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On an asymptotic property of the M-integral for oriented 3-components
links in R3

Akhmet'ev P. M. 1,2

1. National Research University "Higher School of Economics", Moscow, Russia,
2. IZMIRAN, Moscow, Russia.

The linking coe�cient of oriented 2-component links in R3 satis�es an asymptotic
property. This is a property, which is required to de�ne the ergodic Hopf invariant of
trajectories of divergence-free vector �elds in a bounded domain, see [1].

In magneto-hydro-dynamics the asymptotic ergodic Hopf invariant determines lower
bounds of magnetic energy. In more complicated problems, for example, for relaxation of
magnetic �elds near equilibrium states, more strong invariants, which are not expressions of
linking coe�cients and which admit asymptotic properties, are required. Higher asymptotic
invariants of links are also useful for non-dissipative dynamical systems, because of numerical
characterization its bifurcations.

In [2] an integral, which is called the M -integral, for 3-components oriented links (an
order of components is unrequited) L = L1 ∪ L2 ∪ L3 in R3 is de�ned. This invariant
satis�es the following asymptotic property:

M(λ1L1, λ2L2, λ3L3) = λ4
1λ

4
2λ

4
3M(L1 ∪ L2 ∪ L3), (1)

where λ1L1, λ2L2, λ3L3 is the 3-component link, which is de�ned as a parallel winding
of components of L with prescribed multiplicities; an isotopy class of the winding is not
important, the only integer factors λ1, λ2, λ3 are needed.

In [3],[4] (with references [5],[6]) is proved, that theM -integral determines a combinatorial
invariant of 3-component oriented links in R3 (which is not a function of pairwise linking
numbers of components) with the asymptotic property (1). This combinatorial invariant
is expressed using the �rst two coe�cients c0, c1 of the Conway polynomial of all proper
links of L. But the complete formula of this combinatorial invariant remains unknown.

De�ne M -invariant for 3-component oriented links L = L1 ∪ L2 ∪ L3 by the formula:

M(L) = (1; 2)(2; 3)(3; 1)γ(L)+ (2)

−((1; 2)2(1; 3)2β(L2 ∪ L3)− (2; 3)2(2; 1)2β(L3 ∪ L1)− (2; 3)2(2; 1)2β(L3 ∪ L1))+

P ((1; 2), (2; 3), (3; 1)),

where
γ(L) = c1(L)+

−((1; 2)(2; 3) + (2; 3)(3; 1) + (3; 1)(1; 2))(c1(L1) + c1(L2) + c1(L3))

−((3; 1) + (2; 3))(c1(L1 ∪ L2)− (1; 2)(c1(L1) + c1(L2)))

−((1; 2) + (3; 1))(c1(L2 ∪ L3)− (2; 3)(c1(L2) + c1(L3)))

−((2; 3) + (1; 2))(c1(L3 ∪ L1)− (3; 1)(c1(L3) + c1(L1)))

is the Melikhov invariant,

β(Li ∪ Lj) = c1(Li ∪ Lj))− c0(Li ∪ Lj)(c1(Li) + c1(Lj))

is the generalized Sato-Levine invariant i, j = 1, 2, 3, i 6= j,

(i; j) = c0(Li ∪ Lj)

is the linking coe�cient of the corresponding pair of components.
The polynomial P is de�ned by the formula:

P ((1; 2), (2; 3), (3; 1)) = +
1

6
(1; 2)2(2; 3)2(3; 1)2[(1; 2) + (2; 3) + (3; 1)]

− 1

12
(1; 2)(2; 3)(3; 1)[(1; 2)(2; 3) + (2; 3)(3; 1) + (3; 1)(1; 2)].
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Theorem

The combinatorial M�invariant given by (2), satis�es the equation (1) and admits an
integral formula, which is de�ned in [2] and is modi�ed in [3].

We present a fragment of a proof of Theorem, following arguments of [4]. Steps of
the proof are simpli�ed and we check (with no references to [2]) that the M -integral in
[3] is gauge invariant with respect to volume-preserved di�eomorphisms of the domain.
Then we prove (with no reference to [6]) that jumps of the M -integral and jumps of the
combinatorial invariant in (2) by homotopies (intersections of di�erent components are not
possible, but self-intersections of components are possible) coincide. The total proof of
Theorem will be presented somewhere else.

Theorem is required for applications. In [7] an example of asymptotic calculations is
presented. It is interesting to get a numeric proof of (1) using only the formula (2).
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On the number of the classes of topological conjugacy of Pixton
di�eomorphisms

Akhmet'ev P.M.1, Pochinka O.V.2

1. Pushkov Institute of Terrestrial Magnetism, Ionosphere and Radio Wave Propagation
Russian Academy of Sciences (IZMIRAN)

2. National Research University Higher School of Economics

Invariants of oriented knots in 3-manifold M3 equipped with chosen cohomology class
ξ ∈ H1(M3;G) (here G is an abelian group) were studied from various points of view. The
case M3 ∼= S2 × S1 with the generator (positive) cohomology class ξ∗ ∈ H1(S2 × S1;Z)
whose knots are called Hopf knots is of special interest for the theory of dynamical systems.
In 3-dimensional dynamics the manifold S2×S1 appears in the natural way as the space of
wandering orbits in the basin of a hyperbolic sink while the class ξ∗ bears the comprehensive
information on the dynamics of the system in this basin. In particular, a 1-dimensional
saddle separatrix in the basin of this sink has a corresponding Hopf knot in S2 × S1.
B. Mazur in [2] constructed the Hopf knot which is non-equivalent and non-isotopic to
trivial knot.

For the class of dynamical systems known as Pixton di�eomorphisms, this knot (up
to a di�eomorphism of S2 × S1) completely de�nes the class of topological conjugacy
of the Pixton di�eomorphism [1] and, moreover, any Hopf knot can be realized as some
Pixton di�eomorphism. Thus we have the complete topological classi�cation of Pixton
di�eomorphisms. Nevertheless the problem of the cardinality of the set of topological
conjugacy classes of these di�eomorphisms is still open and it can be reduced to �nding
invariants of Hopf knots.

In the present paper we state the existence of an invariant of the �rst order for Hops
knots. This allows to model countable families of pairwise non-equivalent Hopf knots and,
therefore, in�nite set of topologically non-conjugate Pixton di�eomorphisms.

Acknowledgments. O.V. Pochinka was supported by International Laboratory of Dynamical
Systems and Applications of National Research University Higher School of Economics,
Russian Federation Government grant 075-15-2019-1931.
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Bistability in a Hodgkin-Huxley-type of model with a communication
defect

Bagautdinova E. R.1,2, Stankevich N. V.1

1. National Research University Higher School of Economics

2. Chernyshevsky Saratov State University

Burst-spiking dynamics is widespread in various biophysical processes [1]. This dynamic
behavior is typical for neurons, pancreatic β-cells, cardiomyocytes, etc. The functioning
of such models are based on the Hodgkin-Huxley formalism, which describes the dynamics
of the electric potential of the cell membrane during the transport of potassium, calcium,
chlorine, and sodium ions through ion channels in the membrane. This type of model
is characterized by a number of nonlinear e�ects including multistability, which is the
coexistence of di�erent modes of functioning of the cell model. Of particular interest
among all types of multistability is the bistability between the silent state and burst state,
which under certain parameters, can be implemented in the simpli�ed model of the leech
neuron proposed in [2].

In the present work, we consider a modi�cation of the Sherman model [3] based on
the Hodgkin-Huxley formalism, in which a bistability occurs between the steady state and
bursting attractor. The modi�cation [4] consists in the taking into account an additional
potassium ion channel, the opening function of which is never equal to 1.0, in contrast
to the typical potassium channel. Such feature of the model can be interpreted as a
communication defect. In the frame of this work the probabilistic characteristics of such
modi�ed model are studied in dependence of the defect ion channel parameters.

The work was supported by a grant from the Russian Science Foundation (No. 20-71-
10048).
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Homoclinic chaos in the Rosenzweig-MacArthur model

Bakhanova Yu. V.

Laboatory of topological methods in dynamics
National Research University Higher School of Economics

The main goal of the work is to explain topical issues of the spiral attractors related
to the formation of the loop to the saddle-focus in the three-dimensional Rosenzweig-
MacArthur system. It was determined that homoclinic chaos in the system arises according
to the Shilnikov's scenario [1]. Shilnikov's attractor, containing saddle-focus (1, 2), and
saddle Shilnikov's attractor, containing saddle (1, 2) equilibrium point, were found in the
system and studied in detail.

Shilnikov's attractor

Rosenzweig-MacArthur model was studied in detail in the work [2], it describes the dynamics
of interaction of three populations in the prey � predator � superpredator food chain:

ẋ = x

(
r
(

1− x

K

)
− 5y

1 + 3x

)
ẏ = y

(
5x

1 + 3x
− 0.1z

1 + 2y
− 0.4

)
ż = z

(
0.1y

1 + 2y
− 0.01

) (1)

Chaotic attractors were �rst discovered in this system in the works [3, 4, 5]. In papers
[2, 6], it was shown that strange attractors here can have a spiral structure due to the
appearance of homoclinic loops to a saddle-focus equilibrium state. In 2018 it was found
[7] that attractors in the system (1) arise according to the Shilnikov's scenario. When
changing a parameter r a chain of bifurcations can be observed in the system: a stable
equilibrium state � a limit cycle � a double period limit cycle � a feigenbaum-type attractor
and, with a further increase in the value of the parameter, homoclinic trajectories to the
saddle-focus arise. For this to happen, Shilnikov's condition should be met [6], which is a
criteria of the spiral chaos existence. One of such attractors is shown in the �gure 1a.

Figure 1: Three types of Shilnikov's attractor in the Rosenzweig-MacArthur system (1) found with
di�erent parameters (K, r)

Saddle Shilnikov's attractor

In the [2, 6] papers it was shown, that bifurcation curve h on theK and r control parameters
plane correspond to the existence of a homoclinic loop to the S equilibrium state. Along
this curve, although the attractor changes (its shape becomes more complicated due to the
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appearance of multi-pass homoclinic loops), it always contains the point S, that means
that it is homoclinic, see Fig. 1a, 1b, 1c. In the point B with coordinates (K, r) ≈
(1.22, 4.026) on the bifurcation curve h on the parameters plane S equilibrium state has the
pair of multiple eigenvalues, so the equilibrium state is saddle-focus (1, 2) when parameters
coordinates are below the point B on the parameters plane and is saddle (1, 2) when
coordinates are above the point B on the (K, r) parameters plane. The results of numerical
calculations show that when passing through point B homoclinic attractor is preserved, but
its type changes to a saddle Shilnikov one. An example of the saddle Shilnikov's attractor
is shown in the Fig. 2 with parameters (K, r) = (1.247, 4.31).

