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Introduction. In the operator semigroup theory [1] the introduction of fractional powers
Aγ for a continuously invertible generator −A of an analytic resolving semigroup and of spaces
Zγ as the domains of Aγ with the graph norm allows to study the solvability issues of partial
differential equations with nonlinearity, which depends on lower order derivatives with respect
to spatial variables. In this work we consider complex powers of an operator A, such that
−A generates an analytic resolving family of operators of a fractional order equation Dαz(t) +
Az(t) = 0, and use them for a quasilinear equation

Dαz(t) + Az(t) = B
(
Dα1z(t), Dα2z(t), . . . , Dαnz(t), Dα−m−rz(t), . . . , Dα−1z(t)

)
,

where m − 1 < α ≤ m ∈ N, r ∈ N0 := N ∪ {0}, n ∈ N, α1 < α2 < · · · < αn < α − 1,
mk − 1 < αk ≤ mk ∈ Z, αk − mk ̸= α − m, k = 1, 2, . . . , n, Dβ is the fractional Riemann —
Liouville derivative of an order β > 0, or the fractional Riemann — Liouville integral of an order
−β, if β ≤ 0, operator B is locally Lipschitzian with respect to the norm in Zγ, γ ∈ (0, 1).
Abstract result we apply to the study of an initial boundary value problem with a nonlinear
part, containing partial derivatives in spatial variables in the nonlinear part.

Fractional sectorial operators and their complex powers. Denote by ρ(A) the resol-
vent set of an operator A, Rλ(A) := (λI −A)−1, Sθ0,a0 := {λ ∈ C : | arg(λ− a0)| < θ0, λ ̸= a0},
Σφ := {τ ∈ C : | arg τ | < φ, τ ̸= 0}.

Let θ0 ∈ (π/2, π), a0 ≥ 0, denote by Aα(θ0, a0) a class of linear, closed and densely defined
in Z operators A, acting into Z, such that the following conditions are satisfied [2]:

(i) for every λ ∈ Sθ0,a0 the inclusion λα ∈ ρ(A) is valid;
(ii) for any θ ∈ (π/2, θ0), a ≥ a0 there exists K = K(θ, a) > 0, such that

∀λ ∈ Sθ,a ∥Rλα(A)∥L(Z) ≤
K(θ, a)

|λα−1(λ− a)|
.

If α > 0, −A ∈ Aα(θ0, a0), β ∈ R, then the operators

Zβ(t) :=
1

2πi

∫
Γ

µα−1+βRµα(−A)eµtdµ, t ∈ R+,

are defined and analytically extendable on Σθ0−π/2, where Γ := Γ+ ∪ Γ− ∪ Γ0, Γ± := {µ ∈ C :
µ = a + re±iθ, r ∈ (δ,∞)}, Γ0 := {µ ∈ C : µ = a + δeiφ, φ ∈ (−θ, θ)} for δ > 0, a > a0,
θ ∈ (π/2, θ0) (see [3]). The estimates

∥Zβ(t)∥L(Z) ≤ Cβ(θ, a)e
at(t−1 + a)β, t > 0, β ≥ 0,

∥Zβ(t)∥L(Z) ≤ Cβ(θ, a)e
att−β, t > 0, β < 0,

hold for every a > a0 [3].
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Theorem 1. Let α > 0, −A ∈ Aα(θ0, a0). Then for all β < 1, δ < 1, t, s > 0

Zβ(s)Zδ(t) = − 1

α
Zβ+δ(s+ t) +

t−δ

2πi

∫
Γ

µα−1+βRµα(−A)Eα,1−δ(µ
αtα)eµsdµ+

+
s−β

2πi

∫
Γ

µα−1+δRµα(−A)Eα,1−β(µ
αsα)eµtdµ.

It is known that for α = 1 {Z0(t) ∈ L(Z) : t ∈ R+} is an analytic semigroup of operators [1].
Take in Theorem 1 α = 1, β = δ = 0 and obtain the semigroup property Z0(t)Z0(s) = Z0(t+s),
t, s > 0. Thus, Theorem 1 gives some generalization of the semigroup property for resolving
families of operators, which are generated by an operator from the class Aα(θ0, a0).

As in [1] complex powers Aγ, γ ∈ C, of such A can be defined.
Theorem 2. Let α > 0, −A ∈ Aα(θ0, 0), 0 ∈ ρ(A). Then
(i) for γ ∈ C Aγ is a closed operator;
(ii) if Reγ > Reβ ≥ 0, then DAγ ⊂ DAβ ;
(iii) DAγ = Z for every Reγ ≥ 0;
(iv) if γ, β ∈ C, then Aγ+βz = AγAβz for every z ∈ DAγ ∩DAβ ∩DAγ+β ;
(v) Zβ(t) : Z → D(Aγ) for all β ∈ R, Reγ ∈ [0, 1), t > 0;
(vi) Zβ(t)A

γz = AγZβ(t)z for β ∈ R, γ ∈ C, z ∈ D(Aγ);
(vii) for β ∈ R, Reγ < 1, t > 0 the operator AγZβ(t) is bounded;
(viii) for β < 1, Reγ ∈ (0, 1)

A−γ =
α sin πγ

sin(π(α + γβ))Γ(αγ + β)

∞∫
0

tαγ+β−1Zβ(t)dt;

(ix) for β ∈ R, t > 0 ∥AZβ(t)∥L(Z) ≤ Ct−α−β;
(x) for β ∈ (−αReγ, 1), Reγ ∈ (0, 1), t > 0 ∥AγZβ(t)∥L(Z) ≤ Cγt

−αReγ−β;
(xi) for β < 1, Reγ ∈ (0, 1), z ∈ D(Aγ)

∥D−βZβ(t)z − z∥Z ≤ Cγt
αReγ∥Aγz∥Z .

