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1. Introduction

This paper is devoted to one of the most applicable branch of mod-
ern functional analysis, namely to Cy-semigroups and their approximations.
Three standard textbooks on the topic are B 13, B of course, this list is
incomplete, but each of these books contains more than enough information
on necessary background for the paper. In the paper we do not use any deep
results from the Cy-semigroup theory and keep all our reasoning very simple
and accessible to a broad mathematical audience. We believe that all the
text can be understood by everyone who had even an introductive course on
functional analysis.

Why is this paper interesting and important. It appeared that
our elementary approach allows us to prove the main theorem B.I] that de-
velops the result of the famous Chernoff theorem B] on approximations of
Coy-semigroups. With this new theorem it is possible to find out what one
needs to do in order to obtain the so-called fast convergent Chernoff approx-
imations, and what the speed of the convergence can be. These approxima-
tions of Cyy-semigroups provide approximate solutions to the Cauchy problem
for a large class of partial differential equations (PDEs), namely linear evo-
lution equations with variable coefficients, such as parabolic or Schrédinger
equations. This gives a flexible and powerful tool for construction of new
numerical methods for solving the Cauchy problem for PDEs. In overview
E] one can find many classes of equations for which solution methods based
on the Chernoff approximations have been developed, see ﬂﬁ ] for most

recent applications, see also ﬂﬁ . . . . . . .
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Our theorem [3.J] allows us to prove estimates on the speed of convergence
for all of these methods. Moreover, this gives a clue how one can construct
Chernoff approximations with faster speed of convergence than other known
examples. This is why the results presented in the paper are interesting and
important.

Preliminaries. Let us recall some relevant notation, definitions, and
facts following B]

Definition 1.1. Let F be a Banach space over the field R or C. Let .Z(F)
be the set of all bounded linear operators in F. Suppose we have a mapping
V:]0,400) = Z(F), i.e. V(t) is a bounded linear operator V(t): F — F
for each t > 0. The mapping V', or equivalently the family (V(t)):>0, is called
a strongly continuous one-parameter semigroup of linear bounded operators
(or just a Cy-semigroup) iff it satisfies the following three conditions:

1) V(0) is the identity operator I, i.e. V(0)¢ = ¢ for each ¢ € F;

2) V maps the addition of numbers in [0, +00) into the composition of
operators in Z(F), i.e. for all ¢ > 0 and all s > 0 we have V(t + s) =
V(t)oV (s), where for each ¢ € F the notation (Ao B)(¢) = A(B(y)) = AByp
is used;

3) V is continuous with respect to the strong operator topology in .2 (F),
i.e. for all ¢ € F the function t — V ()¢, [0,4+00) — F is continuous.

Remark 1.1. The definition of a Cy-group (V(t))icr is obtained by the
substituting [0, +00) with R in the definition above.

Definition 1.2. Let (V(t)):>0 be a Cyp-semigroup in Banach space F. Its in-
finitesimal generator (or just generator) is defined as the operator L: D(L) —
F with the domain

D(L) = {go € F : there exists a limit lim W} C F,

t—+0

and

Lo = lim M
t—+40

Very often the notation V(t) = e'* is used.
If (V(t))er is a Co-group, then its generator L is defined in the same
way:

D(L) = {ap € F : there exists a limit Pr% W} C F,
—
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Lp =lim M
t—0 t
Remark 1.2. It is known that for each Cy-semigroup (V' (¢)):>o in Banach
space F, the set D(L) is a dense linear subspace of F ﬂa] Moreover, (L, D(L))
is a closed linear operator that uniquely defines the semigroup (V' (¢));>0. Un-
der condition V' (0) = [ it is clear that f € D(L) iff the derivative %V(t)f‘t:o
exists, which is the right derivative in case of a Cy-semigroup and two-sided
(traditional) derivative in case of a Cy-group.

Definition 1.3. For a linear operator A: D(A) — F with the domain
D(A) € F and all n = 1,2,3,... we define the domain D(A") of opera-
tor A" as follows:

(f € D(A™)) <= (f € D(A), Af € D(A),A*f € D(A),..., A" f € D(A)),
which implies D(A) D D(A?) D --- D D(A").

Definition 1.4. Let (A, D(A)) be a linear operator in Banach space F.
Linear subspace H C D(A) is called a core of (A, D(A)) iff the closure of
(A, D(A)) is equal to the closure of operator (A, H).

Remark 1.3. We recall (proposition 1.8 from ﬂa]) that if L is the generator
of a Cy-semigroup on Banach space F, then (', D(L") is dense in F and
is a core for L. This implies that D(L") is also a core of L and is dense in F
foralln=1,2,3,...

Now we are ready to state the Chernoft’s theorem. From several options
(see B, 4,1, ]), we choose the one given in @] (in equivalent formulation):

Theorem 1.1 (P.R. CHERNOFF (1968), cf. ﬂﬂ, B, 1, ]) Suppose that the
following three conditions are met:

1. Co-semigroup (e'F);>q with generator (L, D(L)) in Banach space F is
given, such that for some w > 0 the inequality ||| < e holds for all
t>0.

2. There exists a strongly continuous mapping S: [0, +00) — L (F) such
that S(0) = I and the inequality ||S(t)|| < e** holds for all t > 0.

3. There exists a dense linear subspace D C F such that for all f € D
there exists a limit S'(0)f = limy_, o(S(t)f — f)/t. Moreover, S’(0)
on D has a closure that coincides with the generator (L, D(L)).

4



Then the following statement holds:

(C) for every f € F, asn — oo we have S(t/n)"f — etX f locally uniformly
with respect tot > 0, i.e. for each T > 0 and each f € F we have

lim sup ||S(t/n)"f — ™ f|| =0.

=0 10,7

Definition 1.5. Let Cy-semigroup (e'£);~¢ with generator L in Banach space
F be given. The mapping S: [0, +00) — Z(F) is called a Chernoff function
for operator L iff it satisfies the condition (C) of Chernoff theorem 1l In this

case expressions S(t/n)™ are called Chernoff approximations to the semigroup
et

One-dimensional real analog of Chernoff’s theorem. In this sub-
section we discuss how the Chernoff theorem [[LTlcan be understood if Banach
space F is one-dimensional, i.e. F = R. In this case any linear operator
A € Z(F) is a multiplication by some real number a, any Cy-semigroup
(e!);>0 consists of multiplications by numbers e, i.e. (e!)f = efo . f for
any t > 0 and any f € F = R. Thus, theorem [[T] can be reformulated as
follows:

Theorem 1.2. Suppose there ezists a function s: [0,4+00) — R such that

s(0) = 1 and the following conditions are met:

1. function s(t) is continuous and for some w > 0 the inequality |s(t)| <
et holds for all t > 0;
2. there ezists a right-side derivative a = s'(0) = limy—,o(s(t) — 1)/t.
Then s(t/n)" — €' as n — oo locally uniformly with respect to t > 0, i.e.
for each T > 0 we have

lim sup |s(t/n)" — e = 0.