Figure 2: Saddle Shilnikov's attractor with parameters (K, r) = (1.247, 4.31)

The paper [7] considered the question of the pseudo-hyperbolicity of such an attractor.
The result of checking the continuity of a stable manifold for continuity showed that such
an attractor is not pseudohyperbolic. The question of the existence of the pseudohyperbolic
attractor in the considered model, as well as the question of the existence of the pseudohyperbolic
saddle attractor of Shilnikov, is currently open.
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Invariant manifolds of homoclinic orbits: super-homoclinics and
multi-pulse homoclinic loops

Bakrani, Sajjad 1

(joint work with Dmitry Turaev and Jeroen S. W. Lamb)

1. Faculty of engineering and natural sciences
Kadir Has University, Turkey

Consider a Hamiltonian �ow on R4 with a hyperbolic equilibrium O and a transverse
homoclinic orbit Γ. In this presentation, we discuss the dynamics near Γ in its energy level
when it leaves and enters O along strong unstable and strong stable directions, respectively.
In particular, we provide necessary and su�cient conditions for the existence of the local
stable and unstable invariant manifolds of Γ. We then consider the case in which both of
these manifolds exist. We globalize them and assume they intersect transversely. We show
that near any orbit of this intersection, called super-homoclinic, there exist in�nitely many
multi-pulse homoclinic loops.

14



Foliated Devaney chaos

Barral Lij�o, R.

Research Organization of science and technology Ritsumeikan University

This talk is based on work that is still in progress. Devaney introduced in [3] the
following de�nition of chaos.

De�nition 1. (Devaney Chaos). A continuous map f : X → X on a metric space (X; d)
is chaotic if,

(TT) for every pair of non-empty open sets U and V , there is n 2 N such that fn(U)∩
V 6= ∅ (f is topologically transitive),

(DPO) the set of periodic points is dense in X (f has density of periodic orbits), and
(SIC) there is c > 0 such that, for every x ∈ X and r > 0, there are y ∈ B(x; r) and

n ∈ N with d(fn(x); fn(y)) > c (f is sensitive to initial conditions).

It was proved in [1] that, in fact, (TT) and (DPO) imply (SIC); this result was later
generalized to topological semigroup actions. Our aim is to �nd analogous de�nitions for
pseudogroups on locally compact Polish spaces and to investigate under which conditions
a similar result holds. Since the dynamics of foliated spaces are modelled by pseudogroups,
this will provide information on chaotic foliated spaces. We should mention the very recent
paper by Bazaikin, Galaev, and Zhukova studying chaos in the setting of Cartan foliations
[2]. A foliated space is a topological space X endowed with a partition into connected
topological manifolds called leaves satisfying that the leaves are locally stacked together
as a product space. The most notable examples are foliations, where the ambient space is
actually a manifold. Foliated spaces are generalized dynamical systems, where the leaves
take the role of the orbits. A dynamical model for the foliated space X is given by the
holonomy pseudogroup, acting on a union of local tranversal models; this pseudogroup 1
representation is not unique, but it can be shown to be unique up to etal´e equivalence.
In this way, there is a one-to-one correspondence between leaves in the foliated space and
orbits of the holonomy pseudogroup. In this talk, we will �rst introduce analogues of
the conditions (TT), (DPO), and (SIC) for pseudogroups. While (TT) is straightforward,
the other two conditions need a more subtle approach involving generating sets of the
pseudogroup. We will also prove that these conditions are invariant by etal´e equivalences,
and therefore it is well-de�ned whether a foliated space is chaotic in the sense of Devaney.
Secondly, we will introduce the notion of compact generation and the following result.

Theorem 1. If G is compactly generated pseudogroup satisfying (TT)+(DPO), then it
also satis�es (SIC).

The holonomy pseudogroup of a compact foliated space is always compactly generated,
so we obtain the following application.

Corollary 1. If X is a topologically transitive compact foliated space with a dense set of
compact leaves, then X is sensitive to initial conditions.

Finally, we will show using simple examples that the implication

(TT ) + (DPO)→ (SIC)

does not hold for either non-compactly generated pseudogroups or for noncompact foliated
spaces.
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On the Godbillon-Vey-Losik class for the Reeb foliations

Bazaikin Ya.V.1,2, Galaev A.S.1, Gumenyuk P.A.3

1. University of Hradec Kr�alov�e, Czech Republic

2. Sobolev Institute of Mathematics, Novosibirsk, Russia

3. Politecnico di Milano, Italy

The classical Godbillon-Vey class is an important invariant of a codimension-one foliation,
and it is tightly related to the dynamics of the leaves of the foliation [3]. For all Reeb
foliations on the 3-dimensional sphere, the Godbillon-Vey class is zero. Following Losik
[4], we consider in [1,2] a modi�ed Godbillon-Vey class that we call the Godbillon-Vey-
Losik class (GVL class). This class takes values in the cohomology H3(S(M/F )) of the
second order frame bundle over the leaf space of the foliation. The GVL class is de�ned
by the form

dx0 ∧ dx1 ∧ dx2,

where x0, x1, x2 are certain natural coordinates on S(M/F ). There is a mapH3(S(M/F ))→
H3(M) sending the GVL class to the classical Godbillon-Vey class.

The main result from [2] states that the GVL class is non-trivial for some Reeb foliations
and it is trivial for some other Reeb foliations. In particular, the GVL class can distinguish
non-di�eomorphic foliations and it provides more information than the classical Godbillon-
Vey class.

A Reeb foliation on the 3-dimensional sphere is uniquely de�ned by a germ at 0 of
di�eomorphisms of R in�nitely tangent to the identity. Fix α > 0 and consider the following
vector �eld on R:

Vα(x) =

{
e
− 1
|x|α , for x 6= 0,
0, for x = 0.

The vector �eld Vα de�nes the �ow ϕαt . Denote by Rα the Reeb foliation de�ned by the
germ of the di�eomorphism ϕα1 .

Theorem 1. If α ∈ N is odd, then the GVL class of Rα is non-trivial.

Theorem 2. If α ∈ N is an even, then the GVL class of Rα is trivial.

Corollary. If α ∈ N is odd and β ∈ N is even, then the foliations Rα and Rβ are not
di�eomorphic.

These results show that the GVL class is very sensitive to the dynamics of the non-
compact leaves in the following sense. Dynamics of the non-compact leaves in a neighborhood
of the compact leaf L is described by the holonomy group of L. For a �xed x ∈ L and a
transversal T to F through x, the holonomy group of L consists of the germs at x of local
di�eomorphisms of T de�ned by loops in L starting at x. This group can be included to a
1-parameter group of the germs of local di�eomorphisms of the transversal with one �xed
point x. Even if this group consists of the germs of di�eomorphisms in�nitely tangent
to the identity, there is a notion of the order of the convergence (a 1-parameter group
has greater order of convergence than another 1-parameter group, if the fraction of their
generating vector �elds is smooth and has zero value at x). It turns out that in some
situations the GVL class distinguishes this order.
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In this paper, we consider the possibility of using the dynamic classical soliton model to
study the behavior of the evolution and dynamics of toroidal vortex �ows. The main model
used is that of two coupled van der Pol generators. This robot, based on the nonlinear
dynamics of the Bernoulli map, presents the evolution of the torus. The use of the dynamic
classical soliton model makes it possible to trace the dynamics of vortex �ows. [1]

Mathematical dynamic model of a soliton for a toroidal vortex

The mathematical classical dynamic model of the soliton is represented by the equation
[2]: 

ẍ− (A cosωt− x2)ẋ+ ω2
0x = εy cosω0t,

ÿ − (−A cosωt− y2)ẏ + ω2
0y = εx2,

ż = xy sinhx sinh y sinω0t cosω0t.

Here x, y, z - dynamic variables, A, ε and k - coe�cient of connection, ω and ω0

-inherent frequency oscillations.
The use of this hyperbolic model translates into a practical plane the problem of

comparative research of hyperbolic and non-hyperbolic chaos in theory and experiment.
This system can be used to study toroidal vortex processes using the classical soliton
theory.
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Mukai-Fourier Transforms as Solutions to Field Equations: Spectrum as
Higgs-Oscillations of H-States in the Space-Time

Prof. Dr. Francisco Bulnes

IINAMEI, Research Department in Mathematics and Engineering
TESCHA Chalco, Mexico.

The Mukai-Fourier transform is an equivalence between derived categories (with arbitrary
decorations +, -, b). Thus is feasible construct a Fourier-Mukai equivalence given for
DCoh(T∨A) ∼= DCoh(A∨ ×H), where exists a distinguished deformation of the category
DCoh(T∨A), which is non-commutative deformation of T∨A de�ned by a natural symplectic
form, that is its quatization [1] . Then T∨0 A, results a 1-parameter deformation A

b, of the
space A∨ × H, to an a�ne bundle over A∨, classi�ed by H1(A∨;O ⊗ H). Then the
Fourier-Mukai equivalence relative to the projection T∨0 A, deforms an equivalence between
the deformed categories DCohDA−mod, and DCoh(Ab). Then we use the deformed version
of the Mukai-Fourier transform that results on DA− modules and we characterize to A, as
a Picard variety of a curve C1. Then a Hecke functor is de�ned as the integral transform
Φ1 : DCoh(Pic(C),D) → DCoh(C × Pic(C),D), to D- modules on LBun. But using the
classical limit conjecture is had the equivalence through the interpretation of Higgs sheaves,
given in the category DCoh(LHiggs0,O), which can be extended to the corresponding
Langlands correspondence c of the �quantum� sheaves given by c = quantBun◦Φ◦quant−1

C ,
where Φ, is the Fourier-Mukai transform that we need. Then we have as integral transform
the integral transforms composition [2] c◦Φµ =L Φµ, which is solution of the �eld equations,
Isomdh = 0, where h, are the mentioned cotangent vectors (Higgs �elds). Then by
superposing of these states, considering the �eld corresponding rami�cations (connections),
we have

H = H0(ωC)⊕H0(ω⊗2
C )⊕ · · · ⊕H0(ω⊗nC ) (1)

Likewise, a graphical representation through a 2-dimensional model of (1) considering
a re-interpretation as the energy density expressed through the H− states, which can be
written using the superposing principle for each connection ω⊗jC , with C, the curve that
describe the corresponding dilaton (gauging particle) in �eld external presence. Likewise,
in Hamilton densities space [3] we have the �gure 1, considering a Hitchin basis. In the
case of a spinor representation the corresponding H− states can be as spinor waves (�gure
2) which can be consigned in oscillations in the space-time to a microscopic deformation
measured [4],[5] in H.
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On the structure of homoclinic bifurcation curves in three-dimensional
systems with Shilnikov attractors.
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In this paper we consider dynamical systems, which demonstrate Shilnikov attractors.
It is worth reminding that, by de�nition, Shilnikov attractor contains a saddle-focus
equilibrium state with two-dimensional unstable manifold.

In particular, a bifurcation set of homoclinic loops of such saddle-focus equilibrium
state is studied in detail. We consider homoclinic orbits along with multi-round homoclinic
orbits arising near it. From the paper [5] it is know, that the primary homoclinic curve
has the U-shape. From works [6] and [7] it is known that curves of double, triple, and
multi-round loops are located between a pair of branches of the primary homoclinic curve.
Our main result is a visualization of dynamical regimes and the structure of homoclinic
curves in Arneodo-Coullet-Tresser [3] and R�ossler systems [1], [2], which, as well-known,
demonstrate Shilnikov attractors.

Figure 1. Bifurcation diagram for the Arneodo - Coullet - Tresser system, which consist
of chart of symbolic dynamics, two curves corresponding to primary homoclinic orbits for

equilibrium states (1,0,0) and (0,0,0), and charts of maximal Lyapunov exponent in
forward and backward time.

