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Classification of chaotic attractors

Chaos generated by nonlinear dynamical systems was discovered in the middle of 20 
century. Chaotic dynamics if fundamental property of nonlinear systems, which was observed 
almost all areas of science. During this time a lot investigations of different chaos properties 
were carried out, scenarios of formation chaos were described, a lot different dynamical models 
with chaos were suggested, and different approaches where dynamical chaos was used were 
developed. 

https://www.behance.net/gallery/7618879/Strange-Attractors



Chart of dynamical regimes, q=0.2
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Система Ресслера
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Система Ресслера

Analysis of equilibrium points stability
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Saddle-node bifurcation of equilibrium 
points

I – stable focus, saddle-focus (1,2)
II – saddle-focus (1,2), saddle-focus (2,1)
III – unstable focus, saddle-focus (2,1)

Parameter plane of 
equilibrium points stability



Chart of dynamical regimes

Model

Генератор Анищенко-Астахова















0,1

,0,0
)(

,)(

,

2

x

x
xl

xxlgzz

xy

xzymxx







0)(  yyzmy 



Afraimovich-Shilnikov’s scenario,
quasiperiodic generator
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Lyapunov exponents

The simplest way to detect chaotic dynamics is to calculate the largest Lyapunov
exponents. In dependence on the spectrum of Lyapunov exponents can be classified different 
types of oscillations:

- periodic oscillations (0, -, -, …);
-quasiperiodic oscillations (0, 0, …, 0, -, -, …)
-chaotic oscillations (+, 0, -, -, …)
-chaos with additional zero LE (+, 0, …, 0, -, -, …).
-hyperchaotic oscillations (+, +, …, +, 0, -, -, …).

At the present in literature there is a lot examples of models with hyperchaos, but the 
question about scenarios of occurring hypechaos and chaos with additional zero LE is open. 



Scenarios of birth of hyperchaos

Scenario: (i) the saddle-repeller bifurcation of a particular unstable periodic 
orbit usually of low period, (ii) the appearance of a repelling node in the 
saddle-node bifurcation, after which the chaotic attractor becomes riddled, 
(iii) the absorption of the repeller originally located out of the attractor by the 
growing attractor.
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Первый пример динамической системы с гиперхаосом – 1979 год

Rossler, O. E. (1979). An equation for hyperchaos. Physics Letters
A, 71(2-3), 155-157. 

Простейший гиперхаос

zrxqz

pyxy

zyx

)(

,













Обобщенная модель Ресслера

Гиперхаос в системе Ресслера
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a=0.25, b=3, c=0.5, d=0.05

Состояния равновесия

Stankevich N.V., Kazakov A.O., Gonchenko S.V. Scenarios of hyperchaos occurrence in 4D Rössler system // 
CHAOS. 2020. (accepted)



Карты режимов

Гиперхаос в системе Ресслера

a=0.25, d=0.05



Гиперхаос в системе Ресслера

a=0.25, c=0.4, d=0.05
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Гиперхаос в системе Ресслера

a=0.25, c=0.4, d=0.05



Гиперхаос в системе Ресслера

a=0.25, c=0.4, d=0.05

b=34
b=32



Гиперхаос в системе Ресслера

a=0.25, c=0.4, d=0.05
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Гиперхаос в системе Ресслера

a=0.25, c=0.5, d=0.05
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Гиперхаос в системе Ресслера

a=0.25, c=0.5, d=0.05
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Гиперхаос в системе Ресслера

a=0.25, c=0.5, d=0.05



Гиперхаос в системе Ресслера

a=0.25, b=3, d=0.05

с=0.32 с=0.34 с=0.45 с=0.5



Гиперхаос в системе Ресслера

a=0.25, b=12, d=0.05



Гиперхаос в системе Ресслера



Гиперхаос в системе Ресслера



Гиперхаос в системе Ресслера



Гиперхаос в модифицированном генераторе
Анищенко-Астахова
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Карта показателей Ляпунова модели (1), γ=0.001, 
d=0.2

Sataev I.R., Stankevich N.V. Cascade of torus birth bifurcations and inverse cascade of Shilnikov
attractors merging at the threshold of hyperchaos.
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Two-dimensional projections of phase portraits in the
Poincaré section by surface x=0 demonstrating main
bifurcations in the system (1) at g = 0.25: a) Neimark-Sacker
bifurcation, m = 0.095 (black dot), m = 0.097 (red invariant
curve); b) synchronization on the torus, m = 0.106 (red
invariant curve), m = 0.107 (black dots); c) secondary
Neimark-Sacker bifurcation, m = 0.115 (black dots), 
m = 0.116 (red invariant curves).