=0 4c(0,T]

Using the formula lim,, (1 + ta/n)" = €', which is a statement from
simple calculus, we can see that the first condition in the theorem is
redundant. This is how we get the following short statement, which we call
one-dimensional real analog of Chernoff’s theorem:

(s: [0, +00) — R, 5(0) = 1, 5'(0) = a)

= s(t/n)" = e +0(1) asn — oo for all t > 0. (1)



The idea of the main result of the paper. Let us consider for F = R
and fixed m = 1,2,3,... a more profound version of (I):

"L akth
<s: 0, +00) — R, s(t) = o o(t™) as t — O)

k=0
= s(t/n)" = e +o(1/n™ ") asn — co forall t > 0. (2)

Statement (2)) is similar to (), but (2)) is not so elementary even in one-
dimensional case. The idea of (2) is the following: if one wants to approx-
imate the exponent e’ using the fomula e = lim, . s(t/n)", then the
highest speed of convergence will be achieved if s(t) = €. So good functions
s(t) should be close to the exponent e in some sense. In what sense? The
answer is: in the infinitesimal sense, when s(¢) and e'® have the same Taylor
polynomial. Higher degree m of the polynomial should provide higher speed
o(1/n™~1) of approximation. Statement (2 is a one-dimensional version of
our main theorem B.1I] and contains its main idea. Of course, the theorem B.1]
covers non-trivial cases, such as dimF = oo and ||L|| = oo.

Semigroups and linear evolution equations. It is a well known
fact ﬂa] that the solution of a well-posed Cauchy problem for a linear evolu-
tion partial differential equation (such as: Schodinger-type equations, heat
equation, parabolic equations) is given by a strongly continuous semigroup
of linear bounded operators whose infinitesimal generator is a (usually un-
bounded) linear operator from the right-hand side of the evolution equation.
Let us explain this in more detail. Let X be an infinite set, and F be a
Banach space of (not necessarily all) number-valued functions on X, and let
L be a closed linear operator L: D(L) — F with the domain D(L) C F
dense in F. We consider the Cauchy problem for the evolution equation

{ uj(t,x) = Lu(t, z), (3)

u(0, ) = up(x),

where x € X, ug € F, u(t,-) € F for all ¢ > 0. Operator L can be, in a
trivial case, the Laplace operator A (so u; = Lu is the heat equation), or (in a
nontrivial case) a more sophisticated linear differential operator with variable
coefficients that do not depend on ¢ but depend (usually nonlinearly) on x.
It is known ﬂé] that, in case the Cy-semigroup (etL) >0 €xists and has the
generator (L, D(L)), the solution to Cauchy problem (B exists and is given
by the equality u(t,z) = (e'*ug)(x) for allt > 0 and 2 € X. If uy € D(L),
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then u(t,-) € D(L) for all £ > 0 and the solution u is a classical solution (in
the terminology of B]) And for arbitrary uy € F the solution of Cauchy
problem (B]) exists as a mild solution (in the terminology of ﬂa]), i.e. the
solution of the corresponding integral equation u(t, ) = L f(f u(s, -)ds + u.

The equality u(t,z) = (e'*ug)(z) for the solution of the Cauchy prob-
lem (3)) shows that finding the semigroup (etL) +~0 1s @ hard problem because
it is equivalent to solving the Cauchy problem (3)) for each uy € F. However,
if a Chernoff function S for operator L is constructed (see definition [LH]),
then the semigroup is given by the equality el = lim,_,o, S(t/n)". An ad-
vantage of this approach to solving (3)) arises from the fact that usually it
is possible to define S by an explicit and not very long formula which con-
tains coefficients of operator L. This gives approximations to the solution
of the Cauchy problem (B)) converging towards the solution in F as n — oc.
Expressions S(t/n)"ug are called Chernoff approzimations to the solution of
the Cauchy problem (3]).

What is new compared with the best known results in the field.
The Chernoff theorem has a long list of applications, but a short list of gen-
eralizations and developments because it is difficult to obtain them. Original
Chernoft’s proof and its variants given in all textbooks known to us are dif-
ficult to generalize. To our current knowledge all contributions to ”theory of
rates of convergence in Chernoft’s theorem” can be found in ﬂﬂ, ] and ref-
erences therein. There are also few “practical” research papers [11, @] that
measure the speed of convergence in particular cases obtained via numerical
simulations. In the present paper we propose a completely new approach
that allows for simpler proofs and more general results. Let us note that if
S(t) is a Chernoff function for operator L, then the speed of convergence of
S(t/n)"f to e f depends both on S(t) and f € F, even if || f|| = 1. Not all
Chernoff functions S(t) and vectors f provide high speed of approximation as
our examples show (see section [2). This is a very important and commonly
not noticed fact: for example in%] estimates in norm operator topology in
the space .Z(F) are considered hence dependence on direction of f is out of
the scope of [25], meanwhile ﬂﬁ] is probably one of the best recent papers on
the topic. In another bright paper E] dependence on f is taken into account
but our theorem [BJ] is much more general because it works for arbitrary
k=1,23,... in (2) and has the form that is very suitable for practical use.
The present paper is a continuation of our research |24, ]

Applications. In the last section of the paper we provide (with full



proofs) an example of application of theorem B.Il which itself is helpful but
can also be used as a template for further applications. As far as we know
this is the first example of a rigorous estimation of the speed of conver-
gence for Chernoff approximations for solution to the Cauchy problem for a
concrete class of equations (second order parabolic equations with variable
coeflicients), see theorem and example In E] one can find many
classes of equations for which solution methods based on the Chernoff ap-
proximations are developed, so we expect many cases for application of our
main theorem Bl One very simple example (rapidly converging Chernoff
approximations for solutions to the heat equation) can be found in ﬂﬂ]

Finally, what this paper is about. This paper is devoted to the study
of the speed of vanishing of the norm of the difference between semigroup
et and its Chernoff approximation S(t/n)". We estimate ||e'L f —S(t/n)"f]]
for a fixed f € F and all large enough n. The main result of the paper is
the theorem B.J1 When we say that arbitrary Banach space F is given, we
assume it to be over fields R or C, all the statements in this setting are true
for both cases.

2. Examples of arbitrary slow and arbitrary fast convergence

Let us first provide examples of arbitrary fast and arbitrary slow con-
vergence. We proposed our first examples of such kind in ﬂﬂ], and now we
develop them.

The following fact should be well known, but a clear short proof is bet-
ter than a reference. The Cy-(semi)group of translations will be basic for
(counter)examples provided in this section.

Lemma 2.1 (On the group of translations). Consider the linear space F =
UCy(R) of all uniformly continuous bounded functions f: R — R with the
uniform norm || f|| = sup,eg |f(x)| which makes UC,(R) a Banach space.
Define (Q(t)f)(z) = f(x +1t) for allt,x € R and all f € UC,(R). Then:
1. (Q(t))ier is a Co-group in UC,(R).
2. The generator (L, D(L)) of the Cy-group (Q(t))ier is given by L =
[F s £, ie. (LA(@) = f/(x) and

D(L) = UCLR) “E™ {f|f, /' € UG,R)}.

From now let us use notation Q(t) = et’.

3. (Q(t))e=0 is a Cy-semigroup in UC,(R) with the same generator (L, D(L)).

8



4. D(L") = UGHR) “E" {f|f. f',.... ) € UGR)}

5. Operator (f — f',UCHR)) is closed in UC,(R).

6. FEach of the spaces UC](R) is dense in UCK(R) and is a core for
(f = f UC;(R)).

7. || =1 for all t € R.

Proof. 1. Conditions Q(0)f = f and Q(t1)Q(t2)f = Q(t1 + to)f follow
directly from the formula (Q(¢)f)(x) = f(z +t). Condition lim,_o ||Q(t)f —
fll = 0 for each f € UCy(R) follows from the fact that f is uniformly
continuous. Indeed, for a fixed f € UC,(R) and € > 0 there exists 6 > 0
such that inequality |¢| < ¢ implies |f(x +t) — f(x)| < € for all x € R, so
1QU)f = fIl = sup,er [ f(x + 1) — f(2)| < & forall Jt] <.