In Fig. 1 two curves of primary homoclinic orbits for the Arneodo-Coullet-Tresser
system are presented. Red curve corresponds to the loop of the equilibrium state (1,0,0),
on which the attractor appearance is based, black one corresponds to the homoclinic loop
of the second equilibrium (0,0,0). Moreover, Fig. 1 shows the chart of maximal Lyapunov
exponent above the chart of symbolic dynamics. The black colored curve and chart of
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maximal Lyapunov exponent for β > 0 are calculated in forward time, while, the red colored
curve and the chart of maximal Lyapunov exponent for β < 0 calculated in backward time.
Points in the chart of maximal Lyapunov exponent are marked by blue color, when the
exponent is negative (the darker the color, the lower its value), when the exponent is
positive, the points are marked by shades of red color. Grey points indicate that orbits
go to in�nity for this parameter values. Kneading charts help to e�ciently visualize the
behavior of an unstable separatrix of a equilibrium state saddle-focus. In Fig.1 one can see
the results obtained with help of kneading diagrams are in good agreement with bifurcation
curves obtained using Matcont toolkit.

These studies were supported by the Laboratory of Dynamical Systems and Applications
NRU HSE (Grant No. 075-15-2019-1931) from the Ministry of Science and Higher Education
of Russian Federation.
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Topological renormalization in the H�enon family
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I will describe how maps in the real H�enon family bifurcate from zero to positive
entropy. When the Jacobian is close to 0, this has been done by De Carvalho, Lyubich and
Martens, who have built a renormalization operator by a perturbative approach from the
one-dimensional quadratic family. With E. Pujals and C. Tresser we extend some of these
results up to Jacobian 1/4: any such H�enon map with zero entropy can be renormalized.
As a consequence, we obtain a two-dimensional version of Sharkovsky's theorem about the
set of periods of interval maps. Our techniques use mainly topological arguments. [1]
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Algebraic invariants for ordinary di�erential equations: de�nitions and
applications
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The problem of establishing integrability or solvability for a given ordinary di�erential
equation is a classical problem of analysis. Let us consider an autonomous algebraic n-th
order ordinary di�erential equation with n ≥ 2. The aim of this talk is to address the
following questions.

1. Does there exist an autonomous algebraic �rst�order ordinary di�erential equation
compatible with the original equation?

2. If yes, how to �nd all such equations?

Bivariate polynomials producing autonomous algebraic �rst�order ordinary di�erential
equations compatible with the equation under consideration are called algebraic invariants.
The main di�culty in deriving irreducible algebraic invariants lies in the fact that their
degrees are not known in advance. The problem of establishing an upper bound on the
degrees of irreducible algebraic invariants in the case n = 2 is now commonly refereed to
as the Poincar�e problem [1]. At the moment only partial solutions to this problem are
available.

We shall introduce a method, which can be used to �nd all the irreducible algebraic
invariants [2]. The main idea of the method is to consider the factorizations of invariants
over the algebraically closed �eld of fractional power series. As an example, we shall present
the complete classi�cation of irreducible algebraic invariants for several physically relevant
ordinary di�erential equations including the famous Du�ng � van der Pol equation [3] and
the traveling�wave reduction of the modi�ed Kuramoto�Sivashinsky equation [2].

Let us note that in the two�dimensional case algebraic invariants are key objects
in establishing Darboux and Liouvillian integrability of the original ordinary di�erential
equation [4]. Indeed, if one knows the complete set of irreducible algebraic and exponential
invariants, then it is straightforward to decide whether an autonomous second�order ordinary
di�erential equation is integrable or non�integrable with a Darboux or Liouvillian �rst
integral.

In addition, algebraic invariants can be used to perform the classi�cation of meromorphic
solutions for wide families of ordinary di�erential equations. We plan to pay some attention
to this problem.

The research reported in this talk is supported by Russian Science Foundation grant
19�71�10003.
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Smooth Small Perturbations of Skew Products and the Partial
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We discuss the integrability property of maps in the plane and formulate the criterion
of integrability for these maps [1] � [2].
Then we introduce the concept of the partial integrability for maps in the plane and
consider maps of the form

F (x, y) = (f(x) + µ(x, y), g(x, y)) for any (x, y) ∈ I

(I = I1 × I2; I1, I2 are closed intervals) satisfying some additional conditions.
We prove su�cient conditions of the partial integrability for maps under consideration and
give the example of the partially integrable map [3] � [4].
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Optimizing discounted income for a structured population subject to
harvesting
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The problem of rational use of renewable natural resources has remained relevant for
many years. This is con�rmed by a large number of works devoted to studies of the
development of structured populations, divided into age groups or typical groups, and
the problems of optimal harvesting [1]. The problems of optimal resource collection in
probabilistic models [2] and the problem of maximizing the net discounted income from
�shing for the [3] population are of great interest.

In this abstract we investigate the models of the dynamics of an exploited structured
population. The main task is to calculate the discounted income from the extraction of a
renewable resource over a �nite period of time and to construct a control for which this
function is maximal.

De�ne xi(k), i = 1, . . . , n the number of resources of each of the n ≥ 2 of the species
or classes at the moment k = 0, 1, 2, . . . . We will consider the model of the exploited
population in the form

x(j + 1) = F
(
(1− u(j))x(j)

)
, j = 0, 1, 2, . . . , k − 1,

where x(j) =
(
x1(j), . . . , xn(j)

)
∈ Rn+, R

n
+

.
=
{
x ∈ Rn : x1 ≥ 0, . . . , xn ≥ 0

}
, u(j) =(

u1(j), . . . , un(j)
)
∈ [0, 1]n � control that can be varied to achieve the best collection

result, (1− ui(j))xi(j) � number of remaining resource of the i-th species at the moment
k after harvesting, F (x) =

(
f1(x), . . . , fn(x)

)
, fi(x) � real non-negative functions de�ned

for all x ∈ Rn+, fi(0) = 0, fi ∈ C2(Rn+), and Jacobi matrix
(
∂fi
∂xj

)
i,j=1,...,n

is nondegenerate

for all x ∈ Rn+.
We will assume that the costs of a conventional unit of each of the classes are equal to

the constant C1, . . . , Cn, where Ci ≥ 0, i = 1, . . . , n. Suppose that the cost of all production

at the moment k = j is hα(j) =
n∑
i=1

Cixi(j)ui(j)e
−αj , where α > 0 � is the discount factor.

For any u ∈ U and x(0) ∈ Rn+, we introduce into consideration the function

Hα

(
u, x(0)

) .
=

∞∑
j=0

hα(j) =

∞∑
j=0

n∑
i=1

Cixi(j)ui(j)e
−αj ,

which we will call discounted income from resource extraction.

Theorem 1. Let the function D(x)
.
=

n∑
i=1

Ci
(
fi(x) − xie

α
)
reaches the maximum

value in the only one point x∗ ∈ Rn+ è x∗i ≤ fi(x
∗) 6= 0 for any i = 1, . . . , n. Then for

any x(0) ∈ Rn+ such that xi(0) ≥ x∗i , i = 1, . . . , n, function Hα

(
u(k), x(0)

)
reaches the

maximum value

Hα

(
u∗(k), x(0)

)
= D(x∗)

e−α(k−1) − 1

1− eα
+

n∑
i=1

Cixi(0)

on multiple [0, 1]kn at the following exploitation mode:
1) if k = 1, then u∗(0) = (1, . . . , 1);

2) if k = 2, then u∗(2) =
(
u∗(0), u∗(1)

)
, u∗(0) =

(
1 − x∗1

x1(0) , . . . , 1 −
x∗n
xn(0)

)
, u∗(1) =

(1, . . . , 1);
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3) if k ≥ 3, then u∗(k) =
(
u∗(0), . . . , u∗(k−1)

)
, where u∗(0) =

(
1− x∗1

x1(0) , . . . , 1−
x∗n
xn(0)

)
;

u∗(j) =
(

1− x∗1
f1(x∗) , . . . , 1−

x∗n
fn(x∗)

)
ïðè j = 1, . . . , k − 2; u∗(k − 1) = (1, . . . , 1).

The work was carried out under the guidance of Professor of the Department of
Functional Analysis and its Applications of Vladimir State University L.I. Rodina.

References

[1] G. P. Neverova, A. I. Abakumov, E. Ya. Frisman. Dynamic modes of exploited limited
population: results of modeling and numerical study, Mat. Biolog. Bioinform., 2016,
V. 11, �1, PP. 1-13 (in Russian).

[2] L. I. Rodina. Optimization of average time pro�t for a probability model of the
population subject to a craft, Vestn. Udmurtsk. Univ. Mat. Mekh. Komp. Nauki,
2018, V. 28, �1, PP. 48�58 (in Russian).

[3] A. O. Belyakov, V. M. Veliov. On optimal harvesting in age-structured populations
// Dynamic Perspectives on Managerial Decision Making, 2016, PP. 149�166.

[4] A. V. Egorova, L. I. Rodina. On optimal harvesting of renewable resource from the
structured population // Vestn. Udmurtsk. Univ. Mat. Mekh. Komp. Nauki, 2019, V.
29, �4, PP. 501�517 (in Russian).

28



New Cantor sets with high-dimensional projections
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L. Antoine described a Cantor set in plane all of whose projections coincide with those
of a regular hexagon [2, 9, p.272; �g.2, p.273]. For each n > 2, K. Borsuk constructed
a Cantor set in Rn such that its projection onto every hyperplane contains an (n − 1)-
dimensional ball, equivalently, has dimension (n − 1) [4]. J. Cobb gave an example of a
Cantor set in R3 such that its projection onto every 2-plane is one-dimensional, and posed
a general question: �Could there be Cantor sets all of whose projections are connected, or
even cells? ...given n > m > k > 0, does there exist a Cantor set in Rn such that each of
its projections into m-planes is exactly k-dimensional?� [5]. In case of m = k, a positive
answer is given by [4]. For cases k = m − 1 and m = n − 1, such sets were constructed
in [6] and [3], correspondingly; both papers extend Cobb's ideas. Cobb's method is rather
sophisticated; the resulting Cantor set (and also the sets from [4], [3], [6]) is tame in the
following sense.

De�nition. A zero-dimensional compact set K ⊂ Rn is called tame if there exists a
homeomorphism h of Rn onto itself such that h(K) is a subset of a straight line in Rn; and
it is called wild otherwise.

In R2 each zero-dimensional compactum is tame [1, 75, p. 87�89]. L. Antoine constructed
a family of Cantor sets in R3 which are now widely known as Antoine's necklaces [1, 78,
p. 91�92] and proved that they are wild [1, Part 2, Chap. III]; this was extended to Rn,
n > 4, independently by A.A.Ivanov and W.A.Blankinship.

Applying the theory of tame and wild Cantor sets, we prove (see [7]):

Theorem 1. Let K ⊂ Rn be any Cantor set, n > 2. For each ε > 0 there exist
1) an ε-isotopy {ht} : Rn ∼= Rn such that for each m 6 n − 1 the projection of h1(K)

into any m-plane is m-dimensional;
2) an ε-isotopy {gt} : Rn ∼= Rn such that the projection of g1(K) into any (n−1)-plane

is (n− 2)-dimensional.

For the case (3, 2, 1), we present another very simple series of Cantor sets in R3 all of
whose projections are connected and one-dimensional [8]. These are self-similar Antoine's
necklaces which satisfy some additional conditions; self-similarity omits the necessity of
additional isotopical transformations. (All necessary notions will be explained in the talk.)

