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Introduction. Over the past few decades, there has been a sharp increase in the interest
of researchers in fractional differential equations, primarily due to their increasing importance
in modeling various phenomena that arise in physics, chemistry, mathematical biology, and
engineering [1,2].

The unique solvability issues for initial problems to some types of equations in Banach
spaces with the Gerasimov — Caputo time-fractional derivative were researched in the works
[3-7].

In this paper, we study the Cauchy problem 2 (ty) = 2,1 =0,1,...,m—1, for a differential
equation with several fractional derivatives in the linear and nonlinear parts

Doz (t) = Zn: D% Ay 2(t) + B(t, D" 2(t), D2 2(t), ..., DV 2(t)). (1)

Here D” is the Gerasimov — Caputo derivative of the order 5 > 0, or the Riemann — Liouville
integral of the order —f in the case 6 <0, m—1<a<meN, nre NU{0}, oy < az <

<oy <a,y <Y < -o- < < a, Z— Banach space, A, k=1,2,...,n, are linear closed
n
operators with domains D4, C Z, the non-linear mapping B : [to,T] x Z" — D := (] Da, is
k=1
n
continuous in the norm ||-||p = ||-||z+ >_ || A&-||z. The unique solvability of the Cauchy problem
k=1

for the linear inhomogeneous equation (1) (B = f(t)) in the case when the operators Aj are
bounded, k = 1,2,...,n, was proved in [7]. In the case when the set of unbounded operators
(A1, Az, ..., Ay) belongs to the class A7 ;, the unique solvability of the Cauchy problem for
linear inhomogeneous equation (1) was studied in [8, 9]. Under the condition that the nonlinear
operator B is locally Lipschitz, we obtain a theorem on the local unique solvability of the Cauchy
problem for quasilinear equation (1). For this, the fixed point theorem in a specially constructed
metric space is used.

" -1
Local solution. Denote D := (\,_, Da,, R\ := ()\O‘I— > )\akAk) : Z — D. We

k=1
n
endow the set D with the norm || - ||p = | - [z + D [|Ax - ||z, with respect to which D is
k=1
a Banach space, since it is the intersection of the Banach spaces Da,, Dy,, ..., D4, with the

corresponding graph norms.

Denote n; := min{k € {1,2,...,n} : I < my — 1} for [l = 0,1,...,m — 1. If the set
{k € {1,2,...,n} : I < my — 1} is empty for some [ € {0,1,...,m — 1} (this holds exactly
when «,, < m — 1), then we set n; :=n + 1.

Definition 1. The set of operators (Ay, A, ..., Ay) belongs to the class A7, (6o, ao) for some
0y € (m/2,7), ap > 0, if
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(i) D is dense in Z;
(ii) for all A € Sp, 40 :={p € C:|arg(p —ap)| < bp, a #ap}, l =0,1,...m — 1 we have

Ry (1 -y /\‘*k‘aAk> € L(2);
k=ny

(iii) for any 0 € (1/2,00), a > ap there exists K(6,a) > 0, such that for all A € Sp,,
1=0,1,..m—1

K(0,a)
[ R A—
HRAHL(Z) = |)\ I a||)\|0‘_17

. Qe —Q K(Qa’)
m (-2 A)H S BT

k=n,

Let n << - <v<anrn—1<vy<mr€Z i=12,...,r, U be an open set in
R x Z", B:U — Z. Consider the Cauchy problem

D)y =2, 1=0,1,...,m—1, (2)

Dz(t) = i D Agz(t) + B(t, D" 2(t), D?2(t), ..., D" 2(t)). (3)

k=1
A solution of problem (2), (3) on a segment [to, t1] is a function z € C((to, t1]; D)NC™ ([to, t1]; Z)
for which D%z € C((to,t1]; Z), D** Az € C((to,t1]; Z), k = 1,2,...,n, D¥z € C([to, t1]; Z),
i=1,2,...,r, the inclusion (t, D" z(t), D"22(t),..., D7 z(t)) € U for t € [to, 1] and the equal-
ity (2) for all ¢ € (to, 1], as well as the conditions (3) are satisfied.

Denote = = (x1,%2,...,2,) € 2", S5(z) = {y € Z": ly—z]z<0,l=1,2,...,r}. A
mapping B : U — Z is called locally Lipschitz in Z, if for any (¢, %) € U there exist § > 0,q > 0
such that [t — ¢+ d] x 55( ) C U and for any (s, y) (s,0) € [t —0,t+ 8] x Ss(Z) the inequality

|B(s,9) — B(s,0)| z < qZ lys — vi]|  holds.

i=1

Using the initial data zg, z1,..., zm_1, we define the polynomial
- B (t — t0)2 (t — to)mfl
Z(t) =2y + (t — to)Zl + TZQ + -+ Wzm_l

and vectors Z; = D"l 2(t), i = 1,2,...,7. Note that 2, = 01if v; ¢ {0,1,...,m — 1}. In the
case v; € {0,1,...,m — 1} we have Z; = z,,. Thus, the value of the argument of the nonlinear
operator B at the initial moment of time is (to, Z1, 22, . . ., Z).

Lemma 1. |10]. Let [ —1 < 5 <1 € N. Then

3C >0 VYheC[to,t1); 2) 1D/ hllcomnsz) < Cllhllo.n).2)-

Lemma 2. Let oy < av < -+ <o, <a < - <vm<am-1<almeN,
(A1, Az, .., Ay) € AL (0o, a) for some 0y € (m/2,7), ap >0, € D, 1 =0,1,...,m — 1,
U be an open set in R x 2" B € C(U; D), (to, 21, 22,...,%.) € U. Then the function z is a
solution to the problem (2), (3) on the segment [to, ¢;] if and only if 2 € C™!([to, t1]; Z), DYz €
C([to,t1]; Z),i=1,2,...,r,and for all t € [to, 1] the inclusion (¢, D" z(t), D?2(t),..., D7 z(t)) €
U and equality

m—1

Zi(t —to)z + / Z(t—s)B(s,D"z(s),D"?z(s),...,D7z(s))ds (4)

=0



are valid.

Denote i, ;= min{i € {1,2,...,r} :v; >m—1} if the set {i € {1,2,...,r} 1y, >m—1}is
not empty, otherwise i, := r + 1. For t; > t; we define the space O™ 1%} ([tg, t,]; Z) := {2z €
C™ Yto, t1]; Z2) : DYz € C([to, t1]; Z), @ = ix, 1.+ 1,..., 7} and equip this space with the norm

2llem—160 o a2y = 2 llom=1(oanz) + Y 1DV 2llcqto,ta2)-

1=1x

Remark 1. For the function z € C™ ([tg,t1]; Z), by Lemma 1 DYz € C([ty,t1]; 2), i =
1,2,...,i, — 1. Therefore, functions from C™ !([ty,t,]; Z) for which DYz € C([to,t1]; Z),
i=1,2,...,r referred to in the Lemma 2 are exactly functions from C™~ 1%k ([ty, ¢,]; Z).

Lemma 3. O™~} ([tg, #,]; Z) is a Banach space.

Theorem 1. Let a1 < s < -+ < ap, < a, N1 < - < B <am-1<a<meN,
(A1, Az, .., Ay) € AL (00, ao) for some 0y € (7/2,m), a0 >0, € D, 1=0,1,...,m—1,U be
an open set in R x 2", B € C(U; D) be locally Lipschitz in z, (o, 21, 22, ..., 2,) € U. Then for
some t; > to problem (2), (3) has a unique solution on the interval [to, ¢;].
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