Hierarchy of the limit cycles and tori

Cycle number: P4:T1:P1
Torus number: T4:P4:T1:P1

Модифицированный генератор Анищенко-Астахова



Гиперхаос в модифицированном генераторе
Анищенко-Астахова

γ=0.2, d=0.001



The dependence of the 
three largest Lyapunov
exponents on the 
parameter m in the 
transition from torus to 
hyperchaos at g = 0.2407

Модифицированный генератор Анищенко-Астахова



The dependence of the 
three largest Lyapunov
exponents on the 
parameter m in the 
transition from torus to 
hyperchaos at g = 0.2407

Модифицированный генератор Анищенко-Астахова



Two-dimensional projections of 
phase portraits in the Poincare 
section by surface x = 0 
demonstrating multistability and 
transition to chaos, g = 0.2407; 
a) m=0.121615; b) m=0.121625

P18:T4:P4:T1:P1T4:P4:T1:P1

P177:T4:P4:T1:P1 T18:P18:T4:P4:T1:P1

Модифицированный генератор Анищенко-Астахова



Two-dimensional projections of 
phase portraits in the Poincare 
section by surface x = 0 
demonstrating multistability and 
transition to chaos, g = 0.2407; 
c) m=0.121631; d) m=0.121632

T18:P18:T4:P4:T1:P1T4:P4:T1:P1

T18:P18:T4:P4:T1:P1

Модифицированный генератор Анищенко-Астахова



Two-dimensional projections of 
phase portraits in the Poincare 
section by surface x = 0 
demonstrating multistability and 
transition to chaos, g = 0.2407; 
e) m=0.121636; f) m=0.121640

Модифицированный генератор Анищенко-Астахова



Two-dimensional 
projections of 
phase portraits in 
the Poincare 
section by 
surface x = 0 

a) m=0.12165; 
b) m=0.121655; 
c) m=0.121656; 
d) m=0.121657; 
e) m=0.121658; 
f) m=0.121659; 
g) m=0.12166; 
h) m=0.121655;
i) m=0.121675; 
j) m=0.12168; 
Λ1=0.0003, 
Λ2=0.0001, 
Λ3=0, 
Λ4=-0.0891
k) m=0.121685; 
l) m=0.1217.

P21:T18:P18:T4:P4:T1:P1

P5:T18:P18:T4:P4:T1:P1 P6:T18:P18:T4:P4:T1:P1

Модифицированный генератор Анищенко-Астахова



The dependence of the three largest Lyapunov
exponents on the parameter m in the transition 
from torus to hyperchaos at g = 0.2407

Two-dimensional projections of phase portraits in 
the Poincare section by surface x = 0, g = 0.2407; 
a) m=0.12177; b) m=0.12176; c) m=0.12175

P18:T4:P4:T1:P1

T18:P18:T4:P4:T1:P1

Модифицированный генератор Анищенко-Астахова



The dependence of the three largest Lyapunov
exponents on the parameter m in the transition from 
torus to hyperchaos at g=0.2407

Two-dimensional projections of phase portraits in the 
Poincare section by surface x = 0, g = 0.2407; 
a) m=0.1219; b) m=0.122; c) m=0.12205; d) m=0.1223

P7:T4:P4:T1:P1

T7:P7:T4:P4:T1:P1

Модифицированный генератор Анищенко-Астахова



Гиперхаос в модифицированном генераторе
Анищенко-Астахова

g=0.236, γ=0.2, d=0.001

m=0.112, 
m=0.115, γ=0.2, d=0.001



Гиперхаос в модифицированном генераторе
Анищенко-Астахова

g=0.236, γ=0.2, d=0.001



Гиперхаос в модифицированном генераторе
Анищенко-Астахова

Phase portrait of the torus 
attractor 1*4*7*9*9*10T,
m=0.124457208289, 

g = 0.236, d = 0.2, γ = 0.001.



Гиперхаос в модифицированном генераторе
Анищенко-Астахова

g=0.236, γ=0.2, d=0.001



Гиперхаос в модифицированном генераторе
Анищенко-Астахова

g=0.236, γ=0.2, d=0.001
252-component 1*4*7*9H 
28-component 1*4*7H
a) m = 0.124457465; 
b) m = 0.12445748; 
c) m = 0.1244620. 
purple - period 252, blue - 504, 
green - 1008. purple is saddle-
focus of period 28.



Формирование гиперхаотического множетсва

- седло-узловая бифуркация рождения пары седловых циклов (2,1) и (1,2);

- бифуркация удвоения периода седлового цикла (2,1);

- бифуркация рождения тора.



Модифицированный генератор Анищенко-Астахова



Chart of dynamical regimes

Model

Неавтономный генератор Анищенко-Астахова
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