ + ϵn ∥(1 − C)x ∥ , n ∈ N \ {0} , (2)

for all x ∈ X and ϵn > 0. For optimal value of the splitting parameter ϵn :

∥(Cn − en (C−1)) ∥ ≤ 3

2
3
√
n ∥2 (1 − C) ∥2/3 , (3)

which is the 3
√
n -Lemma.

Proposition 2. Let C ∈ L(X) be contraction on a Banach space X. Then following estimate

∥(Cn − en(C−1))x∥ ≤ n

2
(∥(C − 1)2 x∥ +

e2

3
∥(C − 1)3 x∥) , (4)

holds for all n ∈ N and x ∈ X.

Quasi-sectorial contractions
Definition 1. A contraction C on the Hilbert space H is called quasi-sectorial with semi-

angle α ∈ [0, π/2) with respect to the vertex at z = 1, if its numerical range W (C) ⊆ Dα,
where Dα := {z ∈ C : |z| ≤ sinα} ∪ {z ∈ C : | arg(1 − z)| ≤ α and |z − 1| ≤ cosα} .

Proposition 3. Let C be a quasi-sectorial contraction on H with numerical range W (C) ⊆
Dα, 0 ≤ α < π/2. Then ∥∥Cn − en(C−1)

∥∥ ≤ Mα

n1/3
, n ∈ N, Mα > 0 . (5)
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Is A−1 an infinitesimal generator?
H. Zwart52

In this talk we discuss the open problem whether A−1 is the infinitesimal generator of a
bounded semigroup on the Banach space X when A generates a bounded semigroup on X.
This question was first posed by deLaubenfels in 1988, but for Hilbert spaces this question
has remained open ever since. He showed that the answer is positive for bounded analytic
semigroups.

We discuss counter examples for Banach spaces, and show that the answer is positive for con-
traction semigroups on Hilbert spaces. Furthermore, we discuss relations with other branches
of mathematics, like numerical analysis.
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2. Nonlinear flows and semiflows
Inertial manifolds and hidden oscillations in delay equations

M.M. Anikushin53, A.O. Romanov54
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MSC2010 codes: 35B42, 37L25, 34K19, 34K13, 34K60, 34K11

In our work [3], we develop a geometric theory of inertial manifolds (these are, roughly
speaking, normally hyperbolic and globally attracting invariant manifolds, which provide a de-
composition of the system into fast and slow modes) based on the use of indefinite quadratic
Lyapunov-like functionals. In applications, various versions of the Frequency Theorem pro-
vide a variational approach, which is concerned with the study of infinite-horizon quadratic
optimization problems, for the construction of such functionals [4,5].

We plan to discuss nuances concerned with abstract applications of the theory to delay
equations. These include the well-posedness of such equations in a proper Hilbert space setting
(see [1]; J.A. Burns, T. L. Herdman and H.W. Stech [8]) and mainly concerned with some
specificity of the quadratic regulator problem [4]. This allows to provide a unification of some
results due to R.A. Smith on the Poincaré-Bendixson theory [13]; Yu.A. Ryabov, R.D. Driver
and C. Chicone [10] for equations with small delays; S. Chen and J. Shen [9] for neutral
equations with small delays and relate these results to classical results for semilinear parabolic
equations [5] in the context of [3]. We refer to our works [1,3,6,7] for various discussions on the
topic.

As for concrete applications to study applied models, we will show how the theory can be
applied to provide analytical-numerical methods for studying complex systems, where multista-
bility and presence of hidden oscillations may occur. We refer to the surveys of D. Dudkowski
et al. [11] and G.A. Leonov and N.V. Kuznetsov [12] for various discussions on the theory of
hidden oscillations in the context of finite-dimensional systems.

In this direction we apply the theory to study the delayed oscillator, which was proposed
by M.J. Suarez and P.S. Schopf in [14] as a simple model for ENSO, given by the scalar delay
equation

ẋ(t) = x(t) − αx(t− τ) − x3(t), (6)

where α ∈ (0, 1) and τ > 0 are parameters. We provide analytical-numerical evidence for the
existence of two-dimensional inertial manifolds in the model for parameters from the region
of linear stability, where the symmetric equilibria ±

√
1 − α are linearly stable. This allows to

propose a qualitative description of dynamics in the region, where the presence of multistability
with hidden and self-excited periodic orbits is possible. We also discuss how the influence of a
small periodic forcing can cause quasi-periodic, almost automorphic (strange non-chaotic) [6]
and chaotic behavior in the model. This relates the model to well-known oscillators on the
plane. These results are described in our paper [2].

We also use the intuition obtained in the study of the Suarez-Schopf model to numerically
detect hidden and self-excited asynchronous oscillations in the model describing a ring array
of coupled lossless transmission lines, which was proposed by J. Wu and H. Xia in [15] and is

53Saint Petersburg State University, Department of Applied Cybernetics, Russia, St. Petersburg. Email:
demolishka@gmail.com
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described as the coupled system of neutral delay equations:

d

dt

[
D(q)xkt

]
= −axk(t) − bqxk(t− τ) − g(xk(t)) + qg(xk(t− τ))+

+ dD(q)
[
xk+1
t − 2xkt + xk−1

t

]
, k = 1, . . . N (mod N)

(7)

where τ, b, q, d > 0 are positive parameters, a is not sign definite and D(q)ϕ = ϕ(0) − qϕ(−τ).
Putting g(x) = x3, for certain values of parameters with a < 0 we show that hidden or self-
excited asynchronous periodic regimes may arise.

References:
[1] M.M. Anikushin. Nonlinear semigroups for delay equations in Hilbert spaces, inertial

manifolds and dimension estimates // J. Differ. Equations. (2022) (revision submitted)
[2] M.M Anikushin, A.O. Romanov. Hidden and unstable periodic orbits as a result of

homoclinic bifurcations in the Suarez-Schopf delayed oscillator and the irregularity of ENSO
// arXiv:2102.11711v3 [math.DS] (2022) (to appear)

[3] M.M. Anikushin. Invariant manifolds and foliations for asymptotically compact cocycles
in Banach spaces // arXiv:2012.03821v3 [math.DS] (2022) (to appear)

[4] M.M. Anikushin. Frequency Theorem for the Regulator Problem with Unbounded Cost
Functional and Its Applications for Constructing Invariant Manifolds of Nonlinear Delay Equa-
tions // arXiv:2003.12499v5 [math.OC] (2022) (to appear)

[5] M.M. Anikushin. Frequency theorem for parabolic equations and its relation to inertial
manifolds theory // J. Math. Anal. Appl. 505:1 (2022) 125454.

[6] M.M. Anikushin. Almost automorphic dynamics in almost periodic cocycles with one-
dimensional inertial manifold // Differ. Uravn. Protsessy Upr. 2 (2021) 13–48 [in Russian]

[7] M.M. Anikushin. A non-local reduction principle for cocycles in Hilbert spaces // J.
Differ. Equations. 269:9 (2020) 6699–6731.

[8] J.A. Burns, T.L. Herdman, H.W. Stech. Linear functional differential equations as
semigroups on product spaces // SIAM J. Math. Anal. 14:1 (1983) 98–116.

[9] S. Chen, J. Shen. Smooth Inertial Manifolds for Neutral Differential Equations with
Small Delays // J. Dyn. Differ. Equ. (2021)

[10] C. Chicone. Inertial and slow manifolds for delay equations with small delays // J.
Differ. Equations. 190:2 (2003) 364–406.

[11] D. Dudkowski, S. Jafari, T. Kapitaniak, N.V. Kuznetsov, G.A. Leonov, and A. Prasad.
Hidden attractors in dynamical systems // Phys. Rep. 637 (2016) 1–50.

[12] G.A. Leonov and N.V. Kuznetsov. Hidden attractors in dynamical systems. From
hidden oscillations in Hilbert-Kolmogorov, Aizerman, and Kalman problems to hidden chaotic
attractor in Chua circuits // Int. J. Bifurcat. Chaos. 23:01 (2013) 1330002.

[13] R.A. Smith. Poincaré-Bendixson theory for certain retarded functional-differential
equations // Differ. Integral Equ. 5:1 (1992) 213–240.

[14] M.J. Suarez, P.S. Schopf. A delayed action oscillator for ENSO // J. Atmos. Sci. 45:21
(1988) 3283–3287.

[15] J. Wu, H. Xia. Self-Sustained Oscillations in a Ring Array of Coupled Lossless Trans-
mission Lines // J. Differ. Equations. 1 (1996) 247–278.

51



International Online Conference “One-Parameter Semigroups of Operators 2022”

Anticipating stochastic semiroups
A. A.Dorogovtsev 55
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In the talk we present the construction of the multiplicative family of the strong random
operators which has a semigroup property in the sence of stochastic convolution. The definition
of the convolution is based on the notion of anticipatin integral with respect to logarithmic
processes.
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On moduli of surface non-singular flows
V. E.Kruglov 56
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MSC2010 codes: 37C15, 37D15

Two flows f t, f ′t : M →M are called topologically equivalent if there exists a homeomorphism
h : M → M sending trajectories of f t into trajectories of f ′t preserving orientations of the
trajectories. In difference with it, two flows are called topologically conjugate if h ◦ f t = f ′t ◦
h, it means that h sends trajectories into trajectories preserving not only directions but in
addition the time of moving. To find an invariant showing the class of topological equivalence
or topological conjugacy of each flow from some class of flows means to construct topological
classification for the class. Note that for some classes their classifications in sense of equivalence
and conjugacy coincide; for other classes these classifications completely differ. The second case
is about the class that we consider in this paper.

The Morse-Smale flows were firstly introduced on the plane in the classical paper of A.A.
Andronov and L.S. Pontryagin in [1]. The non-wandering set of such flows consists of a finite
number of hyperbolic fixed points and finite number of hyperbolic limit cycles, besides, saddle
separatrices cross-sect only transversally (which means that saddle points of a flow on the plain
can not be connected by a separatrix). This important class of flows was topologically classified
up to equivalence for many times on different manifolds. The most important combinatorial
invariants are the Leontovich-Maier’s scheme [2], [3] for flows on the plane, the Peixoto’s directed
graph [4] for Morse-Smale flows on any closed surface and the Oshemkov-Sharko’s molecule [5]
for Morse-Smale flows on any closed surface.

The next step is to classify up to conjugacy. In [6] it was proved that classes of topological
equivalence and topological conjugacy on surfaces coincide for gradient-like flows (i.e. Morse-
Smale flows without limit cycles). But any limit cycle generates infinite many conjugacy classes
for each equivalence class (even two cycles with different periods cannot be conjugate). For two
saddles connected by a separatrix the invariant (the so-called modulus of stability or modulus of
topological conjugacy) was found by J. Palis in [7]. So, the period of a limit cycle is a modulus.

In this talk there is considered the class of non-singular flows on the annulus with only
two limit cycles on the annulus’s boundary components. For these flows there is proved that
they have infinite number of moduli, and the flows of the class are classified up to topological
conjugacy in the work.

Acknowledgments. The results have been obtained in collaboration with O. Pochinka
and G. Talanova. The reported study was funded by RFBR, project number 20-31-90067.
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A unified approach to degenerate problems in the half-space
G. Metafune57, L.Negro58, C. Spina59
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Abstract. We study elliptic and parabolic problems governed by the singular elliptic
operators

L = yα1∆x + yα2

(
Dyy +

c

y
Dy −

b

y2

)
, α1, α2 ∈ R

in the half-space RN+1
+ = {(x, y) : x ∈ RN , y > 0}.
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Unstable manifolds for fractional semilinear equations
S. I. Piskarev60
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This talk is devoted to the numerical analysis of the abstract semilinear fractional Cauchy
problem

Dα
t u(t) = Au(t) + f(u(t)), u(0) = u0,

in a Banach space E, where Dα
t is the Caputo-Dzhrbashyan derivative (0 < α < 1), the operator

A generates an analytic and compact C0-semigroup exp(·A) and the function f(·) is smooth
enough [1,2].

We are developing a general approach to establish the existence of unstable manifold for
fractional equation and then prove the semidiscrete approximation theorem of unstable mani-
folds. The phase space in the neighborhood of the hyperbolic equilibrium can be split in such
a way that the original initial value problem is reduced to systems of initial value problems
in the invariant subspaces [3]. We show that such a decomposition of the equation keeps the
same structure under general approximation schemes. The main assumption of our results are
naturally satisfied, in particular, for operators with compact resolvents and can be verified for
finite element as well as finite difference methods.

Acknowledgments. The work has been supported partially by grant from Russian Science
Foundation N20-11-20085.
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Strong stochastic flows on metric graphs
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Introduction. Let M be a locally compact separable metric space. Assume that for
each n ≥ 1 a Feller transition function (P

(n)
t : t ≥ 0) on Mn is defined, and the sequence

(P (n) : n ≥ 1) is consistent, i.e. for all n ≥ 1 and {i1, . . . , ik} ⊂ {1, . . . , n} the following relation
holds:

P
(n)
t (x, π−1

i1,...,ik
(B)) = P

(k)
t (πi1,...,ik(x), B),

where t ≥ 0, x ∈Mn, B ∈ B(Mk) (a Borel subset of Mk), and πi1,...,ik : Mn →Mk, πi1,...,ik(x) =
(xi1 , . . . , xik) is a projection. It is known (see [1]) that there exists a weak stochastic flow
of kernels (Ks,t(x,B) : s ≤ t, x ∈ M,B ∈ B(M)), such that for all n ≥ 1, x ∈ Mn and
B1, . . . , Bn ∈ B(M)

P
(n)
t (x,B1 ×Bn) = E

n∏
i=1

K0,t(xi, Bi).

For t1 ≤ . . . ≤ tk stochastic kernels Kt1,t2 , . . . , Ktn−1,tn are independent, and the distribution
of Ks,t depends only on t − s. Stochastic flow (Ks,t : s ≤ t) is weak in the sense that for
all s ≤ t ≤ u and x ∈ M the evolution property Ks,u(x, ·) =

∫
M
Kt,u(y, ·)Ks,t(x, dy) holds

almost surely. We address the question of existence of a measurable modification of the flow
(Ks,t : s ≤ t) which is simultaneously a strong flow, i.e. the exceptional set where the evolution
property fails does not depend on s, t, u, x. The positive answer to this question is known in the
case when (P

(n)
t : t ≥ 0) is defined by solutions of an SDE with smooth enough coefficients [2],

for a class of coalescing flows on the real line [3], for Howitt-Warren flows [4]. In this talk a new
approach will be developed that allows to prove existence of strong stochastic flows for some
consistent sequences of Feller transition functions on metric graphs. In particular, existence
of a strong flow of coalescing independent Walsh Brownian motions on arbitrary metric graph
will be proved.
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The Dynamics of Birkhoff’s Sums
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Introduction. Let X be a compact topological space and α : X → X be a continuous
invertable map. This kind of maps generate a dynamical systems (cascades) such as: αk(x) =
α(αk−1(x)), k ∈ Z. For f : X → C and n ∈ Z, the Birkhoff sums f(n, x) is represented by

f(n, x) = f(n, x, α) =



∑n−1
k=0 f(αk(x)) for n > 0,

0 for n = 0,

−
∑−1

k=n f(αk(x)) = −f(−n;αn(x)) for n < 0.

