tA
International Online Conference “One-Parameter Semigroups of Operators 2023” @)
N—

A Class of Fractional Quasilinear Equations in the Sectorial Case
V.E.Fedorov []

Keywords: Riemann — Liouville fractional derivative, Riemann — Liouville fractional integral,
quasilinear equation, Cauchy type problem, defect of Cauchy type problem, analytic resolving operators
family, complex power of operator.

MSC2020 codes: 34G20,34R11,47D99,34A08

Introduction. In the operator semigroup theory [1| the introduction of fractional powers
A? for a continuously invertible generator —A of an analytic resolving semigroup and of spaces
Z, as the domains of A” with the graph norm allows to study the solvability issues of partial
differential equations with nonlinearity, which depends on lower order derivatives with respect
to spatial variables. In this work we consider complex powers of an operator A, such that
—A generates an analytic resolving family of operators of a fractional order equation D*z(t) +
Az(t) =0, and use them for a quasilinear equation

Dz(t) + Az(t) = B (D™ z(t), D**z(t), ..., D z(t), D* " "2(t),..., D" '2(t))

where m — 1 <a<meéeN reNy:=NU{0},neN oy <apg <+ <, <a-—1,
mp—1<ap<my €Z, ap —my #a—m, k=1,2,...,n, D? is the fractional Riemann —
Liouville derivative of an order 8 > 0, or the fractional Riemann — Liouville integral of an order
—f, if § < 0, operator B is locally Lipschitzian with respect to the norm in Z,, v € (0,1).
Abstract result we apply to the study of an initial boundary value problem with a nonlinear
part, containing partial derivatives in spatial variables in the nonlinear part.

Fractional sectorial operators and their complex powers. Denote by p(A) the resol-
vent set of an operator A, Ry(A) := (A — A)™!, Sgp.a0 := {N € C: |arg(A —ag)| < 0o, A # ao},
Y, ={reC:largr| <, 1 #0}.

Let 6y € (7/2,7), ap > 0, denote by A, (6y, ag) a class of linear, closed and densely defined
in Z operators A, acting into Z, such that the following conditions are satisfied [2]:

(i) for every A € Sy, 4, the inclusion A* € p(A) is valid;

(ii) for any 6 € (7/2,6y), a > ag there exists K = K(0,a) > 0, such that

K(0,a)

A€ Spa o (A S e al
VA€ Spa [[Bre(A)lez) < NT0h—a)]

Ifaa>0,—A¢€ A,(bp,a0), 5 € R, then the operators

1 _
Za(t) = %//f‘ YR o (—A)edp, te Ry,
r

are defined and analytically extendable on ¥g,_r/o, where I' := T, UT_UT(, I'y := {pn € C:
p=a+ret? r e (6,00)}, Tg:={ue€C:pu=a+de? o e (—0,0)} for § >0, a > ay,
0 € (m/2,0y) (see [3]). The estimates

1Z5(t)|lcz) < Cp(0,a)e™(t" +a)’, t>0, B>0,

1Zs()]lcz) < Cs(0,@)e™t™, t>0, B <0,
hold for every a > aq [3].

1 Chelyabinsk State University, Mathematical Analysis Department, Russia, Chelyabinsk. Email: @karcsu.ru



Theorem 1. Let o > 0, —A € A,(6p,ap). Then forall g < 1,6 <1,t,s>0
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It is known that for « = 1 {Zy(t) € L(Z) : t € R, } is an analytic semigroup of operators [1].
Take in Theorem 1 o = 1, f = 6 = 0 and obtain the semigroup property Zy(t)Zo(s) = Zo(t+s),
t,s > 0. Thus, Theorem 1 gives some generalization of the semigroup property for resolving
families of operators, which are generated by an operator from the class A, (6o, ag).

As in [1] complex powers A7, v € C, of such A can be defined.

Theorem 2. Let a > 0, —A € A,(6,0), 0 € p(A). Then

(i) for v € C A" is a closed operator;

(i) if f Rey > Ref > 0, then Dy C D gs;

(iii) Da» = Z for every Rey > 0;

(iv) if 7, 3 € C, then A7*Fz = AVAfBz for every z € Dav N D s N D gyt5;
(v) Zs(t) : 2 — D(A") for all B € R, Rey € [0,1), t > 0;

(vi) Zg(t)A'z = A7 Zg(t)z for B e R, vy € C, z € D(A");

(vii) for B € R, Rey < 1, t > 0 the operator A?Z3(t) is bounded;

(vii )f0r6<1 Reve(O 1)
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(ix) for B € R, t > 0 ||[AZs(t)||z(z) < Ct7F;
(x) for B € (—aRey, 1), Rey € (0,1), t > 0 |A7Zs(t) || c(z) < Oyt R—5;
(xi) for B < 1, Rey € (0,1), z € D(A”)

1D Z5(t)2 — 2|z < O™ || A2 .