2a. Let us prove that D(L) C UCY(R). Suppose f € D(L) C UCy(R),
then by definition [L2 of a generator we have 0 = lim;_,q || (e! f— f)/t—Lf|| =
lim o sup,eq |(f(z+1) = f(2))/t = (Lf)(2)], s0 ;(f(z+1) = f(z)) = (Lf) (=)
uniformly (hence pointwise) as ¢ — 0. Pointwise convergence implies that at
each « € R function f is differentiable and f'(z) = (Lf)(z). So f' = Lf €
UC,(R). We have thus proved that f, f' € UC,(R), hence f € UCY(R).

2b. Let us now prove that UC}(R) C D(L). To do that we need to
take f € UC}(R) and prove that }(f(z +¢) — f(z)) — f/(«) uniformly in
r € Rast — 0. Let us prove by contradiction: suppose there exists such
g9 > 0 that for each § > 0 there exist such t5 € (=9, ) and such z5 € R that
|%(f(:£5 +1t5) — flxs)) — f'(xs5)] > e0. As f exists, by Lagrange’s theorem
there exists & € (x5, 25 + t5) such that %(f(x(; +ts) — fxs)) = f'(&), so
|f' (&) — f'(zs)| > e0. But |5 — x5] < |ts| < 0 and 6 > 0 is arbitrary so
we have a contradiction with the fact that f’ is uniformly continuous. Then
feD(L).

3. See remark after definition of a generator of Cy-group in B, p. 79].

4. Directly follows from item 2 and definition [L3l

5. Assume that f,, € UCH(R) for all n = 1,2,3,... and f,, — f, assume
that there exists g € UC,(R) such that f; — g. We need to prove that
f € UCY(R) and f’ = g. This all follows from theorems of calculus on
differentiation under the limit sign. Indeed, if f,, converges to f uniformly,
and f/ converges to g uniformly then ¢ is differentiable and f’ = g. The
condition f € UC}(R) follows from the fact that f € UC,(R) and f' = g €
UCy(R).

6. Consider the space Cp°(R) of functions bounded with all derivatives.
Then Cp°(R) is dense in UC,(R) due to lemma 1 in @] Also we have
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CP(R) € UCP(R). So UCP(R) is dense in UC,(R). The fact that the
closure of (f — f,UCH(R)) is (f — f/,UC}(R)) is shown exactly by the
reasoning that we used in the proof of item 5.
7. We have [|e"" f|| = sup,cg | f(z+1)| = sup,cq | f(2)| = || ] so [le"]| = 1
for all t € R.
]

Later we will work with the notion of modulus of continuity. For fixing
notation and details we recall (following M], pp. 168-174) the definition and
some simple facts concerning this notion.

Definition 2.1. For a uniformly continuous function f: R — R its modulus
of continuity is a function wy: [0, 4+00) — [0, +00) defined by the equality

wi(r) = sup |f(z1) — f(x2)].

|x1—x2|<z

Proposition 2.1. 1. Function m: [0,400) — [0,400) is a modulus of con-
tinuity for some uniformly continuous function f: R — R iff the following
conditions i)-iv) hold:

i) m(0) =0;

it) m is non-decreasing: xy > xo implies m(x1) > m(xq);

iii) m is continuous;

i) m is semiadditive in the sense that for all 1 > 0, xo > 0 we have
m(x1 + x2) < m(x1) + m(xs).

2. If i)-iv) hold, then m is a modulus of continuity for itself, i.e. if we
set f(z) = m(x) for x > 0 and f(z) =0 for x <0, then we(x) = m(x) for
all z > 0.

m(z)

Proposition 2.2. If m: [0,4+00) — [0,+00) and function x +—— == is
non-increasing for x > 0, then m is semiadditive, i.e. condition ) of the
proposition [21] holds.

Remark 2.1. If for function f: R — R we have w¢(h) = o(h) as h — +0,
then f(z) = const. Indeed, for each x € R and h # 0 we have

0<[f(z+h)=flx) < sup [f(z1) = flz2)] = wy([R]),

|1 —z2|<|h|

o< et h) = F@I _wrlh)
I I
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so lim = 0 hence lim W =01ie. f'(r) =0foreachz € R
h—0 h—0

hence f(z) = const. This is why for a non-constant uniformly continuous
function f such cases as w;(h) = v/h and w¢(h) = 2h are possible but such
case as wr(h) = 2hV/h is not possible.

‘ flz+h)—f(z)
h

Now let us provide a family of Chernoff functions for the (semi)group of
translations. Function v serves as a parameter in this family and determines
the speed of convergence of the Chernoff approximations.

Theorem 2.1. Consider F = UCy(R) — the space of all uniformly continuous
bounded functions f: R — R with the uniform norm ||f|| = sup,cg |f(2)].
Consider the group of translations (et f)(z) = f(z +1t) in UC,(R) described
in lemma [2Zl  Suppose that function v: (0,+00) — [0,+00) satisfies the
condition lim,_, o v(x) = 0. For each f € UC,(R) define G(0)f = f and

(G f)(x) = flx+t+to(1/t)) for all z € Rt > 0. (4)

Then: 1. For all t > 0 we have ||e'X|| = ||G(t)|| = 1.
2. G is a Chernoff function for (e'L)i>q, i.e. for all T >0 we have

lim sup ||G(t/n)"f — L f|| =0 for each f € UCy(R).

=00 40,17

3. If, additionally, function v is continuous and non-increasing every-
where on (0,+00), then for all f € UCY(R) and all T > 0 we have

sup ||G(t/n)"f — e f|| = ws(Tv(n/T)) for eachn =1,2,3,... (5)

te[0,7
where wy s the modulus of continuity of the function f.

Proof. Before checking the proof please see lemma 2.1 for the properties of
the (semi)group of translations.

1. Ttem 7 of lemma 2.1] states that [[e'l| = 1. It is clear that G(¢) is a
linear bounded operator for each ¢ > 0. For fixed ¢t > 0 we have ||G(¢)f|| =
sup,eg | f(z +1 4 tv(1/t))] = sup,eg [f ()| = [ f]| so |G(£)|| =1 for all £ > 0.

2. It follows from the definition (@) of function G that (G(t/n)f)(x) =
flz+t/n+(t/n)o(n/t) and (G(t/n)" f)(x) = f(x+1+tu(n/t)), so

sup |lef — G(t/n)"f|| = [due to e f —G(t/n)"f=0ast=0] =

t€[0,T
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sup [le™f — G(t/n)"f|| = sup sup|f(z+1) = f(z +1t+tv(n/t))| =
te(0,77] te(0,T] z€R

= [change of variable z +t =y| = sup sup|f(y) — f(y + tv(n/t)).
te(0,7] yeR

Then by changing the order of supremums we obtain:

sup [l f — G(t/n)"fl| = sup sup [f(y) — f(y +to(n/t)].  (6)

te[0,7 y€ER t€(0,7T

Function f € UC,(R) is uniformly continuous so for each € > 0 there exists
such 6 > 0 that for each y € R condition tv(n/t) < § implies inequality
1f(y) — f(y + tv(n/t))] < e. We have n/t > n/T for all t € (0,7], and
lim, 4 v(z) = 0. Soif 2y is large enough to guarantee that Tv(z) < J for all
z > zp, then for all n > T'zy and all t € (0, 7] we have tv(n/t) < Tv(n/t) <9,
which implies |f(y) — f(y + tv(n/t))| < e for all n > Tz, all t € (0,T] and
all y € R. Hence we get

lim sup sup ‘f(y) — fly+ tv(n/t))‘ = 0.
n—oo yER tE(O,T}

This proves item 2 thanks to equality (@).