(8)

Particularly, the behavior of the Birkhoff sums is related to ergodic theorem, this fact is
shown in the next discussion:

Let PMα(X) be a set of probability Borel measures in X, which invariant relatively to
α. The Birkhoff’s ergodic theorem says, if µ ∈ PMα(X) and f ∈ L1(X,µ), then the limit of
the Birkhoff average exist, µ-almost everywhere (see [3]). In case of continuous functions, the
following result presented:

Theorem 1. [3] If X be a compact topological space, α : X → X be a continuous map and
f ∈ C(X), then

lim
n→∞

max
X

1

n
f(n, x, α) = max{

∫
X

f(x)dµ : µ ∈ PMα(X)},

lim
n→∞

min
X

1

n
f(n, x, α) = min{

∫
X

f(x)dµ : µ ∈ PMα(X)}.

Moreover, the map α is called strictly ergodic, if there exist only one invariant probability
measure µ. From Theorem 1, follows that the following convergent where f ∈ C(X) holds:

lim
n→∞

max
X

1

n
f(n;x) =

∫
X

f(x)dµ. (9)

lim
n→∞

min
X

1

n
f(n;x) =

∫
X

f(x)dµ. (10)

In the present work, we will provide a detailed description about the convergence of (9) and
(10). The estimates of powers of operators generated by irrational are given.

Main results.
Let T = R/Z be the unit circle and the map x → x + h generates the rotation such that

αh : T → T with angle 2πh where h is irrational number. For a function f ∈ C(T ) the Birkhoff
sums f(n, x, h) is represented by

62Belarusian State University, Department of Functional Analysis, Belarus, Minsk. University of Kufa, De-
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f(n, x;h) =



f(x) + f(x+ h) + · · · + f(x+ (n− 1)h) for n > 0,

0 for n = 0,

−[f(x− h) + f(x− 2h) + · · · + f(x− nh)] for n < 0
.

Theorem 2. [1] Let h be irrational number. For any sequence of numbers σn, which mono-
tonic converge to zero, there exist a continuous function φ with zero average such that Birkhoff
sums f(n, h, φ) is growing such as faster than

f(n, h, φ) ≥ nσn.

Theorem 3. [2] Let φ be a continuous function with zero average, which is not trigonomet-
rical polynomial. For any monotonic converge to zero σn, there exist an irrational number h,
such that f(nk, h, φ) is growing such as faster than

f(nk, h, φ) ≥ nkσnk
.

If φ is smooth, then f(qk, h, φ) is bounded.

The proof was based on some facts of number theory and ergodic theory.
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3. Interplay between linear infinite-dimensional systems and
nonlinear finite-dimensional systems

Ergodicity of Topological Dynamical Systems
Julian Hölz63

Abstract

Each continuous mapping φ : X → X on a compact Hausdorff space X induces a linear
operator

Tφ : C(X) → C(X), f 7→ f ◦ φ,

on the Banach space C(X) of continuous functions f : X → C. This operator can be
examined in terms of its ergodic behaviour. In this talk we study properties of φ under
the assumption that Tφ satisfies various ergodic conditions. These include (uniform) mean
ergodicity and Jacob-de Leeuw-Glicksberg admissibility.
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The Furstenberg-Zimmer structure theorem revisited
Henrik Kreidler64

Abstract

The Furstenberg-Zimmer theorem is a powerful structural result in ergodic theory
with applications to number theory. It allows to rebuild a general measure-preserving
system from a trivial one by basically performing only two different kinds of “extensions”.
We propose a new approach to this structure theorem showing that it is, in essence, a
consequence of operator theory on so-called Hilbert-Kaplansky modules. This is a joint
work with Nikolai Edeko (Zurich) and Markus Haase (Kiel).
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4. Quantum stochastic evolutions and dynamical semigroups

A new probabilistic formula for the gradient of solutions
of some Hypoelliptic Dirichlet problems

G. DaPrato65 and L. Tubaro

We are here concerned with the following Cauchy–Dirichlet problem,
Dtu(t, x) = 1

2
Tr [CD2

xu(t, x)] + ⟨Ax,Dxu(t, x)⟩, (t, x) ∈ R+ ×O,

u(t, x) = 0, t ≥ 0, x ∈ ∂O,

u(0, x) = φ(x), x ∈ O.

(1)

A and C are d × d matrices with C semi definite positive and singular and O is a bounded
convex open subset of Rd. Our basic assumption is the following

Hypothesis [Hypoellipticity]
The matrix Qt :=

∫ t

0
esAC esA

∗
ds is non singular for all t > 0.

The formal solution u(t, x) of (1) is given by RO
T φ(x) where RO

T φ is the stopped semigroup

RO
T φ(x) = E [φ(X(T, x))1IT≤τx ] , T > 0, x ∈ O

where

X(T, x) = etAx+

∫ T

0

e(t−s)AdW (s)

and W (t), t ≥ 0, is an Rd–valued standard Wiener process defined on a probability space
(Ω,F ,P). Moreover, τx is the exit time from O,

τx = inf{t ≥ 0 : X(t, x) ∈ O c}.

We prove a new representation formula of the gradient of RO
T φ(x), for all T > 0, x ∈ O and all

φ bounded and Borel on O.

65Scuola Normale Superiore, Pisa, Italy. Email: giuseppe.daprato@sns.it

62



International Online Conference “One-Parameter Semigroups of Operators 2022”

Toeplitz quotient C*-algebras and ratio-limits for random walks
Adam Dor-On 66

Abstract. We showcase some newly emerging connections between the theory of random
walks and operator algebras, obtained by associating concrete algebras of operators to random
walks. The C*-algebras we obtain give rise to new and interesting notions of ratio limit space
and boundary, which are computed by appealing to various works on the asymptotic behavior of
transition probabilities for random walks. Our results are leveraged to shed light on a question
of Viselter on symmetry-unique quotients of Toeplitz C*-algebras of subproduct systems arising
from random walks.
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Gaussian Quantum Markov Semigroups, Irreducibility and Positivity
Properties

F. Fagnola67, D. Poletti68, J. Agredo69
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Abstract.
We introduce Gaussian quantum Markov semigroups on boson Fock spaces and discuss irre-

ducibility and positivity improvement properties. In particular, we show that strict positivity
of the Kossakowski matrix implies irreducibility. Moreover, under the technical assumption
that a certain associated semigroup is analytic, that any positive operator is transformed into
a strictly positive operator for any time t > 0.

Acknowledgments. Authors are thankful to GNAMPA-INDAM 2020 project “Processi
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Markovian embedding semigroup for non-Markovian quantum collision models
with correlated environment

S. N. Filippov 70
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Problem setting. Quantum collision model describes an open quantum system interacting
sequentially with individual subenvironments. The system dynamics is known to be described
by a Markovian semigroup if all the subenvironments are initially identical and there are no
correlations among them [1]. In the case of the correlated (or entangled) environment, the
system dynamics may become strictly non-Markovian (positive indivisible), which was originally
observed in [2] and later developed in [3], with some particular exactly solvable scenarios being
considered. However, a general solution to the problem has remained unknown. Here we present
a general solution to the problem, which is based on representing the environment in terms of
the tensor network called matrix product state [4]. We find a natural Markovian embedding
for the system and bond degrees of freedom within the tensor network.

Main result. Suppose the environment is in the matrix product pure state of n correlated
d-dimensional particles given by formula

|ψE⟩ =
d∑

i1,...,in=1

∑
a1,...,an−1

B[1],i1
a1

B[2],i2
a1,a2

B[3],i3
a2,a3

· · ·B[n],in
an−1

|i1i2i3 . . . in⟩

=
d∑

i1,...,in=1

B[1],i1B[2],i2B[3],i3 · · ·B[n],in |i1i2i3 . . . in⟩ ,

which has the right-cannonical form implying
∑d

ik=1B
[k],ik(B[k],ik)† = Ik−1, where Ik−1 is the

|{ak−1}| × |{ak−1}| identity matrix. Suppose the k-th system-subenvironment collision lasts
time τ and is described by a unitary operator USk : HS ⊗ Hk → HS ⊗ Hk. We formally
introduce an auxiliary Hilbert space Hbond#k spanning orthonormal vectors {|ak⟩}.

Theorem. The system density operator dynamics ϱS(kτ) = trbond#k[R(kτ)] is governed by
the Markovian embedding R(kτ) = E [k]

[
R
(
(k − 1)τ

)]
, k = 1, 2, . . ., R(0) = ϱS(0), where each

map E [k][•] =
∑

jk
Ajk • (Ajk)† is a quantum channel (completely positive and trace decreasing

map) with Kraus operators Ajk =
∑

ik
⟨jk|USk |ik⟩ ⊗ (B[k],ik)⊤.

Discussion. The developed formalism is straightforward to generalize to the case of a mixed
environment state. If matrices USk and tensors B[k] do not depend on k, then the Markovian
embedding is a discrete semigroup.

Acknowledgements. This work was funded by the Ministry of Science and Higher Edu-
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Sharp solvability for singular SDEs
Damir Kinzebulatov 71

The attracting inverse-square drift provides a prototypical counterexample to solvability of
singular SDEs: if the coefficient of the drift is larger than a certain critical value, then no weak
solution exists. We prove a positive result on solvability of singular SDEs where this critical
value is attained from below (up to strict inequality) for the entire class of form-bounded drifts.
This class contains e.g. the inverse-square drift, the critical Ladyzhenskaya-Prodi-Serrin class.
The proof is based on a Lp variant of De Giorgi’s method. Joint with Yu.A. Semënov

arXiv:2110.11232
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Optimal Convergence Rate in the Quantum Zeno Effect for Open
Quantum Systems in Infinite Dimensions

T. Möbus 72, C.Rouzé 73.
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Abstract
In open quantum systems, the quantum Zeno effect consists in frequent applications of a

given quantum operation, e.g. a measurement, used to restrict the time evolution (due e.g. to
decoherence) to states that are invariant under the quantum operation. In an abstract set-
ting, the Zeno sequence is an alternating concatenation of a contraction operator (quantum
operation) and a C0-contraction semigroup (time evolution) on a Banach space. In this paper,
we prove the optimal convergence rate O( 1

n
) of the Zeno sequence by proving explicit error

bounds. For that, we derive a new Chernoff-type
√
n-lemma, which additionally proves the

optimal convergences rate of Trotter’s product formula for C0-semigroups in the strong topol-
ogy. Moreover, we generalize the Zeno effect in two directions: We weaken the assumptions
on the generator, which induce a Zeno dynamics generated by an unbounded generator and
we improve the convergence of one result to the uniform topology. Finally, we provide a richer
class of examples arising from our assumptions.
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Optimization methods for open quantum systems driven by coherent
and incoherent controls

O. V.Morzhin 74, A.N. Pechen 75.
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Control of quantum systems, e.g., individual atoms, molecules is an important direction in
modern quantum technologies [1–5]. In mathematical modeling of such control for a closed
or open (interacting with the environment) quantum system, various numerical optimization
schemes are used including Pontryagin maximum principle, steepest descent, Krotov, Zhu–
Rabitz, Maday–Turinici methods, GRadient Ascent Pulse Engineering (GRAPE), zeroth order
stochastic optimization methods, Chopped Random-Basis (CRAB), etc.; the survey [6] gives a
number of the corresponding bibliographic references and is mainly devoted to Krotov method
for closed quantum systems. An important application of numerical optimization is to help in
theoretical analysis of certain properties of a quantum system, as, e.g., the article [7] shows.

This talk is devoted to controls of some kind of open quantum systems. Typically in
experimental situations controlled systems are open. Environment is often considered as having
deleterious effects on the dynamics. However, it also can be used for controlling the system.
A powerful method of incoherent control was found and studied in [8]. In this case, spectral
density of the environment, i.e., distribution of particles of the environment in their momenta
and internal degrees of freedom, is used as the control function to manipulate the system. This
spectral density is often considered as thermal (Planck distribution), but in general it can be any
non-equilibrium non-negative function, possibly depending on time, of momenta and internal
degrees of freedom of environmental particles. In [8], general method of incoherent control
using this spectral density was obtained, including in combination with coherent control, either
subsequent of simultaneous. The method was developed for any multilevel systems. Numerical
simulations were performed for an explicit example of four level systems using global search
optimization by genetic algorithms. Non-selective quantum measurements were also found to
be a powerful tool for incoherent control [9].

Initially for this incoherent method it was not clear to what degree it allows for manipulating
the system. In [10], a significant advance was achieved where it was shown that combination
of coherent and incoherent controls allows to approximately steer any initial density matrix
to any given target density matrix. This property approximately realizes controllability of
open quantum systems in the set of all density matrices — the strongest possible degree of
quantum state control. This result has several important features. (1) It is obtained with
a physical class of Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) master equations well
known in quantum optics and derived in the weak coupling limit. (2) It was obtained for almost
all values of parameters of this class of master equations and for multi-level quantum systems
of arbitrary dimension. (3) For incoherent controls in this scheme an explicit analytic solution
(not numerical) was obtained. (4) The scheme is robust to variations of the initial state — the
optimal control steers simultaneously all initial states into the target state, thereby physically
realizing all-to-one Kraus maps previously theoretically exploited for quantum control [11].

Based on the articles [8, 10], the works [12–20] consider one- and two-qubit open quantum
systems driven by coherent and incoherent controls of various classes. Consider N -order density
matrix ρ, i.e. ρ ∈ CN×N is a Hermitian positive semi-definite matrix, ρ = ρ† ≥ 0, with unit
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trace, Trρ = 1. Its evolution is determined by the GKSL master equation, where, in general,
coherent control u enters into the Hamiltonian and incoherent control n inters into both the
Hamiltonian (via Lamb shift) and the dissipative superoperator Ln(t):

dρ(t)

dt
= − i

ℏ
[
HS + εHeff,n(t) + Vu(t), ρ(t)

]
+ εLn(t)(ρ(t)), ρ(0) = ρ0, (1)

where [A,B] denote the commutator [A,B] = AB−BA of operators A,B; HS and Heff,n(t) are
correspondingly the free and effective Hamiltonians; Vu(t) describes interactions between the
quantum system and coherent control. The articles [12 – 18] are devoted to analyzing various
aspects of the one-qubit case, i.e. for N = 2, where Heff,n(t) is absent and ε = 1 is considered.
The two-qubit case, i.e. for N = 4, with certain Heff,n(t) and arbitrary ε > 0 is considered in
[19, 20]. The detailed formulations of these quantum systems are given in these articles.