Theorem 2. Let A(T ;S1, . . . , Sk) ⊂ R3 be a self-similar Antoine's necklace, and let si
be the similarity coe�cient of Si for i = 1, . . . , k. If s2

1 + . . .+ s2
k < 1, then projections of

A(T ;S1, . . . , Sk) into all planes and straight lines are connected one-dimensional sets. In
particular, this holds for a regular self-similar Antoine's necklace A(T ;S1, . . . , S2m) with
2ms2 < 1; here s is the similitude coe�cient of Si's.

We will prove that necklaces which satisfy Theorem 2 do exist, constructing an in�nite
series of them.

Supported by Russian Foundation of Basic Research; Grant No. 19�01�00169.
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Approximation of semigroups of operators by compositional powers of
high-order Cherno� functions
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We propose a theorem (which was previously a conjecture of the second author), which
gives a practical way of estimating the rate of convergence of Cherno� approximations to a
semigroup of operators. It is known that these semigroups give the solution to the Cauchy
problem for linear evolution equation. Then, the proposed theorem is a method of proving
that the so-called rapidly converging Cherno� approximations indeed have the stated high
convergence rate.

This report is devoted to C0-semigroups of operators in Banach space (for example,
the books [2, 5] can be used as a source of de�nitions and facts in this area). We will
be interested in approximating operators from these semigroups using constructions based
on Cherno�'s theorem [4]. A review of a signi�cant part of this (already quite extensive)
topic can be found in the article [3]. We will estimate of the rate of convergence of such
approximations. This is a very young �eld of research that is rapidly gaining popularity [6,
1, 8].

LetX be a real or complex Banach space, L(X) is the set all of linear bounded operators
in X. Let also A be a linear operator with the domain of de�nition D(A) ⊂ X which is
dense in X. Suppose that A is a generator of C0�semigroup (etA)t≥0 ⊂ L(X) of linear
bounded operators acting in X.

By Cherno� function (of order 1) for the semigroup (etA)t≥0, we mean any operator-
valued function S : [0, T ] → L(X) (where T is some positive number) satisfying the
conditions of Cherno�'s theorem (see [2, 5, 4]). In particular, the Cherno� function must
satisfy the Cherno� tangency condition (of the order of 1): for all x from the essential
domain of the operator A we have G(t)x = x+ tAx+ o(t) as t→ +0. Cherno�'s theorem
states that using compositional powers of the Cherno� function, one can approximate the
semigroup (etA)t≥0 as follows: limn→∞ ‖etAx− [S(t/n)]nx‖ = 0 for any t > 0 and x ∈ X,
where [S(t/n)]n is a compostion on n copies of linear bounded operator S(t/n).

By Cherno� function (of order m > 1) for the semigroup (etA)t≥0, we mean the
operator-valued function S : [0, T ]→ L(X), which for all x ∈ D(Am) satis�es the Cherno�
tangency condition of order m: G(t)x = x+ tAx+ . . .+ tm/m! ·Amx+o(tm) for t→ +0, as
well as some other conditions that will be seen from the following theorem. The Cherno�
tangency condition of order m > 1 was introduced in the hope [7] that when it is met then
the value ‖etAx − [S(t/n)]nx‖ for n → ∞ will tend to zero faster (at least for some x).
Our main theorem shows that this hope was justi�ed:

Theorem. Let (etA)t≥0 be a C0-semigroup with the generator (A,D(A)) in the Banach

space X, and number T > 0 is given. Suppose that (etA)t≥0 for some M1 ≥ 1, w1 ≥ 0
satis�es the condition ‖etA‖ ≤ M1e

w1t for all t ∈ [0, T ]. Let, in addition, suppose that

the mapping S : [0, T ]→ L(X) satis�es the following inequality for some natural m, some

positive function Cm(t) (0 < t ≤ T ) and all x ∈ D(Am+1) ⊂ X, t ∈ [0, T ]:∥∥∥∥S(t)x−
m∑
k=0

tkAkx

k!

∥∥∥∥ ≤ Cm(t) · tm+1

(m+ 1)!
‖Am+1x‖.

Let us also assume that at least one of the conditions a), b) holds:

a) there is w2 ≥ 0 such that ‖S(t)‖ ≤ ew2t for all t ∈ [0, T ];
b) there are w2 ≥ 0 and M2 ≥ 1 such that ‖S(t)k‖ ≤ M2e

kw2t for all t ∈ [0, T ] and
natural k.
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Then: 1) Condition a) implies condition b) with M2=1.

2) Taking into account 1), for w1 6= w2, all t ∈ [0, T ] and natural n, the following

estimate will hold: ‖S(t/n)nx− etAx‖ ≤

M1M2(Cm(t/n) +M1e
w1t/n)‖Am+1x‖ tm+1(ew2t − ew1t)

nm+1(m+ 1)!ew1t/n
.

3) Taking into account 1), for w1 = w2 = w, all t ∈ [0, T ] and natural n, the following

estimation will hold:

‖S(t/n)nx− etAx‖ ≤ (Cm(t/n) +M1e
wt/n)

M1M2t
m+1ewt

nm(m+ 1)!
‖Am+1x‖.

Example Let ‖etA‖ ≤ et, ‖S(t)‖ ≤ et, S(t)x = x+ tAx+ t2/2 ·A2x+ o(t2) for t→ 0,
and ‖S(t)x − x − tAx − t2/2 · A2x‖ ≤ Ct2+ε‖A3x‖ for some ε ∈ (0, 1] and C > 0 for all
t ∈ [0, 1]. Then m = 2, Cm(t) = 6Ctε−1, M1 = M2 = w1 = w2 = 1, and point 3) of the
above theorem states that for any t ∈ [0, 1], x ∈ D(A3) and for every natural n, the next
estimate is valid

‖S(t/n)nx− etAx‖ ≤
(
Ce · t

2+ε

n1+ε
+
e2

6
· t

3

n2

)
· ‖A3x‖.

Gratitudes. This work was supported by the International Laboratory of Dynamical
Systems and Applications of the National Research University Higher School of Economics,
grant of the Ministry of Science and Higher Education of the Russian Federation, agreement
No. 075-15-2019-1931.
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In this talk we consider a model describing oscillations of two interacting microbubble
contrast agents [1, 2]. Microbubble contrast agents are micrometer size encapsulated gas
bubbles. Such bubbles can be used for various biomedical applications, for example, for
enhancing ultrasound visualization of blood �ow. It is known that contrast agents can
demonstrate complex dynamics and its type is important for applications [1, 3, 4, 5].

The dynamics of two intercating bubbles is described by a non-autonomous system
of four di�erential equations (or an equivalent autonomous system of �ve equations).
If the equilibrium radii of both bubbles are the same, then the governing dynamical
system is invariant with respect to the transformation: R1 ↔ R2, Ṙ1 ↔ Ṙ2, where
R1(t) and R2(t) denote the �rst and second bubbles' radii respectively and dot is the
derivative with respect to time. This symmetry leads to the existence of the three-
dimensional invariant manifold R1 = R2, Ṙ1 = Ṙ2. Solutions embedded in this manifold
are characterized by completely in-phase (synchronous) oscillations of both bubbles. Some
of these solutions can be asymptotically stable (attractive). Various synchronous (periodic,
chaotic) and asynchronous (periodic, quasiperiodic, chaotic and hyperchaotic) states were
studied recently in work [4].

The main aim of this talk is to study the process of destruction of synchronous oscillations
in the considered model and the in�uence of such destruction on various dynamical regimes.
There are two typical ways that are responsible for the loss of synchronization. First and
more obvious one is the destruction of the synchronization manifold, which can be done by
breaking the corresponding symmetry, i.e. by considering nonidentical bubbles. Second,
destruction of the synchronous oscillations is possible without symmetry breaking via the
bubbling transition process.

In order to study the �rst way, we introduce a perturbation of the equilibrium radius
of one of the bubbles which leads to the symmetry breaking. Since synchronous attractors
are essentially de�ned by presence of the symmetry, it is natural to assume that they
are in general more sensitive to the symmetry breaking. We show that the main factors
determining stability or instability of a synchronous attractor are the presence/absence
and the type of an asynchronous attractor coexisting with the synchronous attractor.
On the other hand, asynchronous hyperchaotic attractors are stable with respect to the
symmetry breaking. As far as the second way of destruction of synchronous oscillations is
concerned, we propose a phenomenological mechanism responsible for such destruction of
synchronization and numerically demonstrate its implementation in the studied model. We
show that the appearance and expansion of transversally unstable areas in the synchronization
manifold leads to transformation of a synchronous chaotic attractor into a hyperchaotic
one. We also demonstrate that this bifurcation sequence is stable with respect to symmetry
breaking perturbations.

This work is supported by RSF grant 19-71-10048.
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Re�ections from hypersurfaces act by symplectomorphisms on the space of oriented lines
with respect to the canonical symplectic form. We consider an arbitrary C∞-smooth
hypersurface γ ⊂ Rn+1 that is either a global strictly convex closed hypersurface, or a germ
of hypersurface. We deal with the pseudogroup generated by compositional di�erences
of re�ections from γ and re�ections from its small deformations. In the case, when γ
is a global convex hypersurface, we show that the latter pseudogroup is dense in the
pseudogroup of Hamiltonian di�eomorphisms between subdomains of the phase cylinder:
the space of oriented lines intersecting γ transversally. We prove an analogous local result
in the case, when γ is a germ. The derivatives of the above compositional di�erences in
the deformation parameter are Hamiltonian vector �elds calculated by Ron Perline. To
prove the main results, we �nd the Lie algebra generated by the corresponding Hamiltonian
functions and prove its C∞-density in the space of C∞-smooth functions.

The author is partially supported by Laboratory of Dynamical Systems and Applications
NRU HSE, of the Ministry of science and higher education of the RF grant ag. No 075-
15-2019-1931.

He is also partially supported by RFBR and JSPS (research project 19-51-50005).
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Generalizations of the Furstenberg Theorem on random matrix products
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Random products of matrices appear naturally in smooth dynamical systems, probability
theory, spectral theory and mathematical physics, and geometric measure theory. The
main questions are usually focused on the rate of growth of these products. In this
context an important step was made in 1960 by Furstenberg and Kesten. They proved
that products of random matrices generated by a stationary process have well de�ned
asymptotic exponential growth rate. This rate of growth is usually called Lyapunov
exponent. It corresponds exactly to the logarithm of the spectral radius when all the
random matrices degenerate to a single matrix. Later Furstenberg showed that in most
cases the Lyapunov exponent must be positive.

In this talk we will discuss several generalizations of the classical Furstenberg Theorem,
namely

• Parametric version, see [1];
• Non-stationary version, [2];
• Parametric non-stationary version, [3].

As an application, we provide a proof of both spectral and dynamical Anderson Localization
in 1D Anderson-Bernoulli Model, which was expected to hold by experts in spectral theory,
but up to now was out of reach of the available methods.
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Let Mn be a closed smooth manifold of dimension n ≥ 1.
In [1], it is proved that if the non-wandering set NW (f) of a structurally stable

di�eomorphism f : Mn → Mn (n ≥ 3) contains an expanding orientable attractor Ω
of codimension one, then 1) manifold Mn is homotopically equivalent to n-dimensional
torus Tn; if n 6= 4, then Mn is homeomorphic to Tn; 2) the set NW (f)\Ω consists of a
�nite number of isolated sources and saddles.