3. Let us use the equality (6) once more. Thanks to conditions in the
item 3 of the theorem function (0,4o00) 3 x — v(z) is non-increasing and
continuous. So the function (0,7] > ¢ +— tv(n/t) is non-decreasing and
continuous hence it maps the interval (0,7 onto the interval (0,7v(n/T)].
Performing a change of variable 7 = tv(n/t) in (@) we get:

sup [l f — G(t/n)"fl| =sup  sup  |f(y) = fly+7) =
te[0,7 YyER 0<7<Tv(n/T)

=g=y+r,r=v-yl=  sup |[f(y) = f(@)] =wi(To(n/T)),
0<z—y<Tv(n/T)

where w; is the modulus of continuity of function f. Recall that w; is well-
defined because f is uniformly continuous. Item 3 is proved. 0J

With the above theorem we can provide examples powerful enough to
answer rather general questions. The following proposition gives an example
of Chernoff approximations that converge on each vector but do not converge
in operator norm.
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Proposition 2.3. There exists a Banach space F, Cy-semigroup (e'r)i=q in
F with generator (L, D(L)), and Chernoff function G for operator (L, D(L))
such that:

1. lim, oo |G(t/n)" f — e f|| = 0 for all f € F,

2. e =GO =1,

3. for each t > 0 and each n € N there exists f, € F such that || f,|| =1
and ||G(t/n)" fo — e full = [ fall s0 [|G(t/n)" — e[| =140 asn — oo.

Proof. Indeed, consider F = UCy(R), (e'L f)(z) = f(z+t), and set v(t) = 1/t

in theorem 2.1 then (G(t)f)(z) = f(z +t + tv(1/t)) becomes (G(t)f)(x) =

f(x+t+t?) and item 2 of theorem R T]says that lim,, o [|G(t/n)"f—e!L f]| =0

for all f € F. Item 1 is proved. Item 2 holds due to item 1 of theorem 2.1l
Let us prove item 3. Suppose that t > 0 is fixed and define

0 for <0
falz) =4 &z for 0 <z <t*/n,
1 for x> t*/n.
Then

0 for x+1 <0,
(" f)(@) = falz+1) = Z(z+t) for 0 <z+t<t?/n,
1 for o+t >t*/n.

for = < —t,
(x+t) for —t<z<t®/n—t,
for o >t*/n—t.

(€ F.)(2) = fulx +1) = {

It directly follows from (G(¢)f)(x) = f(z + t + t*) that (G(t/n)f)(z) =
flx+t/n+ (t/n)?) and (G(t/n)"f)(x) = f(x +t+1?/n) for all f € F. So

0 for x < —t —t*/n,
(G(t/n)" fu)(x) = #(@x+t+t*/n) for —t—t/n<z<t*/n—t—1t*/n,
1 for @ >t*/n—1t—t*/n.
0 for x < —t —t*/n,
(G(t/n)" fo)(x) =< Fo+n/t+1 for —t—t/n <z <—t,
1 for x > —t.

Then for z; = —t we have (e'“f,)(z;) = 0 and (G(t/n)"f,)(z;) = 1, so

e fro = G(t/n)" full = supger [(€ fo)(x) — (G(t/n)" fu)(x)] = [0 = 1] = 1.
Item 3 is proved. O
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Proposition 2.4. For an arbitrary non-increasing continuous function v: (0, +00) —
[0, +00) wvanishing at infinity at arbitrary high rate (e.g. v(z) = (1 + x)7k,

v(z) = e, v(z) = e ) there exist Cy-semigroup (e'L);>o with genera-

tor (L,D(L)) in Banach space F, Chernoff function G and vector f € F

such that f ¢ D(L) but the speed of convergence of Chernoff approximations
G(t/n)"f is arbitrary high, i.e. for all T > 0 we have supyeoq |G(t/n)" f —

el fl| = Tv(n/T) for alln = 1,2,3,... such that Tv(n/T) < 1. Moreover,

we have |[etL|| = [|G®#)|| = || f|| = 1 for all t > 0.

Proof. Indeed, set F, (e'")i>p, G as in theorem 2] and define f(z) =
max (0, min(z, 1)) for all z € R. Then f is not differentiable at 0 so f ¢ D(L),
and wy(z) = z for x € [0, 1], hence proposition is correct thanks to item 3 of
theorem 2.1 O

Remark 2.2. It is possible to show that after a slight modification of propo-
sition [2.4] there exists not only f ¢ D(L) on which the speed of convergence
is arbitrary high, but also vector g € F on which the convergence is arbitrary
slow.

Proposition 2.5. There exist Cy-semigroup (e'*)i>¢ in Banach space F,
Chernoff function G and vector f € F such that f € ﬂ;?‘;lD(Lj) but the
speed of convergence is arbitrary low, i.e. for arbitrary chosen non-increasing
continuous function u: (0,+00) — [0,400) vanishing at infinity at arbitrary
low rate (e.g. uw(x) = (14+2)"Y* w(x) = 1/In(z+e), u(z) = 1/ In(In(z+e°)))
and all T > 0 we have sup,cjo 7y [|G(t/n)"f — e f|| = Tu(n/T) for all n =
1,2,3,... such that Tu(n/T) < 1. Moreover, we have || = ||G(t)|| =
|fll =1 forallt > 0.

Proof. Indeed, set F, (e'!);>0, G as in theorem 2T} v = u and define

2 for = > 3,
)z for x € [0, 1],
)= C*>-continued with 0 < f(x) <1 for z € [1,3],
—f(—x) for x <0.

Each derivative of function f is continuous on R and vanishes outside [—3, 3],
and so it is bounded; hence f € N2, D(L7). Also wy(z) = = for = € [0, 1];
hence the proposition is correct thanks to item 3 of the theorem 211 O
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Remark 2.3. The examples above given show that even in a very natural
and simple setting we should not expect the convergence in the operator
norm ||S(t/n)" — e*|| — 0 as n — oo. Instead, in general setting (i.e.
under conditions of the Chernoff theorem [[T) we have only convergence
|S(t/n)"f — e f|| — 0 as n — oo on every vector f, and this convergence
may be arbitrary slow, so we need to choose the vector f and the Chernoff
function S wisely if we want to have fast convergence.

In the next section we provide conditions that guarantee high speed of
convergence of Chernoff approximations. Under some conditions we show
that if S(0) = I, S'(0) = L, S"(0) = L2,...,S(™(0) = L™ and the difference
St)f — > i t"L¥/k!f is estimated properly on a suitable set of vectors f,
then ||S(t/n)"f — 'L f|| behave as 1/n™ or close to it, depending on how we
estimate the difference S(t)f — Y - t*L*/k!f.

3. Estimates for fast convergence (main result)

We start from the simple, purely algebraic lemma that establishes the
decomposition that is basic for our approach.