For the system (1), various objective criteria were used under various classes of coherent and
incoherent controls. For example, the articles [12, 15] are devoted to minimal time generation
of a given target density matrix for the one-qubit case using (a) reduction to a sequance of
the problems for minimizing the Hilbert–Schmidt distance between the final and target den-
sity matrices with some fixed final times (two-parameter one-step gradient projection method
(GPM) in the functional space of controls was used) or (b) certain objective function taking into
account the requirements to minimize the distance and final time (finite-dimensional stochas-
tic optimization and machine learning were used). For the two-qubit case, the works [19, 20]
consider the problem of minimizing the Hilbert–Schmidt distance for a given final time via
final-dimensional optimization, where stochastic optimization in [19], GRAPE and one/two-
step GPM (without projection, the two-step version of GPM is Polyak heavy ball method)
were used in [20]. For the one-qubit case, the articles [13, 14] are devoted to maximization
correspondingly of the Hilbert–Schmidt scalar product (i.e. mean) and Uhlmann–Jozsa fidelity
for a given target density matrix, where various numerical optimization methods, Pontryagin
maximum principle, and Gabasov second order necessary condition for optimality were used.
The articles [16–18] are devoted to analyzing reachable and controllability sets of the one-qubit
quantum system under various classes of controls including use of optimization methods. The
results of [12–20] are various including conclusions about the optimization methods’ effective-
ness, structures of optimized controls, reachable and controllability aspects, etc.
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Introduction. Gaussian Quantum Markov semigroups (QMSs) have been used in the
literature also under the name of quasi-free semigroups. They are semigroups on the set of
bounded operators on the symmetric Fock space H = Γs(Cd). Among these operators we
count the Weyl operators W (z), for z ∈ Cd, which are unitary operators and whose linear
combinations are dense in the whole B(H). Of notable interest are also annihilation and creation
operators aj, a†j for j = 1, . . . , d, which are not bounded but are used in many applications and
in the very definition of gaussian QMSs.

Gaussian QMSs have been introduced either by their generator in the GKLS form

L(x) = i[H, x] − 1

2

∑
ℓ≥1

(L∗
ℓLℓx− 2L∗

ℓxLℓ + xL∗
ℓLℓ) ,

with H a quadratic polynomial in aj, a†j and Lℓ a linear polynomial in aj, a†j, or via their explicit
action on Weyl operators

Tt(W (z)) = ct(z)W (etZz),

for some function ct(z) and real linear operator Z. In fact these definitions are equivalent
and both correspond to the qualitative requirement for the QMS to preserve the set of so-
called gaussian states. One of the main difficulties of achieving said result is to cope with the
unbounded nature of annihilation and creation operators. The very same problem presents
itself again when looking at the Decoherence-free subalgebra N (T ).

By definition it is introduced as the set

N (T ) = {x ∈ B(H)|Tt(x
∗x) = Tt(x

∗)Tt(x), Tt(xx
∗) = Tt(x)Tt(x

∗)}.

A known result characterizes it as the commutator of the set

{δnH(Lℓ), δ
n
H(L∗

ℓ) : ℓ ≥ 1, n ≥ 0}

where δH(X) = [H,X]. Unfortunately this result holds for uniformly continuous QMSs where
the operators H, Lℓ are both bounded. In this talk we present a generalisation of this result
and apply it to the case of gaussian QMSs where we have explicit expressions for H and Lℓ.
Up to unitary equivalence we will show that

N (T ) = L∞(Rdc ;C)⊗B(Cdf ),

for some dc, df ≥ 0 with dc + df ≥ d.
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In the talk I will explain the idea of the proof of the following theorem, which was published
in Potential Analysis journal in 2020, see [1,2]. The theorem provides formulas for approxima-
tions for Cauchy problem solution for the Schrödinger equation with a very general Hamiltonian.
The solution-giving formula is presented in the item 7) of the theorem.

Theorem 1. Fix arbitrary K ∈ N. Suppose that for k = 0, 1, . . . , K functions ak : R → R
are given. Suppose that for each k = 1, . . . , K function ak belongs to space C2k

b (R) of all
bounded functions R → R with bounded derivatives up to (2k)-th order. Suppose that function
a0 : R → R is measurable and belongs to space Lloc

2 (R), i.e.
∫ R

−R
|a0(x)|2dx < ∞ for each real

number R > 0. Define

(Hφ)(x) = a0(x)φ(x) +
K∑
k=1

dk

dxk

(
ak(x)

dk

dxk
φ(x)

)
for each φ from the space C∞

0 (R) of all functions φ : R → R wich are bounded together with their
derivatives of all orders and have compact support (are zero outside of some closed interval).
We also use the following condition for coefficients ak, k = 0, 1, . . . , K: operator H defined
on C∞

0 (R) is essentially self-adjoint in L2(R), i.e. the operator (H, C∞
0 (R)) is closable and its

closure — let us denote it as (H, Dom(H)) — is a self-adjoint operator.
Suppose that function w : R → R is continuous, bounded, differentiable at zero and w(0) =

0, w′(0) = 1 (examples include: w(x) = arctan(x), w(x) = sin(x), w(x) = tanh(x) = (ex −
e−x)/(ex + e−x), etc). For each t ≥ 0, k = 1, 2, . . . , K, each x ∈ R, and each f ∈ L2(R) define:

(Bakf)(x) = ak(x)f(x),

(A(t)f)(x) = f(x+ t), (A(t)∗f)(x) = f(x− t),

Fk(t) =
(
A(t1/2k) − I

)k
Bak

(
I − A(t1/2k)∗

)k
, F0(t)f(x) = w(ta0(x))f(x),

F (t) =
K∑
k=0

Fk(t), S(t) = I + F (t) = I +
K∑
k=0

Fk(t), (11)

where I is the identity operator (If = f), and expression such as Zk means the composition
ZZ . . . Z of k copies of linear bounded operator Z.

Then the following holds:
1) For each t ≥ 0 operators A(t), A(t)∗, Bak for k = 1, 2, . . . , K, Fk(t) for k = 0, 1, . . . , K and

F (t), S(t) are linear bounded operators in L2(R), and their norms are bounded by a constant
that does not depend on t

2) S is Chernoff-tangent to H
3) S(t) = S(t)∗ for each t ≥ 0
4) For each t ≥ 0 operator R(t) = exp[−iF (t)] is a well-defined linear operator in L2(R)
5) There exists a C0-group

(
e−itH)

t∈R of linear boounded unitary operators in L2(R)

79HSE University, Nizhny Novgorod city, Russia. Email: ivremizov@yandex.ru
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6) R is Chernoff-equivalent to
(
e−itH)

t∈R, and the following formulas hold for each f ∈ L2(R)
and t ≥ 0, where limits exist with respect to norm in L2(R):

e−itH = lim
n→∞

R(t/n)n = lim
n→∞

exp [−inF (t/n)] = lim
n→∞

exp

[
−in

K∑
k=0

Fk(t/n)

]
,

e−itH = lim
n→∞

lim
j→+∞

j∑
q=0

(−in)q

q!

(
K∑
k=0

Fk(t/n)

)q

.

7) For each initial condition ψ0 ∈ L2(R) the Cauchy problem (1) can be written in the form{
ψ′
t(t) = −iHψ(t),

ψ(0) = ψ0,

and has a unique (in sense of L2(R)) solution ψ(t) that depends on ψ0 continuously with respect
to norm in L2(R), and for all t ≥ 0 and almoust all x ∈ R can be expressed in the form

ψ(t, x) =
(
e−itHψ0

)
(x) =

(
lim
n→∞

lim
j→+∞

j∑
q=0

(−in)q

q!

(
K∑
k=0

Fk(t/n)

)q

ψ0

)
(x).

Here linear bounded operators F0(t), . . . , FK(t) are defined above in conditions of the theorem
for all t ≥ 0 (hence F0(t/n), . . . , FK(t/n) are defined for all t ≥ 0 and all n ∈ N), and the
power q in

(∑K
k=0 Fk(t/n)

)q
stands for a composition of q copies of linear bounded operator∑K

k=0 Fk(t/n).
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Introduction. We consider dynamical systems with a certain sparse structure which states that
the system allows (smaller) subsystems (also called factor systems). For a dynamical system on a space
X with flow (φt)t∈[0,∞) we call a triple (Y, P, ϕ) consisting of a set Y , a surjective map P : X → Y
and a semiflow (ϕt)t∈[0,∞) a factor system if for all t ∈ [0,∞)

ϕt ◦ P = P ◦ φt. (12)

The functoral nature of the Koopman and Perron-Frobenius operator translate (12) to an intertwining
relation for the Koopman and Perron-Frobenius operator. A well-known direct consequence is that
eigenfunctions for factor systems induce eigenfunctions of the whole system and invariant measures for
the whole system induce invariant measures for the factor systems. The goal of this talk is to give a
(partial) answer to the reverse result. We therefore restrict to the situation where X = Rn and the
maps P are canonical projections. With a view towards applications to data science we illustrate the
exploitation of such sparse structure at the example of dynamic mode decomposition.
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Czech Technical University in Prague, Technická 2, Czech Republic, CZ-16626 Prague. Email: korda@laas.fr

74



International Online Conference “One-Parameter Semigroups of Operators 2022”

Perturbative expansion of thermodynamical effective Hamiltonian
A. E.Teretenkov82

Keywords: perturbation theory; Gibbs state; effective Hamiltonian; quantum thermodynamics.
MSC2010 codes: 81Q15, 82B10, 82D80

Introduction. We consider a quantum system with the Hamiltonian H(λ) = H0 + λHI ,
where H0 is a free Hamiltonian and HI is an interaction Hamiltonian. We consider the time-
dependent observables of the form A(t) = e−iH0tAeiH0t (in the Shroedinger picture), i.e. they
depend on time in a very special way such that in the interaction picture they become constant.
Such observables could be implemented by dipole interaction with external an electromagnetic
field which is in resonance with the free Hamiltonian.

The behaviour of such obervables at long time scales can (see [1]) be described by the
effective Gibbs state Pρβ(λ), where P is the averaging projector with respect to free evolution

Pρ = lim
T→+∞

1

T

∫ T

0

eiH0tρe−iH0tdt

and ρβ(λ) is a Gibbs state with inverse temperature β for the Hamiltonian H(λ). If one
represents Pρβ(λ) in the Gibbs-like form itself

Pρβ(λ) =
1

Z
e−βH̃β(λ), Z = Tr e−βH̃β(λ),

where H̃β(λ) is some effective Hamiltonian, then the problem of asymptotic expansion of H̃β(λ)
in the powers of λ at λ→ 0 naturally arises.

Main result. For the case when both H0 and HI are bounded operators, the following
theorem holds.

Theorem 1. The coefficients of the asymptotic expansion H̃β(λ) = H0 +
∑∞

n=1 λ
nκn could

be defined by the formulae (if the integrals above converge)

κn ≡ −β−1
∑

k0+···+km=n

(−1)m

m+ 1
Mk0(β)Mk1(β) . . .Mkm(β),

Mk(β) ≡ (−1)k
∫ β

0

dβ1 . . .

∫ βk−1

0

dβkPHI(β1) . . . HI(βk),

HI(β) ≡ eβH0HIe
−βH0 .

Some corollaries of this results and applications to the quantum thermodynamics are dis-
cussed in the talk.
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Introduction. Fragmentation equation describes the process of splitting of large clusters
into smaller ones. In many cases, however, the cluster can grow or decay on their own due
to e.g., surface sedimentation or erosion, or internal birth or death of the components. The
resulting equation governing the distribution u(x, t) of the clusters of size x at time t is given
by

ut(x, t) ± (r(x)u(x, t))x = −a(x)u(x, t) +

∫ ∞

x

a(y)b(x, y)u(y, t)dy, x, t ∈ R+,

u(x, 0) = u0(x), x ∈ R+,

where a is the fragmentation rate, b describes the distribution of sizes of splitting particles
and ±r is the growth/decay rate, see [1–6]. A comprehensive theory of such equations is given
in [7,8]. There is, however, an interest in finding explicit solutions. For pure fragmentation
equations a general scheme for finding solutions has been outlined in [1,3,4], see also [8] and a
special case of the decay fragmentation equations was dealt with in [5,6]. Here, we extend the
idea of [5,6] and provide a unified way of dealing with both cases via functional calculus and
operator differential equations. The talk is based on [9].
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Introduction.
In the present talk we show the derivation of a numerical method, based on operator split-

ting, to abstract parabolic semilinear boundary coupled systems. The method decouples the
linear components which describe the coupling and the dynamics in the bulk and on the sur-
face, and treats the nonlinear terms by approximating the integral in the variation of constants
formula. The convergence proof is based on estimates for a recursive formulation of the error,
using the parabolic smoothing property of analytic semigroups and a careful comparison of
the exact and approximate flows. Numerical experiments, including problems with dynamic
boundary conditions, reporting on convergence rates are presented. The talk is based on the
results in [1].

Setting of the problem.
We consider the abstract semilinear boundary coupled systems of the form:

u̇(t) = Au(t) + F1(u(t), v(t)) for t ∈ (0, T ], u(0) = u0 ∈ E,

v̇(t) = Bv(t) + F2(u(t), v(t)) for t ∈ (0, T ], v(0) = v0 ∈ F,

Lu(t) = v(t) for t ∈ [0, T ],

where A,B are linear operators on the Banach spaces E and F , respectively, F1, F2 are suitable
functions, and the two unknown functions u and v are related via the linear coupling operator
L acting between (subspaces of) E and F . A typical setting would be that L : E → F is a
trace-type operator between the space E (for the bulk dynamics) and the boundary space F
(for the surface dynamics).

As a first step, following the idea described in [2], we rewrite the problem as an abstract
Cauchy problem on the product space E × F with the notations F = (F1,F2) : D → E × F
and u := (u, v) : [0, T ] → E × F as{

u̇(t) = Au(t) + F
(
u(t)

)
) for t ∈ (0, T ],

u(0) = (u0, v0)

with
A :=

(
A 0
0 B

)
with D(A) :=

{(
x
y

)
∈ D(A) ×D(B) : Lx = y

}
.

The numerical method.
We are now in the position to derive the numerical method. For a time step τ > 0, for all

tn = nτ ∈ [0, T ], we define the numerical approximation un = (un, vn) to u(tn) = (u(tn), v(tn))
via the following steps.

Step 1. We approximate the integral in the variation of constants formula, giving the form of the
exact solution u(t), by an appropriate quadrature rule.

86Alfréd Rényi Institute of Mathematics and ELTE Eötvös Loránd University, Budapest, Hungary. Email:
petra.csomos@ttk.elte.hu
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Step 2. We approximate the semigroup operators generated by A by using an operator splitting
method. Due to its special form, this includes the approximation of a convolution. The
choice of this approximate operator is determined by the used splitting method, see [3,
Section 3].

