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Let n > 2, D'(R") be the space of distributions on R", ¢, be the surface delta function
concentrated on the sphere S, = {z € R" : |z| = r}. The problem of L. Zalcman on reconstruc-
tion of a distribution f € D’(R") by known convolutions f * o,, and f * o, is studied (see [1],
Sect. 8). The result obtained (see Theorem 2 below) significantly simplifies known procedures
for recovering a function f from given spherical means f * o,, and f * o,,.

Let » > 0 be fixed and Ar be an arbitrary positive zero of the Bessel function J;. Then,
for any k € Z, the function Jy(Ap)ei*# (p, o are the polar coordinates in R?) has zero integrals
over all circles of radius r in R? (see [2], Sect. C). Similar examples related to the zeros of the
Bessel function J,, /21 can also be constructed for spherical means in R" for n > 2. This shown
that knowing the averages of a function f over all spheres of the same radius is not enough to
uniquely reconstruct f. Subsequently, the class of functions f € C'(R™) that have zero integrals
over all spheres of fixed radius in R™ was studied by many authors (see [3]-|6] and the references
to these works). A well-known result in this direction is the following analogue of Delsarte’s
famous two-radius theorem for harmonic functions.

Theorem 1 ([1], [3]). Let ry, r2 € (0,+00), T,, = {71,72, ...} be the sequence of all positive
zeros of the function J, /51 numbered in ascending order, M, be the set of numbers of the form
a/pB, where a, f € T,,.

1) Ifry/re ¢ M, f € C(R") and

[ twdew = [ fwets) =0, yer (1)
lz—y|=r1 |[z—y|=r2
(do is the area element), then f = 0.

2) If vy /ry € M, then there exists a nonzero real analytic function f : R" — C satisfying
the relations in (1).

In terms of convolutions Theorem 1 means that the Pompeiu transform

Pf= (f*amaf*o-?”z)? IS C<Rn)

is injective if and only if 1 /ry ¢ M,,. Here we present a new inversion formula for the operator P
under the condition /7y ¢ M,

Let &'(R") be the space of compactly supported distributions on R, &(R") be the space
of radial (invariant under rotations of the space R") distributions in &'(R"). If T}, T, € D'(R")
and at least one of these distributions has compact support then their convolution 7} * 715 is a
distribution in D’'(R") acting according to the rule

(T + Ty, ) = (Ta(y), (T1(2), p(z +y))), ¢ € DR"),

where D(Rﬁ) is the space of finite infinitely differentiable functions on R". The spherical
transform T of a distribution T' € &(R") is defined by

n

T(z) = 2577 (2

) (T,1s1(z|z))), =€C,
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where

L(z)=—-, veC

We note that 7' is an even entire function of exponential type and the Fourier transform T is

expressed in terms of T by
TQ)=TH/G+...+¢), cecCn

The set of all zeros of the function T that lie in the half-plane Re z > 0 and do not belong to
the negative part of the imaginary axis will be denoted by Z, (7).

Using the well-known properties of the zeros of the Bessel functions one can obtain the
corresponding information about the set Z,(7,). In particular, all the zeros of &, are simple,

belong to R\{0} and
~ EUNgi
2.(,) = {—1—2}

r’or
In addition, since the functions Ju _; and Ja do not have common zeros on R\{0}, the function

ng—1()\|x|)

oMx) = Sy WXT(:E)7 A€ Z.(a,),

is well defined, where ¥, is the indicator of the ball B, = {z € R" : |z| < r}.
Let

[24°]

P =] (z - <%>2> . Q= P(Ao,,

j=1
where A is the Laplace operator. Then, by virtue of the formula

p(A)T(2) = p(=2*)T(2) (p is an algebraic polynomial),

we have

0, (2) = P.(—=2%)5,(2),

e Y1 V2 11 12 1Ym
2.(Q,) = {7,7,...}u{7,7,...,7},

and all zeros of @T are simple. In addition,

Z,(@2)N2(Qn) =2 & L¢M,
2

For A € Z, (@.), we set

Q) =P.(A)o) if Ae Z,.(5,),

and
Q= Q,a(A)o, if P.(=)\?) =0,
where P(2)
(2
Qralz) = =255

Theorem 2. Let -+ ¢ M,, f € D'(R"), n>2. Then
T2

-y X fr g (P o) <)~

)\GZ+(S~2T1) M€Z+(§T2) (/\2 — [1/2>er ()\)S),r2 (,u

2



P (A)((f + 0) + 2) ), 2)

where the series in (2) converges unconditionally in the space D’(R").

Equality (2) reconstruct an arbitrary distribution f from its known convolutions f *o,, and
f * 0., (see formulas above). For other results related to the inversion of the spherical mean
operator, see [6], [7].
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