Lemma 3.1. Let Z and Y be elements of a ring with associative (but maybe
non-commutative) multiplication with unity (e.g. Z and Y may be linear,
everywhere defined operators mapping some linear space into itself). Then
the following equality holds:

n—1
7y =Y zr Nz - Y)Yk (7)
k=0
Proof.
n—1 n—1 n—1
Rhs. =Y Z' "Nz -y)Yt=> zrtyk N " znhlyhtt =
k=0 k=0 k=0

n—1 n—2
_ (Znyo _'_Zzn—kyk) . (Z Zn—j—lyj—l—l + Zn—(n—l)—lyn—l-l—l) j:i—l

k=1 Jj=0
n—1 n—1
=Z" 4> 2R N2y Yyt = 27— Y = Lhs. O
k=1 k=1
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This lemma has the following corollary regarding the high speed of con-
vergence of Chernoff approximations.

Lemma 3.2. Suppose that the following three conditions are met:

1. Co-semigroup (e'F);>q with generator (L, D(L)) in Banach space F is
gwen, such that for some My > 1, w > 0 and T" > 0 the inequality
|etl]| < Mye®t holds for all t € [0,T].

2. There exists a mapping S: (0,T] — L (F) such that for some constant
My > 1 the inequality || S(t)*|| < Maye*™t holds for all t € (0,T] and all
k=1,2,3,....

3. Numbers m € {0,1,2,...} and p € {1,2,3,...} are fived. There exists
a (e')>o-invariant subspace D C D(L™P) C F (i.e. (e')(D) C D
for any t > 0) and functions C;: (0,T] = [0,+00), j =0,1,...,m+p
such that for all't € (0,T] and all f € D we have

m-+p

[S(t)f — e fl| < e+ ZC WL - 8)

Then for all t > 0, all integer n > t/T and all f € D the following estimate
18 true:

My Myt Hient L |
—— > G/ (9)

Jj=0

IS(t/n)"f — e £l <

nm

Proof. Setting Z = S(t/n),Y = e®™L in formula () we obtain

-1

Z (1)1 (S(t/n) — €W/L) (/L) fH

k=

15(t/nynf — et ) LD

i
L

< St Sty — ey etomiyf g

Z'?'

-0
[here we put (e*/™ ) in the place of f in ()]

—_

< > lIs@/m= )

3

tm—l—l +p

e ZC’ (t/n) ’

-

B
Il
o

16



[here we use the fact that Cp-semigroup (e'%);>o maps D into D and commutes
with L7]

n—1 tm-‘rl m+p b

= Yo lISt/my | g 3 Gt/ || (1) 1|
k=0 n =0
n—1 tm m—+p

< > |Ist/n)mt) - g le™/mE S it/ L | <
k=0 7=0
n—1 tm+1 m—+p .

< M26(n—k—l)wt/n . W w(kt/n) Z C](t/n)HL]fH _
k=0 =0

tm+1 m+p )
_ZMI et/ S G m| ) =

Jj=0

m+1 m+p

t .
= M, M, eth et/ | L ).
n
j=0

O

Usually an a priori estimate in the form () is not known. To overcome
this problem we recall in the following lemma [3.3] one fact which is most likely
known but a short proof is better than reference. Using this fact, one can
obtain (8) studying only the norm of difference between S(t) and its Taylor’s
polynomial because, as we will see now, €' can also be approximated by (the
same!) Taylor’s polynomial.

Lemma 3.3. Let F be a Banach space, let (e'")>o be a Co-semigroup in
F with generator (L, D(L)). Then for allt > 0, all m = 0,1,2,... and all
f € D(L™) we have the following formulas, where the integral is understood
in Bochner’s sense:

m

tkLk t (t o S)m
tL sL rm+1
f= E +/0 R L™ fds, (10)

th i tkLk

t m+1 sL
. ) 11
' s et A
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Proof. Denote Q(t) = e'L. By definition of the generator of a Cy-semigroup
(see definition [[L2), function t — Q(t) f is differentiable at t = 0iff f € D(L),
and Q'(0)f = Lf. By the semigroup composition property (see definition
L) this implies the differentiability of this function at all ¢ € [0,400).
The derivative at arbitrary time ¢ > 0 can be found (using only the above-
mentioned definitions) as follows:

Q0)f = lim (Q(t +h)f ~ Q1)) = Tim H(QQMf — Q1)) =

h h—+0 h

— Q1) Tim QS — f) = QOQO)f = Q(1)LS.

h—+0 h

So the derivative is expressed in terms of the semigroup. Then for f &
D(L) function ¢t — Q'(t)f = Q(t)Lf is differentiable at ¢t € [0, +o0) iff
Lf € D(L) which is equivalent to f € D(L?); moreover, Q"(0)f = LLf =
L?f. Repeating this argument we see that function ¢ — Q(t)f is k times
differentiable at t € [0, 4o00) iff f € D(L¥); for such f we have Q¥ (¢)f =
Qt)LFf.

General Taylor’s formula ﬂ, th. 12.4.4] after rescaling reads as

m 1 t
F(t)=F(0)+ F'0)t+ -+ —F™0)+ — [ (t—s)"F™(s)ds,
m! m! J,
and for F(t) = Q(t)f = et f, F®(t)f = e* L* f becomes (I0).
Formula ([IIJ) is a simple corollary of (I0). O

Now we are ready to state and prove the main result of the paper.

Theorem 3.1. Suppose that the following three conditions are met:

1. Co-semigroup (e'F);>q with generator (L, D(L)) in Banach space F is
gwen, such that for some My > 1, w > 0 and T" > 0 the inequality
|etL]] < Mie*t holds for all t € [0,T).

2. There exists a mapping S: (0,T] — ZL(F) (i.e. S(t): F — F is a
bounded linear operator for eacht € (0,T) such that for some constant
My > 1 the inequality ||S(t)*|| < My holds for all t € (0,T] and all
k=1,2,3,....

3. Numbers m € {0,1,2,...} andp € {1,2,3,...} are fized. There exist
a (e'F)ip-invariant subspace D C D(L™P) C F (i.e. e't(D) C D for
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any t > 0, for example D = D(L™'P) is well suited) and functions
K;:(0,7] = [0,400), j =0,1,...,m+ p such that we have

m m—+p
H tkka H < gt Z K |L]f|| (12)

for allt € (0,T] and all f € D.
Then the following two statements hold:
1. For allt >0, all integer n > t/T and all f € D the estimate is true:

Mleth wt X

IS(t/n)" f — e fI| < ZC (/L £, (13)

where Cpiq(t) = Ky (H)e ™ + My/(m + 1)! and C;(t) = K;(t)e ™
for all such j € {0,1,....,m+ p}, that j #m + 1.

2. If D is dense in F and for allj = 0,1,..., m+p we have K;(t) = o(t™™)
as t — 40, then for all g € F and all T > 0 the following equality is

true:
lim  sup ||[S(t/n)"g—e"g| =0. (14)

T/T<n—o0 te(0,7]

Proof. 1. With the help of estimate (I2]) and lemma for each t € (0,7]
and each f € D C D(L™P) we have

tk‘ kf‘

m L kTk

k=0 :
< tm*lnipff-(t)nwn - ﬂnm“fn ssup [[e*| <
- - J (m+1)' se[(fﬂ -

(m

where Cy,i1(t) = Kppi(H)e ™ + My /(m + 1)! and C;(t) = K;(t)e ™" for
j # m+ 1. Now we see that conditions of lemma are satisfied, so (@)
is true with C;(t/n) replaced by e**/"C;(t/n). Then (I3) follows from ().
Item 1 is thus proved.

m—+p _ Mlewt mtp .
<! (Z Ky + WHL’”WI') = S ey (1)1,
j=0 ’ =0

19



2. Suppose that arbitrary ¢ € F, T > 0 and € > 0 are given. It is
sufficient to find such integer ny > 7 /T that for all n > ny and all t € (0, 7]
we have [|S(t/n)"g — e'Fg| < e.