We use first-order approximations in Steps 1–2, and show the first-order convergence of the
combined method. We propose, as a first step into this direction, a Lie splitting scheme for
abstract semilinear boundary coupled systems, where the semilinear term F is locally Lipschitz
(and might include feedback). An important feature of our splitting method is that it separates
the flows on E and F , i.e. separates the bulk and surface dynamics. This could prove to be
a considerable computational advantage if the bulk and surface dynamics are fundamentally
different (e.g. fast and slow reactions, linear–nonlinear coupling, etc.). The convergence result
is based on studying stability and consistency, however, these two issues cannot be separated
as in most convergence proofs, since this would lead to sub-optimal error estimates. Instead,
the error is rewritten using recursion formula which, using the parabolic smoothing property
of the analytic semigroup, leads to an induction process to ensure that the numerical solution
stays within a strip around the exact solution.

A particular difficulty lies in the fact that the numerical method for the linear subproblems
needs to approximate a convolution term in the exact flow as in [3], therefore the stability of
these approximations cannot be merely established based on semigroup properties. Estimates
from [3] together with new technical results yield an abstract first-order error estimate for
semilinear problems (with a logarithmic factor in the time step), under suitable (local Lipschitz-
type) conditions on the nonlinearities.

The main result.
The convergence result includes an error estimate as well.
Theorem 1. In the above setting, let u : [0, T ] → E × F be the solution of the abstract

Cauchy problem subject to certain conditions to be presented in the talk, and consider the
approximations un at time tn determined by the numerical method derived in the talk. Then
there exists a τ0 > 0 and C > 0 such that for any time step τ ≤ τ0 we have at time tn = nτ ∈
[0, T ] the error estimate

∥u(tn) − un∥ ≤ C τ | log(τ)|.

The constant C > 0 is independent of n and τ > 0, but depends on T , on constants related to
the semigroups included, as well as on the exact solution u.

We applied the novel numerical method to semilinear problems, even with dynamic bound-
ary condition which is so far exluded from our assumptions. The numerical experiments illus-
trate the proved error estimates in all cases, even the dynamic boundary condition example
complements our theoretical results.
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of the Hungarian Academy of Sciences, and the support of the Ministry of Innovation and
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Introduction. This talk focus on the existence of global-in-time unique solution to the non-
cutoff Boltzmann equation for hard potential on the whole space. We present a new approach
of semigroup analysis and pseudo-differential calculus for deriving the regularizing estimate
on non-cutoff linearized Boltzmann equation. We are able to obtain regularizing estimate of
semigroup etB that is continuous from weighted Sobolev space H(a−1/2)Hm

x to H(a1/2)Hm
x with

a sharp large time decay. This work develops the application of pseudo-differential calculus,
spectrum analysis and semigroup theory to non-cutoff Boltzmann equation.

In the present paper, we consider the Boltzmann equation in d-dimension:

Ft + v · ∇xF = Q(F, F ), (13)

where the unknown F (x, v, t) represents the density of particles in phase space, with spatial
coordinate x ∈ Rd and velocities v ∈ Rd with d ≥ 2. The Boltzmann collision operator Q(F,G)
is a bilinear operator defined for sufficiently smooth functions F,G by

Q(F,G)(v) :=

∫
Rd

∫
Sd−1

B(v − v∗, σ)(F ′
∗G

′ − F∗G) dσdv∗

where F ′
∗ = F (x, v′∗, t), G′ = G(x, v′, t), F∗ = F (x, v∗, t), G = G(x, v, t). (v, v∗) are the velocities

of two gas particles before collision while (v′, v′∗) are the velocities after collision satisfying the
following conservation laws of momentum and energy,

v + v∗ = v′ + v′∗, |v|2 + |v∗|2 = |v′|2 + |v′∗|2.

As a consequence, for σ ∈ Sd−1, the unit sphere in Rd, we have the σ-representation:

v′ =
v + v∗

2
+

|v − v∗|
2

σ, v′∗ =
v + v∗

2
− |v − v∗|

2
σ.

Also, we define the angle θ between v − v∗ and σ by

cos θ =
v − v∗
|v − v∗|

· σ,

where · denotes the usual inner product in Rd. The collision kernel B satisfies

B(v − v∗, σ) = |v − v∗|γb(cos θ),

for some γ ∈ R and function b. Without loss of generality, we can assume that B(v − v∗, σ) is
supported on (v − v∗) · σ ≥ 0 which corresponds to θ ∈ [0, π/2], since B can be replaced by its
symmetrized form B(v− v∗, σ) = B(v− v∗, σ) +B(v− v∗,−σ). Moreover, we are going to work
on the collision kernel without angular cut-off, which corresponds to the case of inverse power
interaction laws between particles. That is,

b(cos θ) ≈ θ−d+1−2s on θ ∈ (0, π/2), (14)

89Beijing Institute of Mathematical Sciences and Applications and Yau Mathematical Science Center, Ts-
inghua University, Beijing, People’s Republic of China. Email: dingqun.deng@gmail.com
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where we assume

s ∈ (0, 1), γ ∈ (−d,∞). (15)

For Boltzmann equation without angular cut-off, it’s customary to use term soft potential when
γ + 2s < 0, Maxwell molecules when γ + 2s = 0, and hard potential when γ + 2s ≥ 0. For
mathematical theory of Boltzmann equation, one may refer to [1, 2, 6, 16] for more introduction.

We will study the Boltzmann equation (13) near the global Maxwellian equilibrium

µ(v) = (2π)−d/2e−|v|2/2.

Set F = µ+ µ
1
2f and then the Boltzmann equation (13) becomes

ft + v · ∇xf = Lf + µ−1/2Q(µ1/2f, µ1/2f),

where L is called the linearized Boltzmann operator given by

Lf = µ−1/2Q(µ, µ1/2f) + µ−1/2Q(µ1/2f, µ).

The kernel of L is Span{ψi}d+1
i=0 defined in

ψ0 = µ1/2, ψi = viµ
1/2 (i = 1, · · · , d), ψd+1 =

1√
2d

(|v|2 − d)µ1/2. (16)

and we denote the projection from L2 onto KerL by

Pf :=
d+1∑
i=0

(f, ψi)L2ψi.

Definition 1. We define a Hilbert space H(M,Γ) := {u ∈ S ′ : ∥u∥H(M,Γ) <∞}, where

∥u∥H(M,Γ) :=

∫
M(Y )2∥φw

Y u∥2L2|gY |1/2 dY <∞, (17)

and (φY )Y ∈R2d is any uniformly confined family of symbols which is a partition of unity.
We would like to apply the symbolic calculus in [3] for our study as the following. One may

refer to the appendix as well as [11] for more information about pseudo-differential calculus.
Let Γ = |dv|2 + |dη|2 be an admissible metric. Define

a(v, η) := ⟨v⟩γ(1 + |η|2 + |η ∧ v|2 + |v|2)s +K0⟨v⟩γ+2s (18)

be a Γ-admissible weight, which is proved in [3], where K0 > 0 is chosen as the following and
|η ∧ v| = |η||v| sin θ0 with θ0 being the angle between η and v. By the invertibility of (a1/2)w,
we have equivalence

∥(a1/2)w(·)∥L2 ≈ ∥ · ∥H(a1/2),

and hence we will equip H(a1/2) with norm ∥(a1/2)w(·)∥L2 . Also, we will denote the weighted
Sobolev norms that, for l, n ∈ R,

∥f∥L2
vH

m
x

: = ∥⟨Dx⟩mf∥L2
x,v
,

∥f∥H(a1/2)Hm
x

: = ∥⟨Dx⟩m(a1/2)wf∥L2
x,v
,

where ⟨Dx⟩mf = F−1
x ⟨y⟩mFxf , L2

x,v = L2(R2d
x,v).
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Define an operator closure

B = −v · ∇x + L.

Then B generates a strongly continuous semigroup etB on L2. The closure is necessary for
generating the semigroup and hence it’s necessary throughout our arguments. Then we can
discuss the solution etBf0 to the linearized Boltzmann equation:{

ft = Bf,

f |t=0 = f0.

This semigroup etB generated by the linearized Boltzmann operator plays an important role
in the perturbation theory of Boltzmann equation and kinetic equation, since the solution to
Boltzmann equation can be written into a perturbation form of the solution to its linearized
equation, for instance [10, 14]. Our first main result gives an optimal regularizing effect on the
linearized Boltzmann equation for hard potential and a large time decay estimate. With this
regularizing estimate established, we can apply the energy estimate to obtain a global solution.
Our method is building on the whole space Rd

x, which is different from torus Td
x. Thus, the

analysis on the spectrum structure on linearized Boltzmann operator is required and provides
a new approach in the existence theory of Boltzmann equation without angular cutoff.

Theorem 1. Assume γ + 2s ≥ 0. Fix f ∈ S (R2d
x,v). Then for k ≥ 2, m ∈ R p ∈ [1, 2], we

have

∥etBf∥2H(a1/2)Hm
x
≲
e−2σyt

t2k
∥f∥2H(a−1/2)Hm

x
+

1

(1 + t)d/2(2/p−1)
∥a−1/2(v,Dv)f∥2L2

v(L
p
x)
,

where σy > 0 is some constant is independent of f and p.
Once the large time behavior of linearized Boltzmann equation is established, we can find

out the existence of global-in-time unique solution to Boltzmann equation.
Theorem 2. Suppose d ≥ 3, m > d

2
, γ + 2s ≥ 0. There exists ε0 > 0 so small that if

∥f0∥X ≤ ε0,

where X is defined as

∥f∥2X = δ∥f∥2L2
vH

m
x

+

∫ ∞

0

∥eτBf∥2L2
vH

m
x
dτ, (19)

then there exists an unique global weak solution f to Boltzmann equation

ft = Bf + Γ(f, f), f |t=0 = f0, (20)

satisfying

∥f∥L∞([0,∞);L2
vH

m
x ) + ∥f∥L2([0,∞);H(a1/2)Hm

x ) ≤ Cε0,

with some constant C > 0.
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Introduction. Let U ,F ,Y be Banach spaces, operators L, M ∈ L(U ;F), C ∈ L(U ;Y),
ker L ̸= {0}, given functions χ : [0, T ] → L(Y ;F), f : [0, T ] → F , Ψ : [0, T ] → Y . Consider the
following problem for t ∈ [0, T ]

Lv(n)(t) = Mv(t) + χ(t)q(t) + f(t), (1)

v(0) = v0, ..., v
(n−1)(0) = vn−1, (2)

Cv(t) = Ψ(t). (3)

The problem of finding a pair of functions v ∈ Cn([0, T ];U) and q ∈ C1([0, T ];Y) from relations
(1) – (3) is called the inverse problem.

Definition 1. The operator M is called (L, σ)-bounded if

∃a ∈ R+ ∀µ ∈ C (|µ| > a) ⇒
(
(µL−M)−1 ∈ L(F ;U)

)
.

Definition 2. If the operator M is (L, σ)-bounded, and ∞ is a pole of order p ∈ {0} ∪ N of
the L-resolvent of the operator M , then the operator M is called (L, p)-bounded.

Existence of solutions. Let the operator M be (L, p)-bounded, then v(t) can be rep-
resented as v(t) = Pv(t) + (I − P )v(t). Denote Pv(t) = u(t), (I − P )v(t) = ω(t). Suppose
that U0 ⊂ ker C. Then, by virtue of [2,4], problem (1) – (3) is equivalent to the problem of
finding the functions u ∈ Cn([0, T ];U1), ω ∈ Cn([0, T ];U0), q ∈ C1([0, T ];Y) from the relations
t ∈ [0, T ]

u(n)(t) = Su(t) + (L1)−1Qχ(t)q(t) + (L1)−1Qf(t), (4)

u(0) = u0, ..., u
(n−1)(0) = un−1, (5)

Cu(t) = Ψ(t) ≡ Cv(t), (6)

Hω(n)(t) = ω(t) + (M0)−1(I−Q)χ(t)q(t) + (M0)−1(I−Q)f(t), (7)

ω(0) = ω0, ..., ω
(n−1)(0) = ωn−1, (8)

where H = (M0)−1L0, u0 = Pv0, ..., un−1 = Pvn−1, ω0 = (I− P )v0, ..., ωn−1 = (I− P )vn−1.
Theorem 1. [2] Let the operator M be (L, p)-bounded, p ∈ N0, operator C ∈ L(U ;Y),

U0 ⊂ ker C, χ ∈ Cn(p+1)([0, T ];L(Y ;F)), f ∈ Cn(p+1)([0, T ];F), Ψ ∈ Cn(p+2)([0, T ];Y), for any
t ∈ [0, T ] operator C(L1)−1Qχ be invertible, with (C(L1)−1Qχ)

−1 ∈ Cn(p+1)([0, T ];L(Y)), the
condition Cun−1 = Ψ(n−1)(0) be satisfied at some initial value un−1 ∈ U1, and the initial values
wk = (I− P )vk ∈ U0 satisfy

wk = −
p∑

j=0

Hj(M0)−1 d
nj+k

dtnj+k

[
(I−Q)(χ(t)q(t) + f(t))

]∣∣∣
t=0
, k = 0, 1, ..., n− 1.
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Then there exists a unique solution (v, q) of inverse problem (1) – (3), where q ∈ Cn(p+1)([0, T ];Y),
v = u + w, whence u ∈ Cn([0, T ];U1) is the solution of (4) – (6) and the function
w ∈ Cn([0, T ];U0) is a solution of (7) – (8) given by

w(t) = −
p∑

j=0

Hj(M0)−1 d
nj

dtnj

[
(I−Q)(χ(t)q(t) + f(t))

]
.

Applications. Let G = G(D,E) be a finite connected oriented graph, where D = {Vi}
is the set of vertices, and E = {Ej} is the set of edges. Each edge is characterized by two
numbers lj, dj ∈ R+, denoting the length and cross-sectional area of the edge Ej respectively.
On a graph G consider the Boussinesq – Love equations [1]

(α− ∆)vtt = β(∆ − γ)v + qf, v = (v1, v2, ..., vj, ...), f = (f1, f2, ..., fj, ...), (9)

with the conditions at each vertex Vi of the graph∑
Ej∈Eα(Vi)

djvjx(0, t) −
∑

Em∈Eω(Vi)

dmvmx(lm, t) = 0, (10)

vj(0, t) = vk(0, t) = vm(lm, t) = vn(ln, t), (11)

initial conditions
v(x, 0) = φ(x), φ = (φ1, φ2, ..., φj, ...), (12)

vt(x, 0) = ψ(x), ψ = (ψ1, ψ2, ..., ψj, ...) (13)

and overdetermination condition

< v(x, t), K(x) >= Φ(t), K = (K1, K2, ..., Kj, ...), (14)

where f(x, t), φ(x), ψ(x), K(x) are given vector-functions, Φ(t) is given function and

< v(x, t), K(x) >=
∑
Ej

lj∫
0

vj(x, t)Kj(x)dx

is the inner product in space L2(G). Function vj(x, t) defines a longitudinal displacement at
point x at moment t for the j-th element of construction. The coefficients α, β andγ characterize
the properties of the rods material construction. Function f(x, t) sets the known external load
and q(t) is its coefficient. Usually, (10) is the «flow balance» condition, and condition (11)
means «continuity» of the solution v(x, t). Condition (12) specifies the initial position, the
condition (13) specifies the initial velocity. Condition (14) is necessary to restore the coefficient
q(t) in equation (9).

