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Àííîòàöèÿ

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ôóíêöèé ×åðíîâà âûñøèõ ïîðÿäêîâ äëÿ C0-

ïîëóãðóïïû óðàâíåíèÿ òåïëîïðîâîäíîñòè, ãåíåðàòîðîì êîòîðîé ÿâëÿåòñÿ îïåðàòîð

âòîðîé ïðîèçâîäíîé. Äëÿ ñîîòâåòñòâóþùèõ ÷åðíîâñêèõ àïïðîêñèìàöèé ïîëó÷åíû

âåðõíèå è íèæíèå îöåíêè äëÿ ïîãðåøíîñòè ïðèáëèæåíèÿ ïîëóãðóïïû.

Êëþ÷åâûå ñëîâà: îïåðàòîðíûå C0-ïîëóãðóïïû, ôóíêöèè ×åðíîâà âûñîêîãî ïîðÿäêà,
îöåíêè ïîãðåøíîñòè ÷åðíîâñêèõ àïïðîêñèìàöèé.

Åñëè (X, ‖ · ‖) � ïðîèçâîëüíîå áàíàõîâî ïðîñòðàíñòâî, òî ÷åðåç L(X) áóäåì îáî-
çíà÷àòü ìíîæåñòâî âñåõ îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ íà X. Äàëåå ìû áóäåì èñ-
ïîëüçîâàòü ïîíÿòèÿ ñèëüíî íåïðåðûâíàÿ îäíîïàðàìåòðè÷åñêàÿ ïîëóãðóïïà (èëè ïðîñòî
C0�ïîëóãðóïïà), ñæèìàþùàÿ ïîëóãðóïïà è ãåíåðàòîð ñèëüíî íåïðåðûâíîé ïîëóãðóïïû,
îïðåäåëåíèÿ êîòîðûõ ìîæíî íàéòè, íàïðèìåð, â êíèãå Ýíãåëÿ è Íàãåëÿ [1].

Â 1968 ãîäó Ïîëü ×åðíîâ â [2] äîêàçàë ñëåäóþùóþ òåîðåìó:

Òåîðåìà 1 (×åðíîâ; 1968). Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, F (t) � ñèëüíî
íåïðåðûâíàÿ ôóíêöèÿ èç [0,∞) â ïîäìíîæåñòâî ñæèìàþùèõ îïåðàòîðîâ èç L(X),
ïðè÷åì F (0) = I. Ïóñòü çàìûêàíèå A ñèëüíîé ïðîèçâîäíîé F ′(0) ÿâëÿåòñÿ ãåíåðà-
òîðîì ñæèìàþùåé C0-ïîëóãðóïïû

(
etA
)
t>0

. Òîãäà [F (t/n)]n ñõîäèòñÿ ê etA â ñèëüíîé
îïåðàòîðíîé òîïîëîãèè.

Çàìåòèì, ÷òî ýòà òåîðåìà íå ñîäåðæèò îöåíêè ñêîðîñòè ñõîäèìîñòè. Â 2022 ãîäó â [3]
(ñì. òàêæå [4]) áûëà îïóáëèêîâàíà òåîðåìà, êîòîðàÿ äàåò òàêóþ îöåíêó ïðè îïðåäåëåí-
íûõ óñëîâèÿõ:

Òåîðåìà 2 (Ãàëêèí, Ðåìèçîâ; 2021). Ïóñòü C0-ïîëóãðóïïà (etA)t>0 ñ ãåíåðàòî-
ðîì (A,D(A)) â áàíàõîâîì ïðîñòðàíñòâå X äëÿ íåêîòîðûõ M1 ≥ 1 è w ∈ R óäîâëå-
òâîðÿåò óñëîâèþ ‖etA‖ 6M1e

wt äëÿ âñåõ t > 0. Ïóñòü, êðîìå òîãî, äëÿ îòîáðàæåíèÿ
F : [0,+∞)→ L(X) ïðè íåêîòîðûõ m ∈ N, T > 0 è ëþáûõ x ∈ D(Am+1) ⊂ X, t ∈ (0, T ]
âåðíî íåðàâåíñòâî ∥∥∥F (t)x− m∑
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ãäå Cm(t) > 0 ïðè êàæäîì t ∈ (0, T ]. Ïðåäïîëîæèì òàêæå, ÷òî ‖F (t)k‖ ≤M2e
kwt ïðè