Incomplete Cauchy type problem for a quasilinear equation. Consider a quasilinear
equation

Dz(t) + Az(t) = B (D™ 2(t), D**2(t), ..., D*2(t), D* ™ "2(t),...,D*2(t)), (1)

wherem—1<a<meNreNpyneN << ---<a, <a—1,my,—1<ap,<myg€Z,

ag—my #Fa—m, k= 1 2 ...,n. Some of o, may be negative. As in [4] denote o := max{ay, :
ak—mk<a—m,k n},m [ |, @:=max{ay : ag—my >a—m, k=1,2,...,n},

= [a], m* = max{m - 1 m} = max{m* + 1,0}. For the study of an initial problem
to (1) we need the existence of finite hmlts tlgrt D> z(t) := D*z(ty), | = 1,2,...,n, therefore,

as it follows from results of [4], problem
DR (te) = 2, k=m™mM 41, m— 1, (2)

will be considered with the necessary condition D ™*kz(¢y) = 0, k = 0,1,...,m*™. Since

I

a, < a— 1, we have m* < m — 2, m™ < m — 1, therefore, (2) contains one condition at least.



Let v € (0,1), Z, := Dy~ is a Banach space with the norm | - ||, := ||[A” - ||z, since A" is a
continuously invertible closed operator. Let U be an open subset of R x Zf;*m“’, a mapping
B : U — Z is given, for every (t,x1,22,...,Zyimer) € U there exists a neighbourhood V' C U,
C >0, 4 € (0,1] such that for all (¢,y1,y2, -, Yntmar), (S, V1,2, s Vpimar) €V

n+m-+r
HB(t7 Y1, Y2, - - 7yn+m+1") - B(Sa V1, V2, ... ;vn+m+r)HZ <C (’t - S|(S + Z Hyk - UkH’Y) : (3)

k=1

A function z € C((to,t1]; Da), such that J* ™z € C™ ([to, t1]; Z2) N C™((to, t1]; Z), D™z,
Dz, ..., D%z € C([to,t1]; Z), is called a solution of Cauchy type problem (1), (2) on a
segment [tg, t1], if it satisfies conditions (2), for all ¢ € (to, 1] (D* 2(t), D*?2(t), ..., D 2(t)) €
U and (1) holds.

Theorem 3. Let @ > 0, a3 < a9 < - < a, < a— 1, —A € A,(0,0), 0 € p(A), a
map B : U — Z satisfy condition (3), v > 1 — 1/a, (t0,0,...,0, Zpme, Zmesi1y - ooy 2me1) € U,
2 € Zigy, k=m™ ,m™ 4+ 1,...,m — 1. Then for some ¢; > there exists a unique solution
of problem (1), (2) on [to, t1].

Application. Let Q C R? be a bounded region with a smooth boundary 99, a € (1,2),
then m* = 0, or m*™ = 1. Consider the initial boundary value problem

DRy (€ ) = vp(§), k=m™ 1, £eqQ, (4)

V(E) =0, £€0, t>to, (5)

for an equation

Dou(€,t) = Av(E, b +ZDal (£,1) D"”

\\Mw

+2Dam+k 5152651)0”““ v(E ), £e€Q t>t, (6)

k=—r

where Dtﬁ v are the partial fractional derivatives for 8 > 0 or integrals for 5 < 0 with respect to

t. Take Z = Ly(Q), A= —A, Dy = H*(Q)NH} (), then —A € A,(6y,0) for any by € (7/2,7),

since o € (1,2) (see Theorem 4 in [5] for n =0, Py =1, p = 1, Q1(\) = A). Reasoning as in
3

[1, §8.8.3], obtain that the nonlinear operators of the form fi(v) = Dj"v ) %Df‘lv satisfy the
i=1 "

conditions of Theorem 3 at v > 3/4. Therefore, for all vy, € Dg1++, k = m™ 1, there exists a
unique solution of problem (4)—(6) in © X [to, t1] with some t; > t.
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