Theorem 2. [3] Let K, u0, u1 ∈ U1, f ∈ C2([0, T ];L(Y ;F)),Φ ∈ C4([0, T ];Y), one of the
conditions α /∈ σ(∆) or (α ∈ σ(∆)) ∧ (α ̸= γ) be fulfilled, the conditions:∑

λk ̸=α

< f(·, t), K(·) >
α− λk

̸= 0,
∑
λk ̸=α

< u1, K(·) >= Φ′(0)

be satisfied for initial value u1 ∈ U1, and the initial values wk = (I−P )vk ∈ U0, k = 0, 1 satisfy

< w0 +
q(0)f(·, 0)

β(λk − γ)
,Xk >= 0 and < w1 +

q(0)ft(·, 0) + q′(0)f(·, 0)

β(λk − γ)
,Xk >= 0 for k : λk = α.
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Then there exists a unique solution (v, q) of the inverse problem (9) – (14), where q ∈ C2([0, T ];Y),
v = u+w, whence u ∈ C2([0, T ];U1) is a solution of (4) – (6) and the function w ∈ C2([0, T ];U0)
is a solution of (7) – (8) given by

w(t) = −
∑
λk=α

<
q(t)f(·, t)
β(λk − γ)

,Xk > Xk.

Computational experiment. Let the graphG (Figure 1) consist of two edges with lengths
l1 = l2 = π, connecting three vertices.

Fig. 1. Graph G

Set the parameters and functions α = 4, β = 1, γ = 1, ε = 0.8, n = 3, T = 10, l =
(
π, π

)
,

φ(x) =
(

cos(x), cos(x+ π)
)
, ψ(x) =

(
cos(5x), cos(5(x+ π))

)
,

f(x) =
(

cos(x), cos(x)
)
, K(x) =

(
cos(x), cos(x)

)
, F (t) =

4 cos(t)

3
.

Therefore, all conditions of Theorem 2 are satisfied. The function q was obtained by the
method of successive approximations.

q(t) =
4 cos(t)(1762152484 cos2(t) − 8037989418 cos(t) + 17837462559)

20647703175
.

It is an approximate solution of the problem posed, reaching admissible error 0.6551933817 < ε
at the 3-rd step of approximation.

Further, the required vector-function v(x, t) was found using the algorithms developed for
the direct problem [3]. Figure 2 show the graphs of the function v(x, t) at different time t.

a) b) c) d)
Fig. 2. Function v(x, t) graph at: a) t = 0; b) t = 3.33 c) t = 6.66; d) t = 10
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Tensor invariants of dynamical systems with dissipation
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Introduction. It is known (see [1]) that...
We prove the integrability of certain classes of dynamical systems on the tangent bundles of

finite-dimensional manifolds. The force field considered possessed so-called variable dissipation;
they are generalizations of fields studied earlier. This paper continues earlier works of the author
devoted to systems on the tangent bundles of two-and three-dimensional manifolds [1, 2].

Configuration spaces of of many dynamical systems are finite-dimensional smooth manifolds;
naturally, their phase spaces are tangent bundles of these manifolds. For example, the motion of
a five-dimensional generalized spherical pendulum in a nonconservative force field is described
by a dynamical system on the tangent bundle of the four-dimensional sphere whose metric is
induced by an additional symmetry group. In this case, dynamical systems that describe the
motion of such a pendulum possess variable dissipation, and a complete list of first integrals
consists of transcendental functions that can be expressed as finite combinations of elementary
functions [3, 4].

In this activity, we prove the integrability (not only in first integrals, but in more general
tensor invariants) of certain classes of dynamical systems on tangent bundles of smooth finite-
dimensional manifolds in the case of systems with variable dissipation, which are generalizations
of systems studied earlier. Similar results for manifolds of dimensions 2 and 3 were obtained
by the author earlier [5].
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On the convergence of a novel time slicing approximation for
Feynman path integrals
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We report on some recent results [4] concerning the properties of a sequence of approximate
propagators for the Schrödinger equation, in the spirit of Feynman’s path integrals.

Precisely, we consider Hamiltonian operators arising as the Weyl quantization of a quadratic
form in phase space, plus a bounded potential perturbation in the form of a pseudodifferential
operator with a rough symbol. It is known that the corresponding Schrödinger propagator is
a generalized metaplectic operator [1,2]. Inspired by the standard perturbation method, this
characterization naturally motivates the introduction of a manageable time slicing approxima-
tion consisting of operators of the same type.

By means of techniques and function spaces of time-frequency analysis it is possible to
obtain several convergence results with precise rates in terms of the mesh size of the time
slicing subdivision. In particular, we prove convergence in the norm operator topology in L2,
as well as pointwise convergence of the corresponding integral kernels for non-exceptional times.
In this respect, it should be stressed that the standard Feynman-Trotter parametrices happen
to be generalized metaplectic operators too, as shown in [3], but they are worse than the novel
ones introduced here as far as the short-time approximation power is concerned - provided that
the same assumptions on the Hamiltonian recalled above are considered.

We emphasize that the advantages of a time slicing approximation that is designed to best
fit the features of the problem reflect into stronger convergence results. In particular, we are
able to control the rate of pointwise convergence of integral kernels. This kind of result seems
quite remarkable when compared to the analogous ones obtained for Feynman-Trotter. Indeed,
the product formula just provides a qualitative strong convergence result that can be hardly
improved or further detailed in the unitary setting.
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The report presents an overview of the work of the Chelyabinsk mathematical school on
Sobolev-type equations in the study of optimal control problems for linear Sobolev-type models
with Cauchy (Showalter–Sidorov) initial conditions or initial-final conditions [1]. To reveal
the non-emptiness of the set of admissible solutions of the control problem, the phase space
method is used, which has already proven itself in solving Sobolev-type equations. The method
reduces a singular equation to a regular one defined on some subspace of the original space and
applies the theory of degenerate (semi)groups of operators to the case of relatively bounded,
sectorial or radial operators. Here, mathematical models are reduced to initial (initial-final)
problems for an abstract Sobolev type equation. The abstract results are applied to the study
of control problems for the Barenblatt–Zheltov–Kochina mathematical model, which describes
fluid filtration in a fractured-porous medium, the Hoff model on a graph, which models the
dynamics of buckling of an I-beam in a structure, and the Boussinesq-Löve model, which
describes longitudinal oscillations in a thin elastic rod, taking into account inertia and under
external load or wave propagation in shallow water.

In the works of G.A. Sviridyuk and A.A. Efremov, the problem of optimal control with a
quadratic penalty functional for a first-order equation with the Cauchy condition was stud-
ied, necessary and sufficient conditions for the existence and uniqueness of the solution were
obtained. G.A. Sviridyuk suggested moving from considering the classical solution of the equa-
tion to a strong solution of this problem, which made it possible to pose the optimal control
problem and use the technique of Hilbert spaces to study it. These studies formed the basis
of a number of works by students [2 – 4] and followers of G.A. Sviridyuk on the study of
optimal control problems for linear Sobolev type equations based on the theory of degener-
ate resolving (semi)groups of operators. G.A. Sviridyuk also suggested using a more general
Showalter-Sidorov initial condition (initial-final condition), which made it possible to remove
the restriction on the set of optimal controls in subsequent works of his students and followers
and opened the way to a whole class of problems on this topic.
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6. Infinite-dimensional analysis
From the heat to the Schrödinger equation, and quantum fields-in

Memory of Oleg Smolianov
Sergio Albeverio96

Abstract: After recalling some work by Oleg Smolianov, I will shortly underline the con-
nections between heat semigroup and Schrödinger group in relation with their recent extension
to the stochastic quantization equation as a tool for the construction of relativistic quantum
fields.
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Introduction. Let H be a separable Hilbert space endowed with a non-degenerate centered
Gaussian measure µ = NQ. With no loss of generality, we can think of H = L2(0, T ).

In the first part, we extend results about surface measures on level sets {g = r} of functions
g : H → R that satisfy a suitable condition (that is called local Malliavin condition; this same
hypothesis was already introduced in the literature in different contexts.

Under such conditions, we may construct surface measures on the level sets of the function
g. The main result can be stated as follows: in our framework, for each r ∈ I there exists a
Borel measure σr in H, concentrated on the level surface {g = r} of g (when g is continuous)
such that for any φ ∈ UCb(H) we have∫

{g=r}
φ dσr = lim

ϵ→0

1

2ϵ

∫
{r−ϵ≤g≤r+ϵ}

φ dµ, r ∈ I. (21)

We shall call σr the surface measure related to µ on {g = r}.
Then, we specialise to the case where µ is the law of some special Gaussian process (like for

instance the Brownian motion). We let H = L2(0, 1) and X = (X(t), t ∈ (0, 1)) be a Gaussian
process defined on it; the law of X is a Gaussian measure µ ∼ NQ that is concentrated on
E = C([0, 1]). We set g = inf X. Then we are concerned with integrals defined on the convex
sets of trajectories Kr = {x : (0, 1) → [r,∞)} = {g ≥ r} and we shall consider the relevant
integration by parts formula

E
[
z(τx)φ

∣∣g=r
]
ρ(r) = −

∫
{g≥r}

[Dφ · z − ⟨Q−1/2x,Q−1/2z⟩φ] dµ, ∀ r < 0.

Since, clearly, g is not a continuous function on H, but it is continuous on E, to obtain precise
results, we shall be forced to work on E rather than H. We also study the limit case r = 0
and apply the obtained results to the cases when X is respectively: (i) a Brownian motion,
(ii) a distorted Brownian motion, (iii) a Brownian Bridge. In case (i) and (iii) we recover by a
different method the integration by parts formulae from [5] and [2].
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Chernoff approximations for Feller semigroups
in Riemannian manifolds

Sonia Mazzucchi 98

In this talk I shall present the construction of Chernoff approximations for Feller semigroups
in Riemannian manifolds of bounded geometry. This result provides approximations for solu-
tions to initial-value problems for parabolic equations with variable coefficients on the manifold.
It also yields the weak convergence of particular sequences of random walks on the manifolds to
the diffusion processes associated with the elliptic generator. For parallelizable manifolds this
result is applied in particular to the representation of the Brownian motion on the manifold as
limit of the corresponding random walks.

This is a joint work with V. Moretti, I. Remizov and O. Smolyanov
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Ergodicity of infinite particle systems and applications
M. Neklyudov99

Abstract

I am going to discuss algebraic structure which naturally appears in the study of
ergodicity of certain degenerate infinite dimensional sub-elliptic generators. I will show
different applications of the structure (which is extension of Jordan-Schwinger map) to
algebra (i.e. construction of explicit representations of finite and infinite dimensional
algebras) and analysis (i.e. construction of new quantisation) and present some open
problems and open directions of research. (based on joint works with B. Zegarlinski, J.
Inglis, W. Bock, V. Futorny).
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Introduction. Limit properties of a distribution of the sum of random variables with
values in topological vector spaces can be described by limit theorems [1]. In particular, the
law of large numbers describes the convergence in probability of the sequence of averaged sum
of independent identically distributed (iid) random vectors to the limit of the mean value of
the sum. The central limit theorem gives conditions of the convergence in distribution for the
sequence of averaged sum of iid random vector valued variables to the Gaussian random vector.

We study the sequence of compositions of iid random variables with values in the Banach
algebra of bounded linear operators B(H) acting in the separable Hilbert space H. In the com-
mutative case of operators of an argument shift on a random vector the limit distribution of
averaged composition can be described by limit theorems for the sum of vector valued variables.
CLT and LLN for the products of independent random matrices or linear operators in finite-
dimensional Euclidean space are obtained in [2]. Some results on the LLN and CLT for the
averaged composition of independent random linear operators in infinite-dimensional Hilbert
space was obtained in [3, 4]. We obtain the analogs of LLN and CLT for the sequence of com-
positions of iid random semigroups for B(H)-valued random processes with non-commutative
values.

The relation between the operator-valued function in the space H = L2(E) and the random
processes with values in the space E or in the algebra B(E) is introduced and studied. This
relation has the important role in the proof of CLT for the composition of random linear
operators in algebra B(H)

Law of Large numbers for compositions of random semigroups. Let Aj, j ∈ N,
be the sequence of independent identically distributed random variables with the values in
Banach space of bounded linear operators B(H) in some Hilbert space H. We are studying the
asymptotic behavior of the probability distribution of the averaged random variables

Ān = (An)
1
n ◦ ... ◦ (A1)

1
n ,

when n→ ∞. The fractional power of the operator is defined by means of spectral decomposi-
tion for self-adjoin operator. The fractional power for the operator U(t) belonging to the set of
semigroup values {U(t), t ≥ 0} is defined according to its dynamical sense: (U(t))

1
n = U( t

n
).

Let Ys(H) be the topological vector space of the maps [0,+∞) → B(H) which is continuous
in the strong operator topology. The topology τs of the space Ys(H) is generated by the family
of seminorms ΦT,v, T ≥ 0, v ∈ H : ΦT,v(U) = sup

t∈[0,T ]

∥U(t)v∥H , U ∈ Ys.

The random semigroup is defined as the measurable mapping U : Ω → Ys(H) of the
probability space (Ω,A, µ) into the measurable space (Ys,Bs) such that the values of this map
are C0-semigroups. Here Bs is the Borel σ-algebra of subsets of the topological space (Ys(H), τs).

Theorem 1. Let A be a random variable with values in the set of self-adjoint operators in the
space H. Let D ⊂ H be the dense linear manifold such that

∫
Ω

∥A(ω)u∥Hdµ(ω) < ∞ ∀ u ∈ D.
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Let operator Āu =
∫
Ω

A(ω)udµ(ω), u ∈ D be essentially self-adjoint. Let {Un} be the sequence

of independent identically distributed random semigroups such that distribution of each of them
coincides with the distribution of random semigroup U(t) = exp(iAt), t ≥ 0. Then the sequence
{Un ◦ ... ◦ U1} of its compositions satisfies the LLN in the strong operator topology:

lim
n→∞

[ sup
t∈[0,T ]

P (∥(U
1
n
n ◦ ... ◦ U

1
n
1 −M [U

1
n
n ◦ ... ◦ U

1
n
1 ])x∥H > ϵ)] = 0 ∀x ∈ H, ∀ ϵ > 0.

Generalized weak convergence and convergence in distribution for compositions
of operator valued random processes. Let E be a Hilbert space. Let B(E) be a Banach
space of bounded linear operators in the space E endowed with some operator topology. Let
ca(B(E),B(B(E))) be a Banach space of Borel measure with bounded variation on the mea-
surable space (B(E),B(B(E))). Let X be a locally convex space of complex valued functions
on the space E. Let L(X) be a locally convex space of linear operators acting in the space X.

