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Abstract. The present paper discusses a method for finding self-consistent external influ-
ences on a nonlinear oscillator that lead to the phenomenon of resonance as in the linear case.
It is shown that for bounded nonlinear systems it is possible to find such a self-consistent exter-
nal force. To illustrate the search for self-consistent external influences, the simplest nonlinear
systems are selected.

Introduction. Resonant phenomena in linear oscillatory systems are well studied and
described in all books on general physics and oscillation theory. If the external force fre-
quency coincides with one of the partial natural frequencies of the linear system, the oscillation
amplitude in the absence of attenuation increases according to the linear law and can reach
significant values, thus, leading to the structure destruction. In the case of nonlinear systems,
the monochromatic effect does not lead to a significant increase in the oscillation amplitude,
since their frequency depends on the amplitude and, consequently, the equality of the frequen-
cies of the external force and natural oscillations is violated. This problem was encountered
during the construction of the first cyclotrons [1], [2]. As a result, the resonance curve becomes
limited and asymmetric with respect to the linear oscillation frequency. This process in weakly
nonlinear systems is also well described in literature; see, for example, [3], [4], [5], [6].

One of the ways to overcome the movement of the natural frequency of a nonlinear system
from resonance is to control the external force by adjusting its frequency to the local natural
frequency. Such a mechanism is called autoresonance, it has become widespread in discrete [7]
and distributed systems [8], [9].

The purpose of this study is to search for self-consistent external influences that make it
possible to swing oscillations in nonlinear systems. Here we will limit ourselves to the simplest
nonlinear oscillator models and show that it is possible to select limited external influences that
lead to the resonant phenomena similar to those existing in the linear system.

Self-consistent source in a bounded nonlinear oscillator. Let us consider the follow-
ing bounded nonlinear system which are described by the equation:

d2u

dt2
+ u+ F (u) = 0 (1)

where F (u) is some continuous nonlinear function. We will consider the nonlinearity
bounded by |F (u)| < F0, F0 ∈ R, F (0) = 0 and F (u) → µu2 for u → 0, µ ∈ R, for the
nonlinearity to be infinitely small of a higher order than u, in order for a linear resonance to
be obtained in this neighborhood with a sinusoidal effect with a unit frequency.

Then, instead of solving this equation, we can assume that we will be able to obtain a
resonant solution, as in the linear case, due to an some external force f(t).

d2u

dt2
+ u+ F (u) = 2 cos t+ f(t) (2)
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Assuming that the solution of this equation is u(t) = t sin t, we can find out expression for the
function f(t):

f(t) = F (t sin t)

The resulting external force is continuous and limited, but not monochromatic, as in the linear
case, but with a wide spectrum.

Examples of finding a self-consistent source. As an illustration of this approach, we
chose a system with sinusoidal nonlinearity (3), as well as with saturation-type nonlinearity
(4).

d2u

dt2
+ u+ a sin2 bu = 0 (3)

The phase portrait of system (3) consists of a finite number of alternating centers and saddles,
the number of which depends on the parameters of this system. In this case, the external effect
will look like this

f(t) = a sin2(bt sin t) (5)

It is shown in [10] that the amount of energy to maintain this system in a state of resonance
increases linearly over time, and the external force becomes more and more high-frequency.

Along with sinusoidal nonlinearity, we also analyzed an example of saturation type non-
linearity. The saturation nonlinearity systems are very common in technical applications [11],
[12].

d2u

dt2
+ u+

au2

1 + b2u2
= 0 (4)

The phase portrait in this case has only 2 possible positions - it is only the center or 2 centers
and the saddle. And in this case external force will be

f(t) = a
t2 sin2 t

1 + b2t2 sin2 t
(6)

We have numerically shown that with a small deviation of the parameters of the external force
from the parameters of the original system, it will still cause resonance. It is shown that as the
amplitude of the nonlinear saturation function increases, the system becomes more sensitive to
changes in the amplitude of a self-consistent external force.

In our opinion, the search and study of resonance in nonlinear isochronous systems, which are
not rare or exceptional examples of nonlinear systems, is an interesting subject for subsequent
research.
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