The set D is dense in F, so for any § > 0 there exists such f € D that

|f—gll < 0. Then, using inequality (I3]) from item 1 proven above we obtain
forallt € (0,7] and alln =1,2,3,...

IS(t/n)"g — egll <
< [IS(t/n)"g = St/n)" Il + [1S(t/n)"f — e fll + [le f — gl <
< IS@/n)" [l llg = FI+ 1S@E/n)"f — e fll +lle™| - [Lf — gl <

m—+p
M1 Mgtm+1 €wt

D Cit/mILf]| + Mye's <

J=0

< M26nwt/n5 +

nm

m—+p
< (My+ Mo)e" 5+ MyMyTe™ Y (t/n)"Cy(t/n)|| L £

=0
Let us choose ng > 7 /T such that

m+p
M MeTe™ Y (/)™ Cy(t/n) | L fI] < /2

j=0

foralln > ng and t € (0, T (such ng exists due to lim,,_, C;(t/n)(t/n)™ =0
thanks to condition K;(t) = o(t™™) whent — +0 forall j =0,1,...,m+p).
Then taking § = ce™7 /(2M,+2M,) we get: ||S(t/n)"g—elg| < /2+¢/2 =
e for any n > ng and ¢ € (0, 7]. The theorem is thus proved. 0

Remark 3.1. Condition ||S(¢)¥|| < Mye*** may seem difficult to obtain,
but if we have the estimate ||S(t)|| < e*! then ||S(¢)*|| < Mye*™! is true for
M2 - 1

Let us consider a particular modeling example.

Example 3.1. Suppose that 0 < & < 1 and for all t € (0;1], all f € D(L?)
we have [le|| < e, [|[S(t)|| < €', [|S(t)f — f —tLf — FL2f|] < 22| L3 ]
Then in the theorem[31 we can take D = D(L3), m =2, My = My = w = 1,
Ko(t) = Ki(t) = Ks(t) = 0, K3(t) =t for any t € (0;1]. So the estimate
(I3) of theorem [ states that for any fized t > 0 the following estimate is
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true for all f € D(L?) and all integer n > t, having the following asymptotic
behaviour as n — oo:

3et e—1 1
Ien s = el < S (e (£) 7 )1 <

t2+€ t3 t2+€et 1
t 3 _ 3
<ot g 111 = oI 4 ().

A more meaningful example of the usage of the theorem Bl can be found
in the proof of theorem in the next section.

4. Example of application of the main result

In this section we will show how one can use theorem B.I] in practice. In
subsection .2l we consider a second-order parabolic (diffusion type) equation
and show that the solution of the Cauchy problem is given by a Cy-semigroup.
After that we take one of the known ] Chernoft functions for its generator
and prove the estimates of speed of convergence of the Chernoff approxima-
tions using theorem B.11

4.1. First step: estimation of derivatives in terms of a second-order differ-
ential operator

First, we prove theorem [4.1] on estimation of the norms of derivatives of a
function via the norms of powers of a second-order differential operator. To
do this, we need the following two lemmas.

Lemma 4.1. For each twice differentiable function u: R — R and any h > 0,
the inequality holds

sup [u'(z)] < h - sup [u”(z)] + L sup |u(z)]. (15)

zeR zeR h zeR
Proof. Let us expand the function u using the first-order Taylor formula at
the point x € R for the increment 2h with remainder in Lagrange form:
uw(x +2h) = u(x) +u'(x) - 2h +u"(€) - (2h)?/2, where £ € (z, 2+ 2h). Express
the derivative from this formula: v/'(z) = —u"(€)-h+ (u(x+2h) —u(x))/(2h).
Taking supremums (with respect to z € R) of the absolute values, we get the
estimate ([IH]). O

21



Lemma 4.2. Let g € {1,2,3,...}, the functions a,b,c: R — R be differen-
tiable (2q — 2) times, the operator A maps every twice differentiable function
u: R — R to the function Au = au” 4+ bu’ + cu, and the function v: R — R
be differentiable 2q times. Then the following three statements are true:

1) the function A% can be written as

2q—1
A%y = a®?? 4 Z pi - v, (16)
i=0
where functions po, ..., pag—1 are some homogeneous polynomials of degree q

of the functions a, b, ¢ and their derivatives of order no higher than 2(q—1);
2) the following inequality holds:

2q
[A%]| <> Ci- o], (17)

where C; = ||pi|| fori=0,...,2¢ —1, and Cy = ||a||?;
3) in the case inf,cg |a(z)| > 0 the following estimate is correct:

o)) < ||| -1 Al (18)

Proof. 1) The equality (@) will be proved by mathematical induction on q.

The base case: ¢ = 1. In this case, A% = Av = av” + b’ + cv, so (1G] is
true with pg = ¢ and p; = b.

Induction step: ¢ — ¢ + 1. Let us assume that the statement 1) of the
lemma is true for the number ¢ € {1,2,3,...} and show that it remains true
when replacing g with ¢ + 1.

Substituting the function v by Av in (I0), we get:

2q—1
ATy = AY(Av) = a? - (Av)®) + ) " p; - (Av)D =

1=0

2q—1

— 4l ((Cw")@q) + (b)) £ (v (2q) Zpl ( + () 4 (Cv)(i))
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Next, using the Leibniz formula (uv)® = ' =0 Cul=Dy) in each term of
the right hand side and selecting separately the first term we find:

2q—1
ATy — qat1,(2a+2) 4 Z achqa(2q—j)v(j+2)+
=0

Zaqcﬂ < p2a=) )G +1)  (2a—9) (J)>_|_

2q1 i

n Zp ch < P o pli=3) )G+ C(i—j)v(j)>.

This shows that the function A"y can be written in the form similar to (I6):

2q+1
ATy — qatly(20+2) 4 E - ’U(Z),
i=0
where functions 7y, ..., 72.4+1 are some homogeneous polynomials of degree

q+ 1 of the functions a, b, ¢ and their derivatives of order no higher than 2q.
Thus, the induction step is completed and the statement of item 1) of the
lemma is proved.

2) Inequality (I7) immediately follows from the formula (IG).
3) Expressing the function v?? from the equality (I6]) and evaluating its
norm, we obtain the required inequality (IS]). a

Example 4.1. For q = 2, the decomposition ([IQ) has the following form:

Aty = A% = (av” + ' + cv)’a + (av” + ' 4 cv)' b+ (av” + b’ + cv)e =
= a*v"V + (2ad’ + 2ab) - V" + (ad” + a'b+ b* + 2ab + 2ac) - v+
+ (ab” 4 bb' + 2ac + 2bc) - v' + (ac” +bc + %) - v

The following theorem helps use theorem [3.1]

Theorem 4.1. Suppose n € {0,1,2,...}, the functions a,b,c: R — R are
differentiable 2| (n — 1)/2] times and the inequality inf,cr |a(z)| > 0 holds.
Suppose, in addition, that the operator A maps each twice differentiable func-
tion u: R = R to the function Au = au” + bu’ + cu. Then there exist non-
negative constants Co, C1, . .., C|(nt1)/2], sSuch that for any 2| (n+1)/2] times
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differentiable function v: R — R, the following inequality is true:
L(n+1)/2]
™)< > Crll Al (19)
k=0

Proof. We apply the induction on parameter n.