Definition. A sequence of measures {µn} : N → ca(B(E),B(B(E))) converges L(X)-
weakly to the measure µ ∈ ca(B(E),B(B(E))) if the sequence of operators {Ψµn} converges
in the space L(X) to the operator Ψµ: Ψµu(x) =

∫
B(E)

u(Ax)dµ(A), u ∈ X, x ∈ E. Here

Ψµnu(x) =
∫

B(E)

u(Ax)dµn(A), u ∈ X, x ∈ E.

Definition. The sequence {ξn} of random variables with values in the space B(E) converges
in the distribution L(X)-weakly to the random variable ξ if the sequence of Borel measures
{µn}: µn(A) = P (ξ−1

n (A)), A ∈ B(B(E)), n ∈ N, converges L(X)-weakly to the measure µ:
µ(A) = P (ξ−1(A)), A ∈ B(B(E)).

Let Ac be an algebra generated by the cylindrical sets of the space B(E)R+ .
Let a(B(E)R+ ,Ac) be a linear space ob complex valued finitely-additive measures on the mea-
surable space (B(E)R+ ,Ac).

Theorem 2. There is the injective mapping Λ : B(H)R+ → a(B(E)R+ ,Ac).
We obtain the explicit expression for the mappings Λ and Λ−1.

Theorem 3. Let ξ(t), t ≥ 0, be a random process with values in the space B(E). Let {ξn}
be a sequence of iid random processes such that any of them has the same distribution. Let
X be a Banach space of functions u : E → C such that for any t ≥ 0 the linear operator
u → F(t)u = M(u(ξ(t)·)) is satisfied on the space X. If the function F(t), t ≥ 0, satisfies the
conditions of Chernoff theorem then the sequence of random processes {ηn(t), t ≥ 0}, where
ηn(t) = ξn( t

n
) ◦ ... ◦ ξ1( t

n
), converges in distribution with respect to the space (B(X), τsot) to the

Markov random processes corresponding with the distribution Λ−1(exp(F′(0)·)).
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Schwarzian Integrals and Wiener Measure
Evgeni Shavgulidze102

We derive the explicit form of the polar decomposition of the Wiener measure, and obtain
the equation connecting functional integrals in conformal quantum mechanics to those in the
Schwarzian theory. Using this connection we evaluate some nontrivial functional integrals in
the Schwarzian theory and also find the fundamental solution of the Schroedinger equation in
imaginary time in the model of conformal quantum mechanics.

We find that the two measures are connected with each other by the equation

w(dx) = e−
1

4r2 (φ′(0)φ′(1))
3
4µ 2

r
(dφ) dr, x(t) =

r√
(φ−1(t))′

µ 2
r
(dφ) =

1√
φ′(0)φ′(1)

exp

r24
φ′′(0)

φ′(0)
− φ′′(1)

φ′(1)
+

1∫
0

Sφ(t)dt

 dφ

x ∈ C+([0, 1]) , φ ∈ Diff1
+([0, 1]) , 0 < r < +∞ ,

which we name “Polar decomposition of the Wiener measure”. Sφ(t) =
(

φ′′(t)
φ′(t)

)′
− 1

2

(
φ′′(t)
φ′(t)

)2
is

known as the Schwarzian derivative.
Here C+([0, 1]) is the space of positive continuous function of the interval [0, 1], Diff1

+([0, 1])
is the group of diffeomorphism of the interval [0, 1].

We obtain that functional integrals in the Schwarzian theory can be written

∫ ∫
F (xr,φ) e−

1
4r2 exp

r24
∫
S1

[
Sφ(t) + 2π2 (φ′(t))

2
]
dt

 dφ dr =

∫
F (x) exp

−1

2

∫
S1

[
(x′(t))2 − π2(x(t))2

]
dt

 dx

where φ ∈ Diff1
+(S1), x ∈ C+(S1), xr,φ(t) = r√

(φ−1(t))′
. Here C+(S1) is the space of positive

continuous function of the circle S1, Diff1
+(S1) is the group of diffeomorphism of the circle

S1. Talk is based on V. V. Belokurov and E. T. Shavgulidze, Unusual view of the Schwarzian
theory, Mod. Phys. Lett. A 33 (2018) 1850221, [arXiv:1806.05605]
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7. Related topics
Convergence the approximates solutions to initial-boundary value problem

for IMBq equation in the *-weak sense
E. V.Bychkov103

Keywords: IMBq equation; Sobolev type equation; initial-boundary value problem; Galerkin
method; *-weak convergence.

MSC2010 codes: 35C09, 35Q35

Introduction. Let Ω ⊂ Rn be a domain with the boundary ∂Ω of class C∞ and T ∈ R+.
In the cylinder C = Ω × (0, T ), consider the modified Boussinesq equation

(λ− ∆)utt − α2∆u− ∆(u3) = y, (x, t) ∈ Ω × (0, T ) (1)

with Dirichlet boundary condition

u(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ) (2)

and Cauchy conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, (3)

where λ, α ∈ R. The equation has many applications in various fields of natural science.
For example, it simulates wave propagation in shallow water, taking into account capillary
effects. In this case, the function u = u(x, t) determines the wave height. In monograph [1] a
linear mathematical model of wave propagation in shallow water is constructed. A (modified)
mathematical model of wave propagation in shallow water in a one-dimensional region was
investigated in [2] and a soliton solution of equation (1) was obtained. The existence of a
unique global solution to the Cauchy problem for equation (1) was proved [3] for λ = 1, α = 1.
In [4], a similar solution was obtained for describing the interaction of shock waves. In all
the works listed above, an essential condition is the continuous invertibility of the operator
at the highest derivative with respect to t. However, the operator λ − ∆ can be degenerate.
Equations that are not solvable with respect to the highest time derivative, according to [5] are
called Sobolev type equations.

Using the theory of p-bounded operators developed by G.A. Sviridyuk and his disciples [6,
7], it was shown in [8] that in appropriately chosen spaces the problem (1)–(3) can be reduced
to the initial value problem

u(0) = u0, u̇(0) = u1 (4)

for an abstract semilinear Sobolev type equation of second-order

Lü−Mu+N(u) = y, (5)

Then, using the phase space method, a theorem on the existence of a unique local solution was
proved.

Definition 1. The set P is called the phase space of equation (5) if
1) for any (u0, u1) ∈ TP (TP is the tangent bundle of P) there is a unique solution to problem
(4), (5);
2) any solution u = u(t) of equation (5) lies in P as a trajectory.
Moreover, the notation (u0, u1) ∈ Tu0P should be understood as u0 ∈ P and u1 ∈ Tu0P.

103South Ural State University, Department of Equations of Mathematical Physics, Russia, Chelyabinsk.
Email: bychkovev@susu.ru
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Let kerL ̸= {0} and the operator M be (L, 0) bounded, then, by the splitting theorem [7],
equation (7) can be reduced to an equivalent system of equations{

(I−Q)(M +N)(u) = (I−Q)y,
ü1 = L−1

1 Q(M +N)(u),

where u1 = Pu, P is some projector along kerL. Then the phase space P of equation (5) is
the set [8]

P = {u ∈ U : (I−Q)(M +N)(u) = (I−Q)y}.
It was also noted that in the case of monotonicity of the operator N , the phase space would be
a simple manifold.

Main result. First, let’s solve problem (4), (5). To do this, we construct several function
spaces. Let H = (H, ⟨·, ·⟩) be a real, separable, Hilbert space. We define dual pairs of reflexive
Banach spaces (A,A∗) and (Lp, Lq) with respect to duality ⟨·, ·⟩ such that there is a chain of
dense and continuous embeddings

A ↪→ Lp ↪→ H ↪→ Lq ↪→ A∗.

In the given spaces, we define operators L, M , N satisfying the conditions:
(C1) L ∈ L(A,A∗) is self-adjoint, non-negative definite, Fredholm and L : coimL → imL is
compact;
(C2) M ∈ L(A,A∗) is self-adjoint, non-negative definite;
(C3) N ∈ Cr(Lp, Lq), r ≤ 1 is s–monotone, p–coercive and homogeneous operator of order p,
with symmetric Frechet derivative.
Due to the condition (C3), the operator N satisfies the equality

d

dt
⟨N(u), u⟩ = p⟨N(u), u̇⟩.

In addition, we define spaces of distributions L∞(0, T ;A) and L∞(0, T ; coimL), A = kerL⊕
coimL. The conjugate spaces are constructed according to the Dunford–Pettis theorem
L∞(0, T ;A)∗ ≃ L1(0, T ;A∗) and (L∞(0, T ; coimL))∗ ≃ L1(0, T ;A∗).

Theorem 1. Let conditions (C1), (C2), (C3) be fulfilled and y ∈ Lq(0, T ;Lq). Then for
all (u0, u1) ∈ TP where u0 ∈ A, u1 ∈ coimL there exists a solution to (4), (5) u = u(x, t) such
that u ∈ L∞(0, T ;A) and u̇ ∈ L∞(0, T ; coimL).
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Expanding the density of states on crystals
Evert-Jan Hekkelman104 and Fedor Sukochev105

Abstract

The density of states is a concept in solid state physics describing conductivity of
material, whose existence is notoriously difficult to prove in general situations. We develop
a formula for this density of states for a class of discrete metric spaces which has the
advantage that it is guaranteed to be well-defined - and it agrees with the density of states
if it does exist. The class of metric spaces that are considered includes all crystals, as well
as certain models of quasicrystals and random subgraphs of Zn resulting from percolation.
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resonant systems
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The article considers the resonant characteristics of nonlinear oscillations of a rope with
moving boundaries. The phenomena of resonance and passage through resonance are analyzed.
An approximate method has been developed in relation to taking into account the influence
of resistance forces and viscoelastic properties on the system. This method also allows con-
sidering a wider class of boundary conditions compared to other approximate methods for
solving boundary value problems with moving boundaries. The resonance characteristics of
viscoelastic rope with moving boundaries using the Kantorovich вЂ“ Galerkin method are ex-
amined in the article. The phenomenon of resonance and steady passage through resonance
are analyzed. One-dimensional systems whose boundaries move are widely used in engineering
[1вЂ“5]. The presence of moving boundaries causes considerable difficulties in describing such
systems. Exact methods for solving such problems are limited by the wave equation and rel-
atively simple boundary conditions. Of the approximate methods, the Kantorovich-Galerkin
method described in [5] is the most efficient. However, this method can also be used in more
complex cases. This method makes it possible to take into account the effect of resistance
forces on the system, the viscoelastic properties of an oscillating object, and also the weak non-
stationarity of the boundary conditions. The paper considers the phenomena of steady-state
resonance and passage through resonance for transverse oscillations of a rope of variable length,
taking into account viscoelasticity and damping forces. Performing transformations similar to
transformations [5], an expression is obtained for the amplitude of oscillations corresponding
to the n-th dynamic mode. Expressions are also obtained that describe the phenomenon of
steady state resonance and the phenomenon of passage through resonance. The expression
that determines the maximum amplitude of oscillations when passing through the resonance
was numerically investigated to the maximum. The dependence of the rope oscillation ampli-
tude on the boundary velocity, viscoelasticity, and damping forces is analyzed. The results of
numerical studies allow us to draw the following conclusions: - with a decrease in the velocity
of the boundary, viscoelasticity and damping forces, the amplitude of oscillations increases; - as
the boundary velocity, viscoelasticity and damping forces tend to zero, the oscillation amplitude
tends to infinity; In conclusion, we note that the above results make it possible to carry out
a quantitative analysis of the steady state resonance and the phenomenon of passage through
the resonance for systems whose oscillations are described by the formulated problem.
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Soliton and breather dynamics in the modular KdV equation
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In this work we study the dynamics of nonlinear waves governed by the so-called modular
Korteweg–de Vries (KdV) equation in the form

∂u

∂t
+ 6|u|∂u

∂x
+
∂3u

∂x3
= 0, (1)

where the real-valued function u(x, t) ∈ Re is defined in infinite line. Equation (1) was discussed
in [1]; it differs from the classical KdV equation only in the absolute value operation.

The equation has an interesting feature that its solutions of strictly one sign (i.e., u ≥ 0,
∀(x, t)) coincide with the ones of the classical KdV equation. In particular, this is true for
single- and multi-soliton solutions, which may be either positive or negative. Hence, a solitonic
wave regime may be called integrable by the Inverse Scattering Technique (IST). However, if
for any u(x, t = t0) solution of the associated scattering problem for the KdV equation contains
non-empty continuous spectrum, then the integrability property breaks. Moreover, it is obvious
that due to the modulus in (1), sign-changing solutions may contain singular derivatives of high
orders.

The described difficulties motivate the study using numerical approaches, on the one hand.
On the other hand, the code for numerical simulations should be characterized by high stability.
In this work for the direct simulation of the wave evolution within the equation (1) we use the
pseudo-spectral method with implicit integration over time and the Crank-Nicholson scheme,
see the description and examples in [2]. A “standard set” of model problems for pulse-like
perturbations has been considered: interactions between solitons and the Cauchy problem.

As discussed above, collisions between solitons of the same sign are described by the KdV
analytic solutions, hence they are fully elastic. Collisions between solitons of different polarities
result in radiation (see Fig. 1), which becomes more intense when the solitons’ amplitudes are
close, however remains small even after a great number of consecutive collisions due to the
periodic boundary conditions in the spatial (x) domain. Interactions of solitons of different
polarities are characterized by non-classical phase shifts; similar situations were found in our
previous work on compacton dynamics within sub-linear KdV equation [3]. Hence, despite the
uneven modular term in (1), soliton interactions are generally weakly inelastic. At the same
time, the regimes when solitons of opposite signs get bounded and form breathers were found.
This situation is typical for weakly non-integrable equations which possess solitons of two signs
(such as perturbed modified KdV equation); the latter tend to couple in such systems. However,
non-classical effects of this dynamics are found within the modular KdV framework: modular
KdV breathers can de-couple in some cases.
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Figure 1: Two consecutive collisions of two solitons of opposite signs within the modular KdV
equation. Light traces correspond to positive values of u, dark traces – to negative.

Within the integrable modified KdV equation, which looks very similar to (1), breathers
emerge from the sign-changing initial perturbations. Similar regimes were obtained within the
modular equation (1). Evolution of an initial pulse-like perturbation in the general case leads
to generation of solitions and dispersive trains, similar to the situation of integrable KdV-type
equations

Nonlinear periodic waves, solutions of the equation (1), were constructed using the cnoidal
functions and verified within the direct numerical simulation of the equation. They demonstrate
non-classical dependence between amplitudes and velocities. A particular periodic wave solution
with finite amplitude is characterized by the zero-velocity, and seems to survive within the direct
numerical simulation. Interestingly, due to the specificity of the equation, nonlinear periodic
waves with high amplitudes have shapes close to linear sinusoidal waves.