For the case n = 2, this statement is not true. Namely, the ambient surface M2

of a structurally stable di�eomorphism f whose non-wandering set NW (f) contains an
orientable attractor Ω is not necessarily a torus, but can be any orientable surface other
than a sphere, and dynamics on the complement to the attractor Ω can be much more
complicated.

The following theorem is the main result of the given report.

Theorem 2. Let f : M2 → M2 be a structurally stable di�eomorphism all trivial basic
sets of which are source periodic points α1, ..., αk, where k ≥ 1. Then the non-wandering
set NW (f) of the di�eomorphism f consists of points α1, ..., αk and exactly one one-
dimensional attractor Λ.

In paper [2], it was announced a generalization of S. Smale's surgery on pseudo-
Anosov di�eomorphisms of an arbitrary surface. This surgery leads to the appearance
of a structurally stable di�eomorphism of the same surface with the non-wandering set
consisting of exactly one one-dimensional attractor and a �nite number of source periodic
points. The di�eomorphisms obtained as a result of this surgery, as well as di�eomorphisms
of a two-dimensional sphere whose non-wandering set contains Plykin's attractor and DA-
di�eomorphisms of a two-dimensional torus, are examples of di�eomorphisms satisfying
the conditions of theorem 2.

A nontrivial basic set Ω of an A-di�eomorphism f : M2 → M2 is said to be widely
situated if there are no loops homotopic to zero formed by a segment of the stable manifold
and a segment of the unstable manifold of a point x ∈ Ω.

Let g be genus of surface M2.

Corollary 2. Let the conditions of theorem 2 be satis�ed and, in addition, the attractor Λ
has no bunches of degree one and g ≥ 1 if surface M2 is orientable, g ≥ 3 if surface M2 is
nonorientable. Then the attractor Λ is widely situated on surface M2.

Corollary 3. Let the conditions of theorem 2 be satis�ed and, in addition, k = 1 (that
is the point α1 is �xed). Then surface M2 has genus g ≥ 1 if it is orientable, g ≥ 3 if it
is nonorientable, the attractor Λ is widely situated on surface M2 and has no bunches of
degree one.

In [3] (theorem 1), it is proved that if non-wandering set of structurally stable di�eomorphism
of a surface contains one-dimensional attractor (repeller), then it also contains a source
(sink) periodic point. The following theorem complements this statement.

Theorem 3. If non-wandering set of a structurally stable di�eomorphism f : M2 → M2

contains a nontrivial zero-dimensional basic set Ω, then it contains source and sink periodic
points.

The results of this report were obtained with the �nancial support of the Russian
Science Foundation (project 17-11-01041).
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On Topological Classi�cation of Morse-Smale Di�eomorphisms on the
Sphere Sn (n > 3)
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The report is devoted to discussing of results of papers [1]-[2] obtained in collaboration
with V. Grines, O. Pochinka, V. Medvedev and D. Malyshev.

The dynamics generated by Morse-Smale di�eomorphisms, structurally stable
di�eomorphisms whose non-wandering set consists of a �nite number of periodic points,
is quite simple: the trajectory of any point of a phase space tends asymptotically to a
periodic orbit. Moreover, the closures of the invariant manifolds of saddle periodic points
of codimension 1 cut the phase space into components with the same asymptotic behavior
of the trajectories. Therefore, at the �rst blush it seems that the topological conjugacy
classes of such systems are well de�ned by the mutual arrangement of invariant manifolds of
codimension one, and one cal use combinatorial invariants similar to scheme of Leontovich
and Mayer or Peixoto graph. As follows from the classical works of V.Z. Grines and A.N.
Moneyless, this fact is true in the case when the dimension of the phase space equals two,
and the Morse-Smale di�eomorphism has a �nite number of heteroclinic orbits. In the case
of dimension three and higher, the situation is di�erent, which is related to the possibility
of a wild embedding of invariant manifolds of saddle periodic points (that fundamentally
distinguishes �ows from di�eomorphisms).

In this talk it is established that for the classG of Morse-Smale di�eomorphisms without
heteroclinic intersections, de�ned on a sphere Sn of dimension four and higher, the complete
invariant of topological conjugacy again can be described in combinatorial terms.

For any di�eomorphism f ∈ G, we de�ne a two-color graph Γf that describes a mutual
arrangement of invariant manifolds of saddle periodic points of the di�eomorphism f . We
enrich the graph Γf by an automorphism Pf induced by dynamics of f and de�ne the
isomorphism notion between two colored graphs.

Theorem 1.Two di�eomorphisms f, f ′ ∈ G are topologically conjugated if and only if
their graphs Γf , Γ′f are isomorphic.

It is not di�cult to show that graph Γf of any f ∈ G is a tree. The following theorem
solves the problem of realization of all classes of topological conjugacy for class G.

Theorem 2.For any two-color three Γ and any color preserving automorphism P :
Γ → Γ there exists a di�eomorphism f ∈ G whose graph Γf is isomorphic to Γ by means
of an isomorphisms ξ : Γf → Γ such that Pf = ξ−1Pξ.

The research is supported by Russian Science Foundation, project 17-11-01041, and
by Laboratory of Dynamical Systems and Applications of National Research University
Higher School of Economics, grant of the Ministry of Science and Higher Education of the
Russian Federation �075-15-2019-1931.
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Rigitidy of Lie foliations with locally symmetric leaves
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This is a joint work with Ga�el Meigniez (Universit�e Bretagne-Sud).
Given a Lie group G, a G-Lie foliation is a foliation transversely modeled on G.

The study of such foliations is motivated by Molino theory [Mo88]: the classi�cation of
Riemannian foliations is essentially reduced to that of Lie foliations. Yet little is known
about the classi�cation of Lie foliations.

Typical examples of Lie foliations are so-called homogeneous Lie foliations, which
are foliations on double coset spaces with homogeneous leaves. Some rigidity results
imply that Lie foliations are homogeneous under various conditions, which are useful
for the classi�cation: Caron-Carri�ere [CC80] showed that every minimal 1-dimensional
Lie foliation is di�eomorphic to a linear �ow on a torus. Matsumoto-Tsuchiya [MT92]
proved that every 2-dimensional a�ne Lie foliation on closed 4-manifolds are homogeneous.
Zimmer [Zi88] proved that if a minimal G-Lie foliation admits a Riemannian metric such
that each leaf is isometric to a product of symmetric space of noncompact type of real rank
≥ 2, then it is obtained as a pull back of a homogeneous Lie foliation.

Our main result is a generalization of Zimmer's result:
Theorem 1. Let X be a product of irreducible Riemannian symmetric spaces of non-
compact type di�erent from the Poincar�e disk. Let (M,F) be a connected closed manifold
with a minimal Lie foliation. Assume that M admits a Riemannian metric of class C0

whose restriction to every leaf is smooth and locally isometric to X. Then, (M,F) is
smoothly conjugate to a homogeneous Lie foliation.

This result is not true for the case where X is the Poincar�e disk. Indeed, there exists a
non-homogeneous Lie foliation whose leaves are hyperbolic surfaces homeomorphic to the
2-sphere S2 minus a Cantor set [HMM05].

The proof uses the barycentre mapping due to Besson-Curtois-Gallot [BCG96] and a
rigidity theorem of Kleiner-Leeb [KL97].

Combining Theorem 1 with known results for lattices of semisimplie Lie groups, we
recover other results of Zimmer in [Zi88].
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Von Neumann's ergodic theorem
and Fej�er sums for signed measures on the circle
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The Fej�er sums for measures on the circle and the norms of the deviations from the
limit in von Neumann's ergodic theorem are calculated, in fact, using the same formulas
(by integrating the Fej�er kernels) � and so, this ergodic theorem is a statement about
the asymptotics of the Fej�er sums at zero for the spectral measure of the corresponding
dynamical system [1].

It made it possible, having considered the integral Holder condition for signed measures,
to prove a theorem that uni�es both following well-known results: classical S.N. Bernstein's
theorem on polynomial deviations of the Fej�er sums for Holder functions � and theorem
about polynomial rates of convergence in von Neumann's ergodic theorem. On the way, a
new proof of the Bernstein's theorem was obtained [2].

References

[1] Kachurovskii A. G., Podvigin I. V. Fej�er Sums for Periodic Measures and the von
Neumann Ergodic Theorem // Dokl. Math. 2018. Vol. 98, No. 1, pp. 344�347.

[2] Kachurovskii A. G., Lapshtaev M. N., Khakimbaev A. J. Von Neumann's ergodic
theorem and Fej�er sums for signed measures on the circle // Sib. Electron. Math.
Reports. 2020. Vol. 17, pp. 1313-1321.

41



Asymptotics of the dynamic bifurcation saddle-node
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The main object under consideration is a system of two di�erential equations with a
small parameter 0 < ε� 1

ε
dx

dτ
= f(x;a); x ∈ R2, τ ∈ R1.

The right-hand side depends on a parameter a ∈ Rn. There is an equilibrium state
x ≡ p(a) taken from functional equation

f(x;a) = 0.

The saddle-node bifurcation takes place [1] on the surface S ⊂ Rn. Let be L = {a ∈
Rn : a = A(τ)} a smooth line, which crosses the bifurcation surface at some moment:
A(0) = a0 ∈ S

Problem for the non autonomous system with parameter depending on time a = A(τ)
is considered. We study the solutions that, in the leading order term of the asymptotics
in the small parameter, coincide with zeros of the right-hand side: x ≡ p(A(τ)) for τ < 0.
The aim of this work is to construct an asymptotic solution as ε → 0 on a large time
interval τ ∈ (−δ, δ), including the bifurcation moment τ = 0. Numerical experiments
show the presence of a narrow transition layer near the moment τ = 0. In this layer,
the solution is quickly rearranged from a value close to point, a0, to another equilibrium
state. A description of such a rearrangement in the asymptotic approximation at small ε
is presented. A simplest model was studied in [2].
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The present paper is devoted to the study of transition mechanisms from a stable �xed
point to chaotic and even hyperchaotic attractors in two-dimensional endomorphism, which
describes the dynamics of two coupled parabolas:{

x = 1− ax2 + ε(x− y)

y = 1− ay2 + ε(y − x)
(1)

Figure 1. The chart of Lyapunov exponents and main bifurcation curves
PD - period-doubling bifurcation, PF - pitchfork bifurcation, SN - saddle-node bifurcation, NS -

Neimark-Sacker bifurcation; FF - fold-�ip bifurcation; lower index corresponds to the period of point

which bifurcates; solid line for stable periodic orbits, dashed line - for unstable ones.

Local bifurcations in map (1) were studied in paper [1]. We note that when parameter
corresponding to the coupling of two parabolas is equal to zero (ε = 0) each of two
independent subsystems x̄ = 1 − ax2 and ȳ = 1 − ay2 shows a classical transition from
stable �xed point to chaotic attractor through the Feigenbaum cascade of period-doubling
bifurcations. Thereby, in the system (1) the appearance of hyperchaotic attractors is
awaited at least for small values of ε.

In the �rst part of this work we investigated discrete Lorenz-shape attractors in model
of two coupled parabolas (1). In papers [2], [3] for three-dimensional models it was shown,
that discrete Lorenz-shape attractors can occur in the neighborhood of periodic orbits with
a pair of multipliers (+1,−1). Bifurcation diagrams near such point (the so-called fold-�ip)
were studied in detail in paper [4]. To develop this idea for the map (1) we computed a
chart of Lyapunov exponents, superimposed with main bifurcation curves (see Fig. 1) and
studied the main scenarios associated with the birth of Lorenz-shape attractors. Also, we
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discovered the existence of 2-, 4- and 8-period Lorenz-shape attractors. The mechanisms
of appearance of 8-period Lorenz-shape attractor are demonstrated below (see Fig. 2).