1) The base case: n = 0. In this case (I9) has the form [|v|| < Cyl|v|, so
we can take Cy = 1.

2) The induction step. Let the statement of the theorem be proved for
all n < m — 1. We must prove it for n = m.

Consider two possible cases: m is odd and m is even.

2.1) Let m be odd. Then putting v = v™~ in lemma EI] we have for
any h > 0:

1
[0 < Al 4 o ™0, (20)

According to item 3) of the lemma [1.2 with ¢ = (m + 1)/2 the following
inequality is satisfied for some nonnegative constants ay, . .., Q,:

m 1 m i
o0 < || - BA 20l + 3 o)
i=0
Inserting this inequality into (20) we get:

0™ ||<hH || 1A ﬁvH—i—ZhaZHv(l |+

+ (haor + )||v<m )|+ B [0

From here we have:

(m+1)/2

(1 = B )|[0™ y|<hH

m—2
A+ 3 oo+
=0 (21)

1
+ (ham_1 + E) H’U(m_l)H

Choose h > 0 so that 1 — ha,, > 0 (we can take h = 1 when «a,, = 0, and
h =1/(2a,,) when ay,, > 0). Then, expressing ||v™| from (2II), we get that

for some nonnegative constants fy, . .., 5,,_1 the following estimate is correct
m—1

[ < Bl AT 0]+ Bifl). (22)
i=0
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Due to the induction assumption, all values [[v®|, i = 0,...,m — 1 that
are included into the right-hand side of (22), can be evaluated via linear
combinations of the values ||[A*v||, k = 0,...,(m — 1)/2. So, from 2) it
follows that for some nonnegative constants Cy, ..., Cyuqry2 the following
needed estimate of the type (9] is true:

(m+1)/2
< Y Crll ARl
k=0

2.2) Let m be even. Then, according to item 3) of the lemma with

g = m/2 we have for some nonnegative constants ayg, ..., py_1:
1 m—1
161 < | |- B 2ol + X el (23)
Due to the induction assumption, all values |[v®|, i =0,...,m — 1 that are

included into the right-hand side of (23]), can be evaluated via linear com-
binations of the values ||A*v]|, k = 0,...,m/2. So, from ([Z3) it follows that
for some nonnegative constants Cy, ..., Cy, /s the following needed estimate
of the type ([I9) is true:

m/2

[ <> CillA*ol.

k=0

So the induction step is done for both cases (m is odd and m is even).
Then the inequality (I9), and with it the whole theorem F1] are proved. [

4.2. Second step: estimation of the rate of convergence of Chernoff approzi-
mations to solution of second-order parabolic PDEs

Now, using theoremsB.I]and [A.T], as well as the results of the book m], we
prove a theorem on the approximation of solutions to the Cauchy problem for
second-order parabolic partial differential equations (PDEs) via the Chernoff
function.

Recall that we use notation UCy(RR) for the Banach space of all real-valued
bounded uniformly continuous functions on R. Similarly, UC}'(R) denotes
the space of all such functions u € UC,(R), that u/, ..., u™ € UC,(R). Let
us denote by symbol HC,(R) the space of all Holder continuous functions
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u: R — R. Next, for each n € {1,2,3,...} let us denote by symbol HC}'(R)
the space of all such functions u € HC,(R), that o/, ..., u™ € HCy(R). We
denote by symbol C;°(R) the space of all real-valued functions on R bounded
with all derivatives.

Remark 4.1. It is clear that C;°(R) € HCP(R) C UCP(R) C UCy(R). So
the spaces HCJ'(R) and UCy(R) are dense in UC,(R), because Cp°(R) is
dense in UC,(R) (this is proved e.g. in @, lemma 1]).

Theorem 4.2. Suppose that the following three conditions are met:

1.

Numbers m,q € {1,2,3,...} are fized, and ¢ = 2| (¢+1)/2]. Functions
a,b, ¢ from the class HC;™ ™ 7*(R) are given, such that inf,cg a(x) > 0.
Operator A on UC,(R) with domain D(A) = HCZ(R) is defined by the
formula Au = au” + bu' + cu.

Numbers T > 0, M > 1 and ¢ > 0 are given. For any t € (0,T]
bounded linear operator S(t) on UC,(R) is defined such that ||S(t)¥|| <
Me*t for any k =1,2,3,. ...

There exist constant o < 1 and nonnegative constants Ko, K1, ..., Kopmq
such that for all t € (0,T) and all f € UCS™ (R) we have
s -3 | <o 3w 24
=0

Then the following three statements hold:

1.

The closure A of operator A in Banach space UCy(R) is a generator of
Cy-semigroup ()10 in UCH(R), and the condition, ||e'| < e for all
t >0 is satisfied, where 7y = sup,cp c(x).

Let w = maz(o,7,0). Then nonnegative constants Cy, C1, ..., Comig
exists (which are independent of t, T and n) such that for allt > 0, all
integer n > nay (where ngy = t/T if « = 1 and nyy = max(t/T,t) if
a < 1) and all f € UCZ™(R) we have

Mo pwt 2m+q
[S(t/n)"f — || < e Z Cill - (25)
If « > 1 —m then for all T > 0 and all g € UCY(R) the following

equality is true:

. n tA _
T/Thgrfll_)o%es(%% HS(t/n) g—elgll=0. (26)
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Proof. 1). The proof of the first statement is divided into two parts.

1.1) First, assume that ¢(z) < 0 for all x € R. Then because of @
theorem 8.2.1 on p. 111 and corollary 8.3.1 on p. 114] for any function f €
HCy(R) the equation wj(t, ) = Au(t,-), t > 0 has a unique solution u(t,-) =

up(t,") € HCZ(R), t > 0, such that limy_ ¢ ||us(t,) — f|| = 0. Moreover, for
all ¢ > 0 the inequality ||uf( I < ||| is satisfied. Based on the above, for
any function f € HCW(R) let Q(t)f = uys(t, ) ift > 0and Q(¢)f = fif t = 0.
Thus, the following relations will be fulfilled

Q) ), =AQ()f) forallt>0andall f e HCW(R), (27)

Q(t)f € HC}R) for allt > 0 and all f € HCy(R), (28)

thIEOQ(t)f = f forall f e HC,(R). (29)

Since the solution wu is unique, then for all ¢,s > 0, and all f € HCy(R)

the semigroup property Q(t + s)f = Q(t)Q(s)f holds. So, (Q(t))i0 is a
Co-semigroup on the space HCy(R), with estimate ||Q(¢)|| < 1 for all £ > 0.

Due to HCy(R) being dense in UC,(R) (see remark [.T]), the operators
Q(t) for any ¢ > 0 can be continued by continuity over the whole space
UCy(R), preserving the norm. So we get that (Q(t)):>o is a contraction
Co-semigroup on the space UC,(R).

Let’s show that the generator L of the semigroup (Q(t)):>o coincides with
the closure A of the operator A. To do this, first recall (see definition 1.2 or B,
lemma 1.1]), that D(L) = { € UCy(R) | 11m8_>+0(Q(s)g0—<p)/s exists}, and
Lo = lim,,1o(Q(s)p — ¢)/s for any ¢ € D(L). Let f € HCW(R) and ¢ > 0.
Then by virtue of semigroup property and the equality (27]) we have:

QWS -QWS | Qt+s)f - QWS _

s—40 S s—40

8D Qu ).