Acknowledgments. Different parts of this work were supported by Laboratory of Dy-
namical Systems and Applications NRU HSE, of the Ministry of science and higher education
of the RF grant ag. No. 075-15-2019-1931; and by the Russian Science Foundation under the
grant No. 19-12-00253.
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Annotation. The problem of drying of a linearly elastic porous body is considered. Ac-
cording to two experimental facts: the first is reducing the size of the body with a decrease
in humidity, a phenomenological theory of the dependence of mechanical stresses on relative
humidity is constructed; second is with decreasing humidity, Young’s modulus increases, is
assumed the functional dependence of this module on relative humidity. The initial boundary
value problem is formulated, in which , due to the low speed of the drying process , inertial
terms are neglected. A model two-dimensional numerical example of the drying of a rectan-
gular area is considered, the numerical solution of which is carried out by the finite element
method. The calculation results correspond qualitatively to the experiment with drying of a
wetted poroelastic body.

Introduction. The problem of drying solids is described by the diffusion equation (2),
therefore the unknown the can serve the relative humidity φ. At the same time many authors
[1,2] are consider the coefficients k, c, ρ, which characterize the speed of moisture movement as
constant or dependent on coordinates, but they may also depend on the humidity itself φ, what
makes the problem nonlinear.

Another factor affecting the drying process is the temperature of the body itself and the
environment, since it is known, that the surface is cooled during evaporation. And finally, when
determining the coefficients of moisture and heat transfer with the environment, it is necessary
to take into account air movement around the area in question or solve the problem not only
for the area under study, but also for the aerodynamics of the surrounding air environment.
Another aspect of the drying process is the change in the shape and size of the solid.

The formulation of such a problem can be carried out within the framework of an elastic
body with the addition of stress dependence or deformations from relative humidity φ, for
example, linear. In addition, the elastic properties of the body also change with changes in
humidity, this can be taken into account, for example, by using the dependence of the Young’s
modulus E on relative humidity φ [1,2].

In this paper, an incoherent model of drying of an elastic body is constructed, in which the
drying problem is solved on the basis of a non-stationary diffusion equation for relative humidity
and problem of elasticity theory, in which, under the assumption of a slow drying process, the
inertial terms are neglected, but a smooth functional dependence of Young’s modulus on relative
humidity is given. The numerical solution for a rectangular area is constructed by the finite
element method.

Mathematical formulation of the problem For the components u of an unknown dis-
placement vector and relative humidity φ, the system of differential equations has the form

∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

= 0,
∂σyx
∂x

+
∂σyy
∂y

+
∂σyz
∂z

= 0,
∂σzx
∂x

+
∂σzy
∂y

+
∂σzz
∂z

= 0, (1)
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∂2φ

∂x2
+
∂2φ

∂y2
+
∂2φ

∂z2
=
cρ

k

∂φ

∂t
. (2)

In the reduced system (1) — equilibrium equations without taking into account mass forces,
(2) — diffusion equation in which c — coefficient specific heat of the body, ρ — density, k —
diffusion coefficient and in this formulation of the problem these parameters are considered
constant.
Cauchy’s relations

εxx =
∂ux
∂x

, εyy =
∂uy
∂y

, εzz =
∂uz
∂z

.

εxy =
1

2

(
∂ux
∂y

+
∂uy
∂x

)
, εxy =

1

2

(
∂ux
∂y

+
∂uy
∂x

)
, εxz =

1

2

(
∂ux
∂z

+
∂uz
∂x

)
(3)

Defining equations taking into account the linear dependence on φ

σxx = λΘ + 2µεxx + κ(1 − φ), σyy = λΘ + 2µεyy + κ(1 − φ), σzz = λΘ + 2µεzz + κ(1 − φ),

σxy = 2µεxy, σxz = 2µεxz, σyz = 2µεyz, (4)

µ =
E

2(1 + ν)
, λ =

Eν

(1 − 2ν)(1 + ν)
, Θ = εxx + εyy + εzz.

E, ν — Young’s modulus and Poisson’s ratio. κ — coefficient of humidity expansion.
For the Young’s modulus E, the following three-parameter dependence on relative humidity is
selected φ:

E = γ

(
β

e−α(φ−0.5)

1 + e−α(φ−0.5)
+ 1 − β

)
, (5)

where α, β, γ are — parameters.
Mechanical boundary conditions at the boundaries — absence of displacements and absence of
stresses, respectively:

u|L1 = 0, n · σ|L2 = 0, (6)

Boundary conditions for relative humidity at the borders — constant humidity and drying
conditions across the border are maintained:

φ|L3 = φ0,
∂φ

∂n

∣∣∣∣
L4

= −h(φ− φ1). (7)

If in the second condition in (7) the right part is zero, then the boundary is impenetrable.

Numerical experiment. As an example, we consider a two-dimensional problem for a
rectangular area for a model material. Figures 1 and 2 shows the calculation schemes of the
problem.

x

y

II
I

I

I

convecting

convecting

no displacements

free boundaryconstant humidity

free boundary

free boundary convecting

Figure 2: Scheme a.
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Figure 3: Scheme b.

Numerical simulation was carried out for the following values of physical constants and param-
eters from (4) and (5)

κ = 1, k = 1, c = 1, ρ = 1, α = 6, β = 0.8, γ = 10. (8)

and, accordingly, the dependence of Young ’s modulus on relative humidity

E = 10

(
0.8

e−6(φ−0.5)

1 + e−6(φ−0.5)
+ 1 − 0.8

)
, (9)

is shown in Figure 3.

Figure 4: Dependence of Young’s modulus on relative humidity.

The problem is solved by the finite element method in the ANSYS package, so Figure 4a
shows a grid of triangular finite elements with cubic approximation on the deformed state of
the domain for a non-stationary problem at the time when the solution goes into stationary
mode. Figure 4b shows the Mises stress distribution in the sealing area (Scheme a) at the end
of the drying process.

a) Grid on deformed body. b) Scheme b.

Figure 5: Deformed state of the area.

Figure 5a shows the dependence of relative humidity in the center of the region on time,
and Figure 5b shows its distribution in the region at the end of the process (Scheme a).
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a) φ = φ(T ). Scheme a. b) Distribution of φ. Scheme a.

Figure 6: Relative humidity.

Figure 7: Displacement field.

In the following numerical experiment, the entire boundary of the region is stress-free and
the same drying conditions are set on it (Scheme b). At the same time, the shape of the region
remains rectangular when entering the stationary mode, Figure 6 shows the vector field of
displacements, and the humidity becomes constant in all areas and is equal to the humidity of
the environment.

Conclusion. Nonstationary model of drying of a solid deformable body relative to the com-
ponents of the displacement vector and relative humidity is constructed in this work assuming
a smooth dependence of Young’s modulus on relative humidity, with the remaining physical
coefficients constant.

Numerical experiments were carried out for a rectangular area and a model material to
determine the stress-strain state and relative humidity under various boundary conditions. The
results of calculations qualitatively coincide with possible field experiments, which indicates the
adequacy of the model.
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Introduction.In the early 1970s, three papers [1]-[3], where a simple model of a metal
was proposed that has become a fundamental model in the theory of strongly correlated
electron systems, appeared almost simultaneously and independently. In that model, a sin-
gle nondegenerate electron band with a local Coulomb interaction is considered. The model
Hamiltonian contains only two parameters: the matrix element t of electron hopping from a
lattice site to a neighboring site and the parameter U of the on-site Coulomb repulsion of two
electrons. In the secondary quantization representation, the Hamiltonian can be written as
H = t

∑
m,γ a

+
m,γam,γ + U

∑
m a

+
m,↑am,↑a

+
m,↓am,↓, where a+m,γ and am,γ denote Fermi operators of

creation and annihilation of an electron with spin γ on a site m and the summation over τ
means summation over the nearest neighbors on the lattice. The model proposed in [1]-[3] was
called the Hubbard model after John Hubbard, who made a fundamental contribution to study-
ing the statistical mechanics of that system. The Hubbard model is currently one of the most
extensively studied multielectron models of metals [4]. The spectrum and wave functions of
the system of two electrons in a crystal described by the Hubbard Hamiltonian were studied in
[4]. The spectrum and wave functions of the system of three electrons in a crystal described by
the Hubbard Hamiltonian were studied in [5]. In the three-electron systems are exists quartet
state, and two type doublet states.

HAMILTONIAN OF THE SYSTEM. We consider the energy operator of six-electron
systems in the Hubbard model and describe the structure of the essential spectra and discrete
spectrum of the system for second singlet state in the lattice. The Hamiltonian of the chosen
model has the form H = A

∑
m,γ a

+
m,γam,γ +B

∑
m,τ,γ a

+
m,γam+τ,γ +U

∑
m a

+
m,↑am,↑a

+
m,↓am,↓. Here

A is the electron energy at a lattice site, B is the transfer integral between neighboring sites
(we assume that B > 0 for convenience), τ = ±ej, j = 1, 2, ..., ν, where ej are unit mutually
orthogonal vectors, which means that summation is taken over the nearest neighbors, U is the
parameter of the on-site Coulomb interaction of two electrons, γ is the spin index, γ =↑ or
γ =↓, ↑ and ↓ denote the spin values 1

2
and −1

2
, and a+m,γ and am,γ are the respective electron

creation and annihilation operators at a site m ∈ Zν .
In the six electron systems has a octet state, and quintet states, and triplet states, and singlet

states. The energy of the system depends on its total spin S. Hamiltonian H commutes with all
components of the total spin operator S = (S+, S−, Sz), and the structure of eigenfunctions and
eigenvalues of the system therefore depends on S. The Hamiltonian H acts in the antisymmetric
Fo’ck space Has.

SIX-ELECTRON SECOND SINGLET STATE IN THE HUBBARD MODEL.
Let φ0 be the vacuum vector in the space Has. The second singlet state corresponds to

the free motion of six electrons over the lattice and their interactions with the basic functions
2s0p,q,r,t,k,n∈Zν = a+p,↑a

+
q,↓a

+
r,↑a

+
t,↓a

+
k,↑a

+
n,↓φ0. The subspace 2Hs

0, corresponding to the second singlet
state is the set of all vectors of the form 2ψs

0 =
∑

p,q,r,t,k,n∈Zν f(p, q, r, t, k, n)2s0p,q,r,t,k,n∈Zν , f ∈ las2 ,
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where las2 is the subspace of antisymmetric functions in the space l2((Zν)6). We denote by 2Hs
0

the restriction of operator H to the subspace 2Hs
0.

Theorem 1. (coordinate representation of the actions of operator 2Hs
0 ) The subspace 2Hs

0

is invariant under the operator H, and the restriction 2Hs
0 of operator H to the subspace 2Hs

0

is a bounded self-adjoint operator. It generates a bounded self-adjoint operator 2H0
s acting in

the space las2 as

2H
s

0
2ψs

0 = 6Af(p, q, r, t, k, n)+B
∑
τ

[f(p+τ, q, r, t, k, n)+f(p, q+τ, r, t, k, n)+f(p, q, r+τ, t, k, n)+

+f(p, q, r, t+τ, k, n)+f(p, q, r, t, k+τ, n)+f(p, q, r, t, k, n+τ)]+U [δp,q+δp,t+δp,n+δq,r+δq,k+δr,t+

+δr,n + δt,k + δk,n]f(p, q, r, t, k, n). The operator 2Hs
0 acts on a vector 2ψs

0 ∈2 Hs
0 as

2Hs
0
2ψs

0 =
∑

p,q,r,t,k,n∈Zν

(2H
s

0f)(p, q, r, t, k, n)2s0p,q,r,t,k,n∈Zν . (4)

Lemma 1. The spectra of the operators 2Hs
0 and 2H

s

0 coincide.

We call the operator 2Hs
0 the six-electron second singlet state operator in the Hubbard

model.
Let F : l2((Z

ν)6) → L2((T
ν)6) ≡ 2H̃

s

0 be the Fourier transform, where T ν is the ν−
dimensional torus endowed with the normalized Lebesgue measure dλ, i.e. λ(T ν) = 1.

We set 2H̃s
0 = F 2H

s

0F−1. In the quasimomentum representation, the operator 2H
s

0 acts in
the Hilbert space Las

2 ((T ν)6), where Las
2 is the subspace of antisymmetric functions in L2((T

ν)6).
Theorem 2. (quasimomentum representation of the actions of operator 2Hs

0 ) The Fourier
transform of operator 2H

s

0 is an operator 2H̃s
0 = F 2H

s

0F−1 acting in the space Las
2 ((T ν)6) be

the formula

2H̃s
0
2ψs

0 = h(λ, µ, γ, θ, η, χ)f(λ, µ, γ, θ, η, χ) + U [

∫
T ν

f(t, λ+ µ− t, γ, θ, η, χ)dt+

+

∫
T ν

f(t, µ, γ, λ+θ− t, η, χ)dt+

∫
T ν

f(t, µ, γ, θ, η, λ+χ− t)dt+
∫
T ν

f(λ, t, µ+γ− t, θ, η, χ)dt+

+

∫
T ν

f(λ, t, γ, θ, µ+η− t, χ)dt+

∫
T ν

f(λ, µ, t, γ+θ− t, η, χ)dt+

∫
T ν

f(λ, µ, t, θ, η, γ+χ− t)dt+

+
∫
T ν f(λ, µ, γ, t, θ+ η− t, χ)dt+

∫
T ν f(λ, µ, γ, θ, t, η+χ− t)dt], where h(λ, µ, γ, θ, η, χ) = 6A+

2B
∑ν

i=1[cosλi + cosµi + cosγi + cosθi + cosηi + cosχi], and Las
2 is the subspace of antisymmetric

functions in L2((T
ν)6).

STRUCTURE OF THE ESSENTIAL SPECTRUM AND DISCRETE SPEC-
TRUM OF OPERATOR 2H̃s

0 .
Using tensor products of Hilbert spaces and tensor products of operators in Hilbert spaces,

and taking into account that the function f(λ, µ, γ, θ, η, χ) is an antisymmetric function, we
can describe the structure of essential spectra and discrete spectrum the operator 2Hs

0 :
Theorem 3. Let ν = 1 and U < 0. Then the essential spectrum of the operator 2Hs

0 is consists
of the union of seven segments: σess(2Hs

0) = [a+c+e, b+d+f ]∪[a+c+z3, b+d+z3]∪[a+e+z2, b+
f+z2]∪[a+z2+z3, b+z2+z3]∪[c+e+z1, d+f+z1]∪[c+z1+z3, d+z1+z3]∪[e+z1+z2, d+z1+z2],
and discrete spectrum of the operator 2Hs

0 is consists of unique eigenvalue σdisc(2Hs
0) = {z1 +

z2 + z3}, here and hereafter a = 2A − 4B cos Λ1

2
, b = 2A + 4B cos Λ1

2
, c = 2A − 4B cos Λ2

2
,

d = 2A+ 4B cos Λ2

2
, e = 2A− 4B cos Λ3

2
, f = 2A+ 4B cos Λ3

2
, z1 = 2A−

√
9U2 + 16B2cos2 Λ1

2
,

z2 = 2A−
√

9U2 + 16B2cos2 Λ2

2
, z3 = 2A−

√
9U2 + 16B2cos2 Λ3

2
, and Λ1 = λ+ µ, Λ2 = γ + θ,

Λ3 = η + χ.
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Theorem 4. Let ν = 1 and U > 0. Then the essential spectrum of the operator 2Hs
0 is

consists of the union of seven segments: σess(2Hs
0) = [a + c + e, b + d + f ] ∪ [a + c + z̃3, b +

d + z̃3] ∪ [a + e + z̃2, b + f + z̃2] ∪ [a + z̃2 + z̃3, b + z̃2 + z̃3] ∪ [c + e + z̃1, d + f + z̃1] ∪ [c +
z̃1 + z̃3, d + z̃1 + z̃3] ∪ [e + z̃1 + z̃2, d + z̃1 + z̃2], and discrete spectrum of the operator 2Hs

0 is
consists of unique eigenvalue σdisc(2Hs

0) = {z̃1 + z̃2 + z̃3}, where z̃1 = 2A+
√

9U2 + 16B2cos2 Λ1

2
,

z̃2 = 2A+
√

9U2 + 16B2cos2 Λ2

2
, z̃3 = 2A+

√
9U2 + 16B2cos2 Λ3

2
.