The region of stability of �xed point from the bottom and the right side is bounded by
the curves of period-doubling bifurcation, from above � by pitchfork bifurcation, from the
left - by vertical line of saddle-node bifurcation at a = −0.25. For the period two orbit top
and bottom borders are supercritical pitchfork bifurcation and period-doubling one from
the right side. Pitchfork bifurcation curve crosses period-doubling bifurcation curve for
stable period 2 orbit on a line when a = 1.25 in top and bottom parts of diagram. These
points are also co-dimension two points (fold-�ip), but their type di�ers from fold-�ip
point, mentioned previously.

Figure 2. Illustration of mechanisms of appearance of two symmetric 8-component
Lorenz-like attractors in map (1) along the route ε = 0.045

Second part of work is devoted to the study of scenarios of hyperchaotic attractors
appearance in map (1). According to Fig. 1, when ε 6= 0 and along the way of increasing
of parameter α, the cascade of period-doubling bifurcations is interrupted by Neimark-
Sañker bifurcation. Consequently, respective stable periodic orbit Op becomes completely
unstable and stable invariant curve is born in its neighborhood. By further increasing
of parameter α this curve breaks, attractors of type torus-chaos appear and then, as a
result of absorption of completely unstable periodic orbit Op, periodic Shilnikov attractor
appears. After that, with a further growth of parameter α, this attractor absorbs the set
of completely unstable orbits, which appear as a result of period-doubling bifurcations of
saddle points, and hyperchaotic attractor appears.

This work was supported by the RSF grant No. 19-71-10048
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Non-alternating Hamiltonian Lie algebras of even characteristic: new
series of simple Lie algebras

Kondrateva A. V.1, Kuznetsov M. I.2

Institute of Information Technology, Mathematics and Mechanics
Nizhny Novgorod State University

The simplest non-alternating Lie algebra of characteristic 2 constructed in [1] consists

of vector �elds preserving the symmetric Hamiltonian form ω = dx
(2)
1 + . . . + dx

(2)
n . This

Lie algebra is analogous to the Hamiltonian Lie superalgebra H(0|n) of characteristic 0.
More general non-alternating Hamiltonian Lie algebras corresponding to Lie superalgebras
H(m|n) are studies in [2, 3]. They are constructed over divided powers algebra O(F ) and
correspond to forms ω with polynomial coe�cients. Here F : E = E0 ⊇ E1 ⊇ . . . ⊇ Er ⊃
Er+1 = {0} is a �ag of a space E = 〈x1, . . . , xn〉. Let M = (ωij) be the matrix of the
form ω, M−1 = (ωij). The matrix M

−1(0) de�nes a dual form ω(0) on the space E. It is
shown in [4] that if E1 6⊂ E0, then the Hamiltonian Lie algebra P (F , ω) is isomorphic to
P (F , ω(0)). Here, E0 is the subspace of isotropic vectors of E with respect to ω(0). At
present, normal shapes ωi, i = 1, 2, 3, 4 of all non-alternating Hamiltonian forms in three
variables are obtained:

ω1 = dx1dx2 + dx
(2)
3 ,

ω2 = dx1dx2 + dx
(2)
2 + dx

(2)
3 ,

ω3 = dx
(2)
1 + dx

(2)
2 + dx

(2)
3 ,

ω4,1 = dx1dx2 + dx
(2)
3 + x

(2m1−1)
1 x3dx1dx3,

ω4,2 = dx1dx2 + dx
(2)
3 + x

(2m2−1)
2 x3dx1dx3,

where m1, m2, m1 6= m2, are the heights of x1, x2. Lie algebras corresponding to
di�erent forms ωi, ωj , i 6= j, are pairwise non-isomorphic. Therefore, new series of simple
Lie algebras corresponding to ω2, ω4 are found.

The work is supported by RFBR (grant 18-01-00900) and Ministry of Science and
Higher education of Russian Federation (project 0729-2020-0055).
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Topological conjugation of surface Morse-Smale �ows

Kruglov V.E.

National Research University Higher School of Economics

Two �ows f t, f ′t : M →M on a manifold M are called topologically equivalent if there
exists a homeomorphism h : M → M sending trajectories of f t into trajectories of f ′t

preserving orientations of the trajectories. Two �ows are called topologically conjugate if
h ◦ f t = f ′t ◦ h, it means that h sends trajectories into trajectories preserving not only
directions but in addition the time of moving. To �nd an invariant showing the class
of topological equivalence or topological conjugacy of �ows in some class means to get a
topological classi�cation for it.

The Morse-Smale �ows were introduced on the plane for the �rst time in the classical
paper of A.A. Andronov and L.S. Pontryagin in [1]. The non-wandering set of such �ows
consists of a �nite number of hyperbolic �xed points and �nite number of hyperbolic limit
cycles, besides, saddle separatrices cross-sect only transversally (there are no connection
� separatrices joined two saddle points). This important class of �ows was generalized
on arbitrary surfaces and classi�ed up to topological equivalence for many times during
the twentieth century. The most important combinatorial invariants are the Leontovich-
Maier's scheme [2], [3] for �ows on the plane, the Peixoto's directed graph [4] for Morse-
Smale �ows on any closed surface and the Oshemkov-Sharko's three-colour graph [5] for
Morse-Smale �ows on any closed surface.

Since the epoch-making work of J. Palis [6] it is known that the class of topological
equivalence of a regular surface �ow can contain several classes of topological conjugacy,
describing by parameters called moduli. He proved that every connection gives a modulus
equals to the ratio of eigenvalues of non-intersecting invariant manifolds of the saddles
joined by the connection.

In [7] it was proved that for gradient-like �ows (i.e. Morse-Smale �ows without limit
cycles) on surfaces classes of topological equivalence and topological conjugacy coincide.
Obviously, any limit cycle generates a modulus equals to the period of one. Additionally, in
[8] it was proved that the presence of a cell bounded by limit cycles gives in�nite number of
moduli connected with the uniqueness of invariant foliation in the basin of the limit cycle.

This research solves the problem of of �nding the criterion of �niteness of the number of
the moduli for Morse-Smale �ows on surfaces and classi�cation in sense of the topological
conjugacy of such �ows.

The main result of the present paper is that two Morse-Smale �ows without a trajectory
going from one limit cycle to another one are topologically conjugate i� they are topologically
equivalent and the periods of corresponding limit cycles coincide.
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Demonstration of the "billiard Maxwell's Demon" e�ect in the
"corrugated waveguide" system with an oscillating boundary

Lyubchenko D. O.1, Savin A. V.1

1. Faculty of Nonlinear Processes
Saratov State University

For quite a long time it was believed that unpredictable behavior can be observed only
in systems with a large number of degrees of freedom. Statistical analysis is usually used
to study such systems. However, the discovery of dynamic chaos in simple systems showed
that unpredictability also occurs in systems with a small number of degrees of freedom.

The simple models with chaotic dynamics are the billiard-type models. These are
systems in which the particle moves in a compact space and elastically collides with the
boundaries. Such models with �xed boundaries are already well studied. In a situation
in which the boundaries can oscillate according to a known law, nontrivial and rather
curious e�ects appear. These e�ects are interesting both from the fundamental and from
the applied point of view.

One of the nontrivial e�ects arising in such models is the Fermi acceleration e�ect
[1] which is almost unlimited increase in the speed of a particle that moves between the
walls. In [2], it was assumed that for the appearance of Fermi acceleration in the billiard-
type systems with oscillating boundaries, it is su�cient that such a billiard with a �xed
boundary has chaotic dynamics.

Another interesting e�ect was discovered in [3], in which the ensemble-averaged velocity
of particles in a stadium-like billiard with oscillating boundaries was studied. In this
system, we can observe that weak oscillations of the boundary lead to the appearance of a
critical value of the initial velocity in the system, below which the average velocity begins
to decrease. If the initial velocity is greater than the critical velocity, then the particles
are accelerated on average. This phenomenon was called billiard Maxwell's Demon.

In this work, we undertake a research of such e�ects and phenomena on the example
of another model with collisions, in which one of the walls is stationary, and the other
wall has harmonic corrugation and oscillates according to a harmonic law. In fact, this
is a modi�ed model of the Tennyson-Lieberman-Lichtenberg model [4], to which bounder
oscillations are added.

The research shows that the system demonstrates chaotic dynamics in the situation in
which boundaries are �xed, and also conducted numerical studies showing the possibility
of implementing the phenomenon of "billiard Maxwell's demon" in this system.
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Combinatorial invariant for Morse-Smale di�eomorphisms on surfaces
with orientable heteroclinic

Malyshev D., Morozov A., Pochinka O.V.

National Research University Higher School of Economics

In this paper, we consider a class of orientation-preserving Morse-Smale di�eomorphisms
de�ned on an orientable surface. In papers by A.A. Bezdenezhnykh and V.Z. Grines showed
that such di�eomorphisms have a �nite number of heteroclinic orbits. In addition, the
classi�cation problem for such di�eomorphisms is reduced to the problem of distinguishing
orientable graphs with substitutions describing the geometry of a heteroclinic intersection.
However, such graphs generally do not admit polynomial discriminating algorithms. This
work proposes a new approach to the classi�cation of these cascades. For this, each
di�eomorphism under consideration is associated with a graph that allows the construction
of an e�ective distinguish algorithm. We also identi�ed a class of admissible graphs, each
isomorphism class of which can be realized by a di�eomorphism of a surface with an
orientable heteroclinic. The results obtained are directly related to the realization problem
of homotopy classes of homeomorphisms on closed orientable surfaces. In particular, they
give an approach to constructing a representative in each homotopy class of homeomorphisms
of algebraically �nite type according to the Nielsen classi�cation, which is an open problem
today.

Recall that the di�eomorphism f : Mn → Mn, given on a smooth closed connected
n-manifold (n ≥ 1) Mn is called a Morse-Smale di�eomorphism, if

1) its non-wandering set Ωf consists of a �nite number of hyperbolic orbits;

2) the manifolds W s
p , W

u
q intersect transversally for any non-wandering points p, q.

We denote by MS(Mn) the set of such di�eomorphisms.
For orientation-preserving Morse-Smale di�eomorphismsf , given on an orientable surface

M2, let us recall the concept of an orientable heteroclinic as follows.
Let σi, σj � saddle points of difeomorphism f , such that W s

σi ∩ W
u
σj 6= ∅. For any

heteroclinic point x ∈W s
σi ∩W

u
σj we de�ne an ordered pair of vectors (~υux , ~υ

s
x), where:

� ~υux � is the tangent vector to the unstable manifold of the point σj at the point
x and directed from x to fm

u
(x), where mu is a period of the unstable separatrix

containing x;

� ~υsx � is the tangent vector to the stable manifold of the point σi at the point x and
directed from x to fm

s
, where ms is the period of the stable separatrix containing x.