Incomplete Cauchy type problem for a quasilinear equation. Consider a quasilinear
equation

Dαz(t) + Az(t) = B
(
Dα1z(t), Dα2z(t), . . . , Dαnz(t), Dα−m−rz(t), . . . , Dα−1z(t)

)
, (1)

where m−1 < α ≤ m ∈ N, r ∈ N0, n ∈ N, α1 < α2 < · · · < αn < α−1, mk−1 < αk ≤ mk ∈ Z,
αk−mk ̸= α−m, k = 1, 2, . . . , n. Some of αk may be negative. As in [4] denote α := max{αk :
αk−mk < α−m, k = 1, 2, . . . , n}, m := ⌈α⌉, α := max{αk : αk−mk > α−m, k = 1, 2, . . . , n},
m := ⌈α⌉, m∗ := max{m− 1,m}, m∗∗ := max{m∗ + 1, 0}. For the study of an initial problem
to (1) we need the existence of finite limits lim

t→t0
Dαlz(t) := Dαlz(t0), l = 1, 2, . . . , n, therefore,

as it follows from results of [4], problem

Dα−m+kz(t0) = zk, k = m∗∗,m∗∗ + 1, . . . ,m− 1, (2)

will be considered with the necessary condition Dα−m+kz(t0) = 0, k = 0, 1, . . . ,m∗∗. Since
αn < α− 1, we have m∗ ≤ m− 2, m∗∗ ≤ m− 1, therefore, (2) contains one condition at least.
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Let γ ∈ (0, 1), Zγ := DAγ is a Banach space with the norm ∥ · ∥γ := ∥Aγ · ∥Z , since Aγ is a
continuously invertible closed operator. Let U be an open subset of R × Zn+m+r

γ , a mapping
B : U → Z is given, for every (t, x1, x2, . . . , xn+m+r) ∈ U there exists a neighbourhood V ⊂ U ,
C > 0, δ ∈ (0, 1] such that for all (t, y1, y2, . . . , yn+m+r), (s, v1, v2, . . . , vn+m+r) ∈ V

∥B(t, y1, y2, . . . , yn+m+r)−B(s, v1, v2, . . . , vn+m+r)∥Z ≤ C

(
|t− s|δ +

n+m+r∑
k=1

∥yk − vk∥γ

)
. (3)

A function z ∈ C((t0, t1];DA), such that Jα−mz ∈ Cm−1([t0, t1];Z) ∩ Cm((t0, t1];Z), Dα1z,
Dα2z, . . . , Dαnz ∈ C([t0, t1];Z), is called a solution of Cauchy type problem (1), (2) on a
segment [t0, t1], if it satisfies conditions (2), for all t ∈ (t0, t1] (D

α1z(t), Dα2z(t), . . . , Dα−1z(t)) ∈
U and (1) holds.

Theorem 3. Let α > 0, α1 < α2 < · · · < αn < α − 1, −A ∈ Aα(θ0, 0), 0 ∈ ρ(A), a
map B : U → Z satisfy condition (3), γ > 1 − 1/α, (t0, 0, . . . , 0, zm∗∗ , zm∗∗+1, . . . , zm−1) ∈ U ,
zk ∈ Z1+γ, k = m∗∗,m∗∗ + 1, . . . ,m − 1. Then for some t1 > t0 there exists a unique solution
of problem (1), (2) on [t0, t1].

Application. Let Ω ⊂ R3 be a bounded region with a smooth boundary ∂Ω, α ∈ (1, 2),
then m∗∗ = 0, or m∗∗ = 1. Consider the initial boundary value problem

Dα−m+kv(ξ, t0) = vk(ξ), k = m∗∗, 1, ξ ∈ Ω, (4)

v(ξ, t) = 0, ξ ∈ ∂Ω, t > t0, (5)

for an equation

Dα
t v(ξ, t) = ∆v(ξ, t) +

n∑
l=1

Dαl
t v(ξ, t)

3∑
i=1

∂

∂ξi
Dαl

t v(ξ, t)+

+
m−1∑
k=−r

Dα−m+k
t v(ξ, t)

3∑
i=1

∂

∂ξi
Dα−m+k

t v(ξ, t), ξ ∈ Ω, t > t0, (6)

where Dβ
t v are the partial fractional derivatives for β > 0 or integrals for β ≤ 0 with respect to

t. Take Z = L2(Ω), A = −∆, DA = H2(Ω)∩H1
0 (Ω), then −A ∈ Aα(θ0, 0) for any θ0 ∈ (π/2, π),

since α ∈ (1, 2) (see Theorem 4 in [5] for n = 0, P0 ≡ 1, p = 1, Q1(λ) = λ). Reasoning as in

[1, §8.8.3], obtain that the nonlinear operators of the form fl(v) = Dαl
t v

3∑
i=1

∂
∂ξi

Dαl
t v satisfy the

conditions of Theorem 3 at γ > 3/4. Therefore, for all vk ∈ DA1+γ , k = m∗∗, 1, there exists a
unique solution of problem (4)–(6) in Ω× [t0, t1] with some t1 > t0.
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