From this it follows that

Q(t)f € D(L), L(Q(t)f) = A(Q(t)f) for all £ >0, f € HCy(R).  (30)

Now let us assume that f € HC?(R) € HCy(R). Thanks to ﬂﬁ, re-
mark 8.3.2 on p. 114] we have: A(Q(t)f) = [Q(t)](Af) for all t > 0. Then
from this and from the formulas ([B0), (29) the continued equality follows:

tim 2(Q(1/n)f) ™ ED tim A(Q(1/n)f) = lim [Q(1/m))(AS) " E

n—oo n—oo ’fL—)

Af.
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So for each f € HC?(R) the following two relations are correct:

lim LQ(1/n)f) = Af and  lim Q(1/n)f = f.
Since the generator L is closed B, theorem 1.4], it follows that f € D(L) and
Lf = Af. Thus, the restriction of the operator L to the subspace HC?(R)
matches the operator A, i.e. L{yczm = A

Subspace HC%(R) is invariant under the semigroup (Q(t))¢>o (by virtue
of [28)), and is dense in UC,(R). Therefore according to N;ZJ, prop. 1.7 of
ch. 2], subspace HCZ(R) is the core of the generator L. According to the
definition of the core (see definition [[L4] or [5, def. 1.6 of ch. 2]) this means
that HCZ(R) is dense in D(L) for the graph norm ||z||; = ||z||+ || Lz||. From
this and from the equality L|yc2@) = A it follows that L = A.

1.2) Let us proceed to the general case, where the function c¢(x) can
have its sign changed. By virtue of the equality v = sup,cg c(z) we have
c(x)—~ < 0forall z € R. Using the results of item 1.1) of the proof for linear
operator (A—~)u = au”+bu'+(c—~)u, we get that the closure A — v = A—~
of operator A — v is the generator of Cp-semigroup (e!A=)),5y in Banach
space UC,(R), and the condition ||e*~7|| < 1 holds for all ¢ > 0. Hence the
operator A is the generator of Cy-semigroup (e A)t>0 (et etA= )40, and
the condition ||| < e holds for all £ > 0. So the first statement of the
theorem is proved.

2). It follows from theorem ATl that for any ¢ = 0,...,2m + ¢ there
exist nonnegative constants Cj,Ci1, ..., Cj |(i4+1)/2), such that for any f €
UC?™ (R) we have

[(i+1)/2]

LF2I < Z Cill A f])-

From this and from the inequality (24]), the relations follow:

2m-4q | (i+1)/2]

m kAk
Jsor -3 S| < Y Y BN -

k=0
me+((g+1)/2] ' mtla+D)/2) _
_ pmta Z aj|| AT f|| = ! Z KA £, (31)
=0 =0
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where «; is some nonnegative constant and K;(t) = «;t*! for any j =
0,1,...,m+ [(¢+1)/2].

Subspace UC2™ (R) is (Q(t))=o-invariant due to (28), and is dense in
UCy(R) due to remark Il So, taking into account item 2 of condition and
proved statement 1 of this theorem, we see that all the conditions of theo-
rem B0] are met with 2 = UC;"™(R). Then, it follows from the inequal-
ity (03] of theorem Bl that for any ¢ > 0, any n > t/T and any f € chmw
we have

A gt HLEED/2)

Y. Bit/mA

J=0

IS(t/n)"f = e fl <

nm

where 3;(t) = K;(t)e ™" < a;t® ! for j # m+1and By,41(t) = K1 (t)e i+
1/ (m+1)! < apat* +1/(m+ 1)\ Tt is clear that if « = 1 or ¢ < 1 then
Brp1(t) < (myr + 1/(m + 1)t~ Consequently, for any ¢ > 0 and any
integer n > n,,; the following inequality is true:

g o M D
[S(t/n)"f —e " f]| < it Z Vil A ],

J=0

where v; = a; for j # m+ 1 and y,,41(f) = @1 +1/(m + 1)L

From this and from item 2) of lemma [1.2] it follows that for some non-
negative constants Cy, C1, ..., Cayigq which are independent of ¢, 7" and n,
the inequality (2H) that we are proving holds:

tm-‘,—a wt 2m+q

I1S(t/n)"f — e f] < —nira Z Cill F1I.

3). Equality (26) follows from the estimate (BII), from the relations
K;(t) = at* ' =o(t™™)ast — +0forall j =0,1,...,m+ [(¢+1)/2], and
from the equality (I4]) in the statement 2 of the theorem [B.11 O

Here is an example of using theorem for one concrete Chernoff func-
tion, which was presented in ﬂ%ﬂ

Example 4.2. Suppose that functions a,b,c € HCZ(R) are given such that
inf,cr a(z) > 0. For each u € UCE(R) set

Au=au" +bu' + cu (32)
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and for each t > 0, each f € UC,(R) and each x € R set

(SON) = 17« +2v/a@)t) + 1 (x — 2v/al@)r) +

1 (33)

+§f(3: + 2b(2)t) + te(z) f ().
Then there exist nonnegative constants Cy, C1, ..., Cy such that for allt > 0,
alln € {1,2,3,...} and all f € UCY(R) the following inequality holds:

IS(t/n)" f — e f|| <
2¢llelt
<

(Coll £l + CLll Il + Coll £ + Csll £l + Call £7711).

Proof. 1) Set m =1, ¢ = 2. Then ¢ = 2 and item 1 of the condition of the
theorem is met.

2) Let us estimate the norm ||S(¢)f|| for any ¢ > 0 and any f € UC(R)
using the formula (B3]):

f<x+2m>‘ —sup‘f(a:—Q\/ )‘

rzeR

1
IS < 50

+sup | f(x + 2b(x) )1)] + tsuple(z)| - sup | (@)] <

zeR

illf!l+—!|f||+—||f!|+t||0|| LFIl= (L tlell) - A1 < el £l

So ||S()|| < elllt and ||S(t)*|| < e¥lélt for any ¢ > 0 and any k € {1,2,3,...}.
Then item 2 of the condition of the theorem [4.2]is met with M =1, 0 = |||
and any 7" > 0.

3) Let’s take any function f € UCy(R) and expand [S(¢)f](z) in powers
of t > 0, using Taylor’s formula with remainders in Lagrange’s form. Then
we have for some real & = & (t, ), & = &(t, ) and &3 = &5(t, x):

(i +2v/al)t) = £(2) + £/@) - 2/al@) + 37"(x) - (2/al)t) +
b (2ﬁ )+ 5 (&) (2v/aton)
f(z = 2v/a@)t) = f(x) - 2W+ L@ - (2v/aton) -
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@) (2Valor) + oo @) - (2v/al)

f@+2b(z)t) = f(x) + f'(z) - 2b()t + %f”(&a) - (2b(2)t).

Therefore, using these three equalities together with ([B3]) we get the following
expression for [S(t)f](x):

SOf1(x) = F(@) + tlale) /() + ba) ' (x) + (o) f ()] +
DT (1) 4 7 () + 00?65

So, taking into account the formula (B2]), we come to the inequality

: (34
+t

2
sty — ¢ +eani < (X o).

Then last item (item 3) of the condition of the theorem [.2lis met with o = 1.

4) Further, using item 2 of the asserting part of the theorem [1.2 we get
that for all ¢ > 0, all n = 1,2,3,... and all f € UC}(R) the estimate

I1S(¢/n)"f — € f] <

2ellellt
<

— (Goll £+ L+ Call 71+ Call I+ Call 7))

is true for some nonnegative constants Cy, C4, Cy, Cs, Cy. O
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