Figure 1: Non-orientable heteroclinic intersection
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Figure 2: Orientable heteroclinic intersection

Heteroclinic intersection of di�eomorphism f is called orientable, if ordered pairs of
vectors (~υux , ~υ

s
x) determines the same orientation of the ambient surface M2 at every

heteroclinic point x of the di�eomorphism f
Let's G ⊂ MS(M2) � is the class of orientation-preserving di�eomorphisms with

orientable heteroclinic intersections.It was announced by V.Grines and A. Bezdenezhnyh[1]
and was proved as the chapter of candidate's dissertation by A.Bezdenezhnyh [2] that any
di�eomorphism f ∈ G has a �nite number of heteroclinic orbits. This result was also
proved in[3] using another methods. In this paper, we described the graph Tf , Pf for
di�eomorphisms f ∈ G, and also de�ned an admissible graph that admits the discrimination
algorithm in polynomial time and by which a di�eomorphism of the class G can be realized.

The main result of this work is the following theorems:
Theorem 1. Di�eomorphisms f, f ′ ∈ G are topologically conjugate if and only if their

graphs (Tf , Pf ), (Tf ′ , Pf ′) are isomorphic.
Theorem 2. There is an e�cient algorithm for establishing isomorphism of graphs

(Tf , Pf ), (Tf ′ , Pf ′).
Theorem 3. For any admissible graph (T, P ), there exists a di�eomorphism f ∈ G

such that the graph (T, P ) and (Tf , Pf ) are isomorphic.
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Two-dimensional attractors and �bered links on 3-manifolds

Medvedev V., Zhuzhoma E.

Department of mathematics
National Research University Higher School of Economics

Dynamical Axiom A systems (in short, A-systems) were introduced by Smale [3]. Here,
we consider A-�ows that are A-systems with continuous time. Due to Smale's Spectral
Decomposition Theorem, the non-wandering set of any A-system is a disjoint union of
closed, invariant, and topologically transitive sets called basic sets. It is natural to study
two-dimensional basic sets (attractors) beginning with 3-manifolds M3. The following
statement holds.

Theorem 1. Let f t be an A-�ow on an orientable closed 3-manifoldM3 such that the non-
wandering set NW (f t) contains a 2-dimensional non-mixing attractor Λa. Then there is
a compacti�cation M(Λa) = W s(Λa) ∪ki=1 li of the basin (stable manifold) W s(Λa) of Λa
by the family of simple disjoint circles l1, . . ., lk such that

� M(Λa) is a closed orientable 3-manifold;

� the �ow f t|W s(Λa) is extended continuously to the nonsingular �ow f̃ t on M(Λa) with

the non-wandering set NW (f̃ t) = Λa ∪ki=1 li where l1, . . ., lk are repelling isolated
periodic trajectories of f̃ t;

� the family L = {l1, . . . , lk} ⊂M(Λa) is a �bered link in M(Λa).

The second result, in a sense, is reverse to the �rst one.

Theorem 2. Let {l1, . . . , lk} ⊂ M3 be a �bered link in a closed orientable 3-manifold
M3. Then there is a nonsingular A-�ow f t on M3 such that the non-wandering set
NW (f t) contains a 2-dimensional non-mixing attractor and the repelling isolated periodic
trajectories l1, . . ., lk.

Applying Alexander's statement on �bered links [1], one gets the following result.

Corollary 1. Given any closed orientable 3-manifold M3, there is a nonsingular A-�ow f t

on M3 such that the non-wandering set NW (f t) contains a two-dimensional non-mixing
attractor.

This corollary was proved by another method in [2].
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On the exactness of the stationary phase method
for matrix coe�cients of some real linear irreducible representations of
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It is well known that the asymptotic methods play an important role in the theory of
dynamical systems and partial di�erential equations [1]. The purpose of the report � to
show that the method of stationary phase for oscillatory integrals of the form

∫
G e

itf dg,
where t large enough, is exact for matrix coe�cients of some class of real linear irreducible
representations of compact connected groups G. The integral is taken over the group G
with respect to the bi-invariant Haar measure. We will be use the notion of the exactness
of the stationary phase method as de�ned at [2]. Let a Morse function f : X → R with
isolated critical points and di�erent critical values be given on a compact n-dimensional
manifold X with a �xed element of volume dm. Then the stationary phase method gives
an approximation of the integral

∫
X e

itf dm in terms of the values of f and its derivatives
at the critical points. The exactness of the stationary phase method means that for each
critical point x there is a converging power series Ax(t) =

∑
j>0

ax,j(it)
−j with the following

property: ∫
X
eitf dm =

(2π

t

)n/2 ∑
df(x)=0

eitf(x)e(n−2λ(x))πi/4Ax(t),

where the λ(x) denotes the index of the function f at the point x. In the case of Morse-Bott
functions, the stationary phase method gives an asymptotic expansion of the form:∫

X
eitf dm =

(2π

t

)n/2 ∑
16j6n

eitf(Cj)e(n−2λ(Cj))πi/4Ax(t),

where λ(Cj) is the index f in the along nondegenerate critical submanifold Cj , j = 1, . . . , p.
Theorem (F. Kirvan). If the method of stationary phase for the Morse function

f is exact, then the index every critical point is even and f perfect Morse function. In
particular, the dimension of X is even.

Accordingly to [3], for Morse height functions on the orbits of the adjoint representation
Ad of compact semisimple Lie groups G, the stationary phase method is exact. In other
words, the stationary phase method is exact for the matrix coe�cients of the adjoint
representation on the group manifold G. In [4] Duistermaat and Heckman proved that the
components of the moment map of Hamiltonian actions of compact groups G on closed
symplectic manifolds also have the exactness property of the stationary phase method.

Our main result is the following
Theorem. The stationary phase method for the matrix coe�cients of real irreducible

representations of compact groups G with a transitive action of G on even-dimensional
spheres of the representation space is exact.

The proof of the theorem is based on some results of geometric analysis related to
Bessel functions (see [5]).

Another interpretation of this result connected with asymptotic behavior characteristic
functions of the matrix coe�cients, which considered as random variables with respect to
Haar measure on G.
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Theorem (F. Kirvan). If the method of stationary phase for the Morse function

f is exact, then the index every critical point is even and f perfect Morse function. In
particular, the dimension of X is even.

Accordingly to [3], for Morse height functions on the orbits of the adjoint representation
Ad of compact semisimple Lie groups G, the stationary phase method is exact. In other
words, the stationary phase method is exact for the matrix coe�cients of the adjoint
representation on the group manifold G. In [4] Duistermaat and Heckman proved that the
components of the moment map of Hamiltonian actions of compact groups G on closed
symplectic manifolds also have the exactness property of the stationary phase method.

Our main result is the following
Theorem. The stationary phase method for the matrix coe�cients of real irreducible

representations of compact groups G with a transitive action of G on even-dimensional
spheres of the representation space is exact.

The proof of the theorem is based on some results of geometric analysis related to
Bessel functions (see [5]).

Another interpretation of this result connected with asymptotic behavior characteristic
functions of the matrix coe�cients, which considered as random variables with respect to
Haar measure on G.
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Singularities of special multi-�ags at the crossroads of Algebraic
Geometry and Di�erential Geometry

Mormul P.

Department of Mathematics, Informatics and Mechanics
University of Warsaw

There exist di�erent approaches to the singularities of special multi-�ags, also (misguidely)
called `generalized Goursat �ags'. They live in Monster Towers, also called Semple Towers.
Colley et al have concluded, in [2], a series of earlier algebro-geometric constructions, by
several authors, of �ne strati�cations of the stages of Semple Towers, eventually producing
so-called `RV-classes of singularities'. In the meantime the present author constructed
in the stages of Monster Towers, in [1], the so-called singularity classes, using purely
di�erential and Lie-algebraic tools. It had been generally believed that the former classes
(much more numerous) were a re�nement of the latter ones. This belief now turns out to be
false. The two approaches appear, to a sizeable degree, to mutually complement each other.
And - important - complementary appear the very languages used in the two approaches.
In fact, the charts used on the DG side are [by tradition] called 'Extended Kumpera-
Ruiz'. Virtually the same charts used in the AG side are called 'C-charts'. However, the
motivations underlying charts' constructions in AG and DG are so distant that there has
been, until recently, no identi�cation procedure in sight. Such a procedure has been found
over the last summer. With an e�ective translation going now both ways between the
EKS's and C-charts, the singularities seen on the AG side can now be interpreted on the
DG side, and vice versa.
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We consider general perturbations of Hamiltonian systems with one degree of freedom (the
Hamiltonian depends on a slowly changing parameter) such that the orbits of the perturbed
system cross separatices of the unperturbed system. We assume that for �xed value of the
parameter the unperturbed system has a saddle with two separatix loops forming a �gure
eight. The solution of the perturbed system starts outside the union of the separatix loops
and after crossing a separatrix proceeds inside one of the separatix loops. For study of
such systems see, e.g., [1] and references therein. The point where the separtrix crossing
occurs is described by a parameter called the pseudo-phase, it is known that this point
depends on the initial conditions in a quasi-random way. Which separatix will be crossed
is also determined by the pseudo-phase, so initial conditions with di�erent outcomes are
mixed in the phase space.

Formulas for the pseudo-phase were obtained (using the averaging method) in [2] for
Hamiltonian systems with one degree of freedom and slow time dependence; in [3] for slow-
fast Hamiltonian systems with one degree of freedom corresponding to fast motion; in [4]
for perturbed strongly nonlinear oscillators. These formulas together with the formulas for
the change of the adiabatic invariant allow to study trajectories with multiple separatrix
crossings ([5], [6]).

We prove an asymptotic formula for the dependence of the pseudo-phase on the initial
conditions. Such formula is a necessary ingredient for the study of quasi-random phenomena
associated with multiple separatrix crossings. As a corollary of the formula for the pseudo-
phase we prove that the "probabilities" of crossing each of the two separatrix loops are the
same for both de�nitions of such probabilities suggested in [1]. In [1] the probabilities were
computed for one of the de�nitions and for the other de�nition it was suggested without a
proof that the probabilities are given by the same formulas.

Our proof is based on a detailed study of the averaged system of order 2. We also
estimate how well the solutions of the averaged system of order 2 approximate the solutions
of the perturbed system up to the separatrix. After necessary estimates related to the
averaged system of order 2 are obtained, the proof of the formula for the pseudo-phase is
close to the one in [3].
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On a stable arc connecting Palis di�eomorphisms on a surface

Nozdrinova E.V.

National Research University Higher School of Economics

In 1976, S. Newhouse, J. Palis, F. Takens [2] introduced the concept of a stable arc
connecting two structurally stable systems on a manifold. Such an arc does not change
its quality properties with a small perturbation. In the same year, S. Newhouse and M.
Peixoto [4] proved the existence of a simple arc (containing only elementary bifurcations)
between any two Morse-Smale �ows. It follows from the result of G. Fleitas [1] that a
simple arc constructed by Newhouse and Peixoto can always be replaced by a stable one
[3].

Recall that a di�eomorphism f is gradient-like if its non-wandering set Ωf consists of a
�nite number of hyperbolic points and the invariant manifolds of di�erent saddle points do
not intersect (the di�eomorphism f has no heteroclinic intersections). Consider the class
G(M2) of gradient-like di�eomorphisms f on a closed orientable surface M2, under the
assumption that all non-wandering points are �xed and have positive orientation type.

Theorem 3. Any di�eomorphisms f, f ′ ∈ G(M2) can be connected by a stable arc with a
�nite number of generically unfolding non-critical saddle-node bifurcations.