Theorem 5. Let ν = 3 and U > 0, and Λ1 = λ + µ, Λ2 = γ + θ, Λ3 = η + χ, and
Λ1 = (Λ0

1,Λ
0
1,Λ

0
1), Λ2 = (Λ0

2,Λ
0
2,Λ

0
2), and Λ3 = (Λ0

3,Λ
0
3,Λ

0
3).

a). If U >
4B cos

Λ0
3
2

W
, cos

Λ0
1

2
< cos

Λ0
3

2
, and cos

Λ0
2

2
< cos

Λ0
3

2
, or U >

4B cos
Λ0
2
2

W
, cos

Λ0
1

2
< cos

Λ0
2

2
,

and cos
Λ0
3

2
< cos

Λ0
2

2
, or U >

4B cos
Λ0
1
2

W
, cos

Λ0
2

2
< cos

Λ0
1

2
, and cos

Λ0
3

2
< cos

Λ0
1

2
, then the essential

spectrum of the operator 2Hs
0 is consists of the union of seven segments: σess(

2Hs
0) = [a +

c + e, b + d + f ] ∪ [a + c + z̃3, b + d + z̃3] ∪ [a + e + z̃2, b + f + z̃2] ∪ [a + z̃2 + z̃3, b + z̃2 +
z̃3] ∪ [c + e + z̃1, d + f + z̃1] ∪ [c + z̃1 + z̃3, d + z̃1 + z̃3] ∪ [e + z̃1 + z̃2, d + z̃1 + z̃2], and discrete
spectrum of the operator 2Hs

0 is consists of unique eigenvalue σdisc(
2Hs

0) = {z̃1 + z̃2 + z̃3},
where a = 2A − 12B cos

Λ0
1

2
, b = 2A + 12B cos

Λ0
1

2
, c = 2A − 12B cos

Λ0
2

2
, d = 2A + 12B cos

Λ0
2

2
,

e = 2A− 12B cos
Λ0
3

2
, f = 2A+ 12B cos

Λ0
3

2
, z̃1, z̃2, z̃3 are the same concrete numbers and W is

the Watson integral.

b). If 4B cos
Λ0
2
2

W
< U ≤ 4B cos

Λ0
3
2

W
, cos

Λ0
1

2
< cos

Λ0
2

2
, and cos

Λ0
2

2
< cos

Λ0
3

2
, or 4B cos

Λ0
1
2

W
< U ≤

4B cos
Λ0
3
2

W
, cos

Λ0
2

2
< cos

Λ0
1

2
, and cos

Λ0
1

2
< cos

Λ0
3

2
, or 4B cos

Λ0
3
2

W
< U ≤ 4B cos

Λ0
2
2

W
, cos

Λ0
1

2
< cos

Λ0
3

2
,

and cos
Λ0
3

2
< cos

Λ0
2

2
, or 4B cos

Λ0
1
2

W
< U ≤ 4B cos

Λ0
2
2

W
, cos

Λ0
1

2
< cos

Λ0
2

2
, and cos

Λ0
3

2
< cos

Λ0
1

2
, or

4B cos
Λ0
2
2

W
< U ≤ 4B cos

Λ0
1
2

W
, cos

Λ0
3

2
< cos

Λ0
2

2
, and cos

Λ0
2

2
< cos

Λ0
1

2
, or 4B cos

Λ0
3
2

W
< U ≤ 4B cos

Λ0
1
2

W
,

cos
Λ0
2

2
< cos

Λ0
3

2
, and cosΛ

0
3

2
< cos

Λ0
1

2
, then the essential spectrum of the operator 2Hs

0 is consists
of the union of four segments: σess(2Hs

0) = [a + c + e, b + d + f ] ∪ [a + e + z̃2, b + f + z̃2] ∪
[c + e + z̃1, d + f + z̃1] ∪ [e + z̃1 + z̃2, d + z̃1 + z̃2], or σess(2Hs

0) = [a + c + e, b + d + f ] ∪
[a + c + z̃3, b + d + z̃3] ∪ [c + e + z̃1, d + f + z̃1] ∪ [c + z̃1 + z̃3, d + z̃1 + z̃3], or σess(2Hs

0) =
[a+ c+ e, b+ d+ f ] ∪ [a+ c+ z̃3, b+ d+ z̃3] ∪ [a+ e+ z̃2, b+ f + z̃2] ∪ [a+ z̃2 + z̃3, b+ z̃2 + z̃3],
and discrete spectrum of the operator 2Hs

0 is empty set: σdisc(2Hs
0) = ∅.

There is also the case when the essential spectrum of the operator 2Hs
0 is consists of

the unions of two segments, and the discrete spectrum of the operator 2Hs
0 is empty set:

σdisc(
2Hs

0) = ∅ , and the case when the essential spectrum of the operator 2Hs
0 is consists of a

single segment, and the discrete spectrum of the operator 2Hs
0 is empty set: σdisc(2Hs

0) = ∅.

References
[1] J. Hubbard Electron correlations in narrow energy bands. // Proc. Roy. Soc. A. 1963.

Vol. 276. P. 238-257.
[2] M. C. Gutzwiller. Effect of Correlation on the Ferromagnetism of Transition Metals. //

Phys. Rev. Lett. 1963. Vol. 10. P. 159-162.
[3] J. Kanamori. Electron correlation and ferromagnetism of transition metals. // Prog. Theor.

Phys. 1963. Vol. 30. P. 275-289.
[4] B. V. Karpenko, V. V. Dyakin, and G. L. Budrina. Two electrons in the Hubbard Model.

// Phys. Met. Metallogr. 1986.—Vol. 61. P. 702-706.
[5] S. M. Tashpulatov. Spectral Properties of three-electron systems in the Hubbard Model. //

Theoretical and Mathematical Physics. 2014. Vol. 179. No. 3. P. 712-728.

108


	1. One-parameter groups and semigroups of linear operators
	F.Achleitner. Short- and long-time behavior in (hypo)coercive ODE-systems and kinetic partial differential equations
	N.Kh.Alkhalil, Kh.Almohammad. Approximate numbers of the operator embedding potentials in the space of bounded and uniformly continuous functions
	P.Alphonse. Smoothing properties and null-controllability for quadratic evolution equations through the polar decomposition
	G.G.Amosov. Tomography on locally compact groups
	S.Arora, J.Glück. Spectrum of (eventually) positive semigroups
	C.Batty. A Katznelson-Tzafiri theorem for analytic Besov functions
	A.Błoch, J.Banasiak. An overview of hyperbolic systems on networks — transport, telegraph and more. Do they differ?
	E.Bollt. On Explaining the Surprising Success of Reservoir Computing Forecaster of Chaos? The Universal Machine Learning Dynamical System with Contrasts to VAR and DMD suggests a Next Generation Reservoir Computing — NG–RC?
	C.Budde. A Lumer–Phillips type generation theorem for bi-continuous semigroups
	Y.A.Butko. Subordination principle and Feynman-Kac formulae for generalized time-fractional evolution equations
	F.Dell'Oro. Optimal decay for a wave-heat system with Coleman–Gurtin thermal law
	A.Dobrick. A generator theorem with applications to queueing systems
	T.Eisner, A.Radl. Embeddability of matrices into real and positive semigroups
	O.E.Galkin, I.D.Remizov. Pointwise and uniform convergence of Chernoff approximations to C0-semigroups
	J.Glück. Eventual positivity: examples, results, perspectives
	N.S.Goncharov, G.A.Sviridyuk, S.A.Zagrebina. The Showalter – Sidorov and the Cauchy problems for a linear Dzekzer equation with Wentzell and Roben boundary conditions in a bounded domain
	A.Grekhneva. Dynamics of quantum states generated by the nonlinear Schrödinger equation
	M.Grothaus. Strong mixing with rate of convergence for operator semi-groups with non-sectorial generator
	N. Kh. Alkhalil, Kh. Almohammad. Approximate numbers of the operator embedding potentials in the space of bounded and uniformly continuous functions
	K.Klioba. On Joint Convergence Rates for Approximation of Random Evolution Equations
	M.Kramar Fijav, K.-J. Engel. Flows on Metric Graphs with General Boundary Conditions
	K.Kruse, F.L.Schwenninger. On equicontinuity and tightness of bi-continuous semigroups
	L.Lorenzi. Semigroups associated with systems of elliptic PDE's with unbounded coefficients
	K.R.Madou. On the supercritical fractional diffusion equation with Hardy-type drift
	M.Mokhtar-Kharroubi. On spectral gaps of growth-fragmentation semigroups
	D.Mugnolo. The Ornstein–Uhlenbeck operator on metric star graphs
	L.Paunonen. Non-uniform stability of damped contraction semigroups
	K.Pichór, R.Rudnicki. Asymptotic properties of dynamics of antibody levels
	A.Rhandi. Bi-Kolmogorov type operators and weighted Rellich's inequalities
	R.Rudnicki. Semigroups of operators in cell cycle models
	C.Seifert. On Stabilization for linear control systems in Banach spaces
	D.E.Shafranov., O. G.Kitaeva, G.A.Sviridyuk. One Sobolev type equation in Hilbert spaces of differential forms with stochastic coefficients
	S.Surasinghe, J.Fish, E.Bollt. Learning Transfer Operators by Kernel Density Estimation
	M.Tyran-Kamińska. Substochastic semigroups for initial-boundary value problems
	V.V.Volchkov, Vit.V.Volchkov. One-parameter subgroups of the isometry group of the space HC a2
	V.A.Zagrebnov. Comments on the Chernoff estimate
	H.Zwart. Is A-1 an infinitesimal generator?

	2. Nonlinear flows and semiflows
	M.M.Anikushin, A.O.Romanov. Inertial manifolds and hidden oscillations in delay equations
	A.A.Dorogovtsev. Stochastic semigroups and stochastic differential equations related to stochastic flows with singularities 
	V.E.Kruglov. On moduli of surface non-singular flows
	G.Metafune, L.Negro, C.Spina. A unified approach to degenerate problems in the half-space
	S.I.Piskarev. Unstable manifolds for fractional semilinear equations
	G.V.Riabov. Strong stochastic flows on metric graphs
	A.A.Shukur. The dynamics of Birkhoff's sums

	3. Interplay between linear infinite-dimensional systems and nonlinear finite-dimensional systems
	J.Hölz. Ergodicity of Topological Dynamical Systems
	H.Kreidler. The Furstenberg-Zimmer structure theorem revisited

	4. Quantum stochastic evolutions and dynamical semigroups
	G.DaPrato, L.Tubaro. A new probabilistic formula for the gradient of solutions of some Hypoelliptic Dirichlet problems
	G.Dor-on. Toeplitz quotient C*-algebras and ratio-limits for random walks
	F.Fagnola, D.Poletti, J.Agredo. Gaussian Quantum Markov Semigroups, Irreducibility and Positivity Properties
	S. N. Filippov. Trace decreasing semigroups for open quantum systems induced by a repeated measurement of an ancilla
	D.Kinzebulatov. Sharp solvability for singular SDEs
	T.Möbus, C.Rouzé. Optimal Convergence Rate in the Quantum Zeno Effect for Open Quantum Systems in Infinite Dimensions
	O.V.Morzhin, A.N.Pechen . Optimization methods for open quantum systems driven by coherent and incoherent controls
	D. Poletti, F. Fagnola, J.Agredo. The Decoherence-free Subalgebra of a Gaussian Quantum Markov Semigroup
	I.D.Remizov. Approximations to solutions of Schrödinger equation with Hamiltonian that includes variable coefficients and derivatives of arbitrary high order
	C. Schlosser. Sparsity structures for Koopman operators
	A.E.Teretenkov. Perturbative expansion of thermodynamical effective Hamiltonian

	5. Further applications of semigroups in mathematical physics
	J.Banasiak, S.K.Shindin. Explicit solutions to fragmentation equations with growth or decay
	P.Csomós, B. Farkas, B. Kovács. Error estimates for a splitting integrator for semilinear boundary coupled systems
	D.Deng. Global Existence of Non-cutoff Boltzmann Equation for Dilute Gas
	A.V.Lut. Inverse problem for incomplete Sobolev type equation of higher order and application
	M.V.Shamolin. Tensor invariants of dynamical systems with dissipation
	S. I. Trapasso. On the convergence of a novel time slicing approximation for Feynman path integrals
	A.A.Zamyshlyaeva, O.N.Tsyplenkova. Optimal control problem for Sobolev type equations

	6. Infinite-dimensional analysis
	S.Albeverio. From the heat to the Schrödinger equation, and quantum fields-in Memory of Oleg Smolianov
	S.Bonaccorsi. Some notes on integration by parts formulae in infinite dimensional spaces
	S.Mazzucchi. Chernoff approximations for Feller semigroups in Riemannian manifolds
	M.Neklyudov. Ergodicity of infinite particle systems and applications
	V.Zh.Sakbaev, E.V.Shmidt. Limit theorems for compositions of random operator valued process
	E.Shavgulidze. Schwarzian Integrals and Wiener Measure

	7. Related topics
	E.V.Bychkov. Convergence the approximates solutions to initial-boundary value problem for IMBq equation in the *-weak sense
	J.Hekkelman, F. Sukochev. Convergence the approximates solutions to initial-boundary value problem for IMBq equation in the *-weak sense
	V.L.Litvinov, K.V.Litvinova Application of the Kantorovich-Galerkin method for the analysis of resonant systems
	E.N.Pelinovsky, A.V.Kokorina, A.V.Slunyaev. Soliton and breather dynamics in the modular KdV equation
	O.G.Pustovalova, A.N.Soloviev, A.A.Egorova. The Incoherent Drying Problem Of An Elastic Body With A Variable Young's Modulus
	S.M.Tashpulatov. Structure of essential spectra and discrete spectrum of the energy operator of six-electron systems in the Hubbard model. Second singlet state.