íåêîòîðîì M2 ≥ 1 äëÿ âñåõ t ∈ [0, T ] è íàòóðàëüíûõ k. Òîãäà äëÿ ëþáûõ x ∈ D(Am+1),
t ∈ (0, T ] è íàòóðàëüíûõ n áóäåò âûïîëíÿòüñÿ îöåíêà∥∥∥[F( t

n

)]n
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Îòîáðàæåíèå F : (0, T ] ∈ L(X) íàçûâàåòñÿ ôóíêöèåé ×åðíîâà ïîðÿäêà m äëÿ îïåðà-
òîðà A, åñëè îíî óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.

Ïóñòü UCb(R) - áàíàõîâî ïðîñòðàíñòâî âñåõ ðàâíîìåðíî íåïðåðûâíûõ îãðàíè÷åííûõ
ôóíêöèé f : R→ R ñ íîðìîé ‖f‖ = supx∈R |f(x)|, è îïåðàòîð L = [f 7→ f ′′] èìååò îáëàñòü
îïðåäåëåíèÿ D(L) = {f ∈ UCb(R) | f ′′ ∈ UCb(R)}. Íàñ èíòåðåñóåò, êàê íà îñíîâå
ïðîñòðàíñòâåííûõ ñäâèãîâ ïîñòðîèòü äëÿ îïåðàòîðà L ôóíêöèþ ×åðíîâà Sm ëþáîãî
ïîðÿäêà m ∈ N. Â ýòîì íàïðàâëåíèè èçâåñòíû, â ÷àñòíîñòè, ñëåäóþùèå ðåçóëüòàòû:
à) â 2016 ãîäó Èâàí Ðåìèçîâ [5] íàøåë ôóíêöèþ ×åðíîâà ïîðÿäêà 1 èç òð¼õ ñëàãàåìûõ:

[S1(t)f ](x) =
1

2
f(x) +

1

4
f(x+ 2

√
t) +

1

4
f(x− 2

√
t) = f(x) + tf ′′(x) + o(t).

á) â 2019 ãîäó Àëåêñàíäð Âåäåíèí ïîñòðîèë èç òð¼õ ñëàãàåìûõ ôóíêöèþ ×åðíîâà óæå
ïîðÿäêà 2:

[S2(t)f ](x) =
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2
f IV (x) + o(t2).

Â îáùåì ñëó÷àå, âåðíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 3. Äëÿ ëþáîãî íàòóðàëüíîãî m ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ ×åð-
íîâà Sm ïîðÿäêà m äëÿ îïåðàòîðà A = [f 7→ f ′′], èìåþùàÿ âèä

[Sm(t)f ](x) =
∑m+1

i=1
ai · F (x+ bit

si).

Â ýòîì ñëó÷àå áóäóò âåðíû òàêæå ñëåäóþùèå óòâåðæäåíèÿ:
1) s1 = . . . = sm+1 = 1/2;
2) ÷èñëà b1/2, . . . , bm+1/2 ÿâëÿþòñÿ ðàçëè÷íûìè êîðíÿìè îðòîãîíàëüíûõ ìíîãî÷ëåíà

×åáûøåâà�Ýðìèòà ñòåïåíè m+ 1;
3) ÷èñëà a1, . . . , am+1 ÿâëÿþòñÿ êîýôôèöèåíòàìè Êðèñòîôôåëÿ, ñîîòâåòñòâóþùèìè

êâàäðàòóðíûì óçëàì b1, . . . , bm+1 è ìîãóò áûòü âû÷èñëåíû ïî ôîðìóëàì

ai =
2m+2(M + 1)!

√
π

(H ′
m+1(bi))

2
, i = 1, . . . ,m+ 1.
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Fast converging Chernov approximations of C0-semigroup
generated by the second derivative operator

O.E. Galkin, S.Yu. Galkina

Abstract

The paper is devoted to the construction of high-order Chernov functions for the
C0-semigroup of the heat equation, the generator of which is the operator of the second
derivative. For the corresponding Chernov approximations, upper and lower estimates
for the error of the semigroup approximation are obtained.
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