The proof of this result is based on the construction of an arc without bifurcations
connecting the di�eomorphism f ∈ G(M2) with the di�eomorphism φf ∈ G(M2), which is
a one-time shift of a generic gradient �ow of some Morse function. By virtue of the works
[4], [1], [3], any two such �ows are connected by an arc with a �nite number of saddle-node
bifurcations.
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As known, integrable models ofN point vortices hold a central position in the analytical
dynamics of vortex structures. Su�ce it to mention about the problem of N interacting
point vortices in an ideal �uid, with point vortex α = 1, . . . , N having strength Γα (which
is constant according to Helmholtz's theorems) and position rα = (xα, yα). The problem
consists in solving the system of 2N �rst-order nonlinear ordinary di�erential equations,
so called the Helmholtz-Kirchho� equations [1].

In present report, following the work [2], we will consider the generalized mathematical
model for a case of point-like magnetic vortices in a magnetic �lm, which is described by
the following di�erential equations [2]:

sαẋα =
∂H

∂yα
, sαẏα = − ∂H

∂xα
, α = 1, . . . N, (1)

with the Hamilton function
H = −

∑
α,β

′ΓαΓβ ln `αβ.

Here, `αβ = |rα − rβ| is the distance between vortices α and β, and the prime on the
summation indicates omission of the singular term β = α. Each vortex is characterized
by a pair of indices: Γα is the vortex number (+1 or −1 for vortices and antivortices,
respectively), and so-called the skyrmion number, sα = λαΓα, where the polarity λα
speci�es the direction of the magnetic vortex (+1 or −1 for magnetization pointing up or
down, respectively).

In addition to Hamilton functionH, the system (1) has three independent �rst integrals:
the analog of linear momentum P = (Px, Py) and angular momentum L:

Px = −
∑
α

sαyα, Py =
∑
α

sαxα, L =
1

2

∑
α

sα(x2
α + y2

α).

Regardless of the values of the vortex number Γα, the integrals H, L and P 2
x + P 2

y are in
involution, that is, the Poisson bracket between any two of them is zero, where Poisson
bracket is de�ned by relations

{f, g} =
∑
α

1

sα

(
∂f

∂xα

∂g

∂yα
− ∂f

∂yα

∂g

∂xα

)
for any two quantities f and g depending on the vortex positions. According to Liouville's
theorem in analytical dynamics the Hamiltonian system (1) for N = 3 is completely
integrable; that is, all vortex trajectories can be formally found by integration based on
the conserved quantities of Hamiltonian, linear momentum and angular momentum.

In present report, we give a Python visualization of Gr�obli solution for three magnetic
vortices, which cannot be realized in ordinary �uids (Fig. 1).
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Figure 1: The trajectories for three magnetic vortices.
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Disappearance bifurcation of a non-compact heteroclinic curve
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In the present paper, we describe the scenario of the disappearance of a non-compact
heteroclinic curve for a three-dimensional di�eomorphism. As a consequence, it is established
that 3-di�eomorphisms with a single heteroclinic curve and �xed points of pairwise di�erent
Morse indices exist only on the 3-sphere. The described scenario is directly related to the
reconnection processes in the solar corona, the mathematical essence of which, from the
point of view of the magnetically charged topology, consists in the disappearance and birth
of non-compact heteroclinic curves.

Consider the class G of orientation-preserving Morse-Smale di�eomorphisms f de�ned
on a closed manifold M3, the non-wandering set of which consists of exactly four points
ω, σ1, σ2, α with positive types of orientation and with Morse indices (dimensions of unstable
manifolds) 0, 1, 2, 3, respectively. Despite the simple structure of the non-wandering set, the
class under consideration contains di�eomorphisms with wildly embedded saddle separatrices
[1]. Moreover, two-dimensional saddle separatrices always intersect.

In work [3] it was proved that for any di�eomorphism f ∈ G the set Hf = W s
σ1 ∩W

u
σ2 is

not empty and contains at least one non-compact heteroclinic curve. It was also established
that di�eomorphisms of the class under consideration admit the sphere S3 and all lens
spaces. On all the manifolds listed above, di�eomorphisms of class G are shifts per unit
time of the gradient �ow of the Morse function with exactly four critical points of pairwise
di�erent indices. Since, in the general case, the di�eomorphisms are not included even in
the topological �ow [2], then the question of the complete list of ambient manifolds for
di�eomorphisms f ∈ G is open.

In the present paper work, the following fact will be established.
Theorem 1.Let f ∈ G and the set Hf linearly connected. Then M3 is di�eomorphic

to the 3-sphere.
Proof of the theorem 1 based on the construction of the following arc of di�eomorphisms.
Theorem 2. Let f ∈ G and the set Hf linearly connected. Then f connected by a

stable arc ϕt : M3 → M3, t ∈ [0, 1] with "source-sink" di�eomorphism, moreover ϕt has a
single saddle-node bifurcation point.
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On self-similarity of the Dirichlet problem for the upper half-plane
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Let us consider the Dirichlet problem for the upper half-plane:

∂2u

∂x2
+
∂2u

∂y2
= 0 , u(x, 0) = U(x) .

Further let one suppose that Fourier transform F [U ] of boundary condition for this
problem exists. Therefore the next theorem is valid.

Theorem. If suppF [U ] = [−π , π], then exact solution u(x, y) of the Dirichlet problem
for the upper half-plane can be represented as follows:

u(x, y) =
+∞∑

n=−∞
U(n)u0(x− n, y) ,

where

u0(x, y) =
1

π

y

x2 + y2
+

exp(−π y)

π

x sin(π x)− y cos(π x)

x2 + y2
.

On the upper half-plane this function obeys to the next relations:

u0(x, y) =
+∞∑

n=−∞

N2

π n
sin

π n

N
u0(N x− n,N y) , N = 2, 3, 4, . . .

and
+∞∑

n=−∞
u0(x− n, y) = 1 .
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We conside the model of a population subject to a craft from which some fraction of
resource uk is extracted at the time τk = kd :

ẋ = g(x), t 6= τk,

x(τk) = (1− uk) · x(τk − 0), k = 1, 2, . . . .

Here and below, d > 0 is the length of interval between the harvest times. Assume that
the equation ẋ = g(x) has the asymptotically steady solution ϕ(t) ≡ K and (K1,K2) is
the domain of attraction of this solution.

Denote U
.
= {ū : ū = (u1, . . . , uk, . . . )}, where uk ∈ [0, 1],

Xk = Xk

(
u1, . . . , uk−1, x0

)
= x(τk − 0)

is the resource amount before harvest at the time τk = kd, k = 1, 2, . . . . We conside the
following problem: how to control the workpiece shares ū ∈ U in order that the pro�t from
resource extraction

Hα(ū, x0)
.
=
∞∑
k=1

Xk

(
u1, . . . , uk−1, x0

)
uke
−αkd

with the discount coe�cient α > 0 to be maximal?
We denote by ϕ(t, x0) the solution to the di�erential equation ẋ = g(x), satisfying the

initial condition ϕ(0, x0) = x0.

Proposition. Let the function D(x)
.
= ϕ(d, x) − eαdx attain the largest value at a

unique point x∗ ∈ (K1,K). Then for any x0 ∈ (K1,K2) the maximal value of Hα(ū, x0) is
as follows:

Hα(ū∗, x0) =
(
ϕ(k0d, x0)− x∗

)
· e−αk0d +

(
ϕ(d, x∗)− x∗

)
e−α(k0+1)d/1− e−αd , (1)

where k0 = k0(x0) is the least natural number such that ϕ(k0d, x0) > x∗. The value
Hα(ū∗, x0) as attained in the following exploitation regime: u∗k = 0 for all k = 1, . . . , k0−1,
u∗k0 = 1− x∗/ϕ(k0d, x0) and u∗k = 1− x∗/ϕ(d, x∗) for all k > k0.

The proof of proposition you can see in [1]. In this work we also research the stochastic
models of population dynamics.

Example. We consider the population model described by the equation

ẋ = axlnK/x, t 6= τk,

x(τk) = (1− uk) · x(τk − 0), k = 1, 2, . . . ,

where a > 0, K > 0, τk = kd. We note that the equation ẋ = axlnK/x has the
asymptotically steady solution ϕ(t) ≡ K with the domain of attraction (0,+∞). The
function

D(x) = ϕ(d, x)− eαdx = K
(
x0/K

)e−ad − eαdx
attains the largest value at the point x∗ = Ke(α+a)dead/1−ead . The largest value ofHα(ū∗, x0)
we can �nd from (1).

The study was funded by RFBR, project number 20-01-00293.
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Hidden symmetries, coupled networks and equivariant degrees
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Hidden symmetries have been previously explored in the context of coupled cell networks
and coupled cell systems. These include interior symmetry, quotient symmetry and quotient
interior symmetry. We introduce here an equivariant degree theory that incorporates these
di�erent forms of hidden symmetry based on lattice structures of synchrony subspaces.
The result is a uni�ed theory capable of treating synchrony-breaking Hopf-bifurcation
problems in coupled cell systems with various forms of hidden symmetries, which leads to
full topological classi�cations of bifurcating branches arising from single bifurcation points
under mutual in�uence of these hidden symmetries.
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In di�erential topology, the name doubly pinched torus corresponds to the surface of a
torus which pinched in doubly points. In R3(x, y, z), such a surface can be de�ned as an
implicit equation

625(x2 + y2 − 1)2(x2 + y2)2 + 16[y2 − 4(x2 + y2)z2]2−

−200(x2 + y2)(1 + x2 + y2)[y2 − 4(x2 + y2)z2] = 0.

Figure 1: Doubly Pinched T2.

The present report is devoted to the
realization of doubly pinched torus in
one mechanical system that describes the
dynamics of a rigid body in a uniform
gravity �eld. One of the points of the
body lying on the axis of symmetry (the
suspension point) performs high-frequency
vertical oscillations of small amplitude.
In the works of A. P. Markeev [1],[2],
a transformation is speci�ed that leads
the original equations of motion to a
system that has the form of Euler-Poisson

equations. The corresponding system of di�erential equations has the form

Ṁ = M × ∂H

∂M
+ γ × ∂H

∂γ
, γ̇ = γ × ∂H

∂M
(1)

with the Hamilton function

H =
1

2

(
M2

1 +M2
2 + cM2

3

)
+ aγ3 −

1

2
bγ2

3 . (2)

Here, M = {M1,M2,M3} and γ = {γ1, γ2, γ3} denote the angular momentum and the
unit vector of the vertical axis in the system of main axes connected to the rigid body.
The parameters a, b, and c, according to [1],[2], have explicit physical meaning. The
system (1) allows one additional �rst integral of motion F = M3 (Lagrange's integral).
The phase space P is given as a tangent bundle TS2 to a two-dimensional sphere S2:
P = {(M ,γ) : (M ,γ) = `, |γ|2 = 1}. We de�ne momentum map F : P → R2,
assuming (f, h) = F(x) = (F (x), H(x)) and denote by C the set of all critical points of the
momentum map, that is points where rank dF(x) < 2. Set of critical values Σ = F(C ∩P)
is called bifurcation diagram.

For the Hamiltonian (2), there are two equilibrium positions (critical points of rank
0 of the momentum map F). Stationary rotations of a rigid body around the axis of
symmetry with a constant angular velocity correspond to the equilibrium positions. The
corresponding values of the constants of the �rst integrals de�ne two isolated points P±

on the bifurcation diagram Σ. These points correspond to the focus singularities of rank 0
in P. The case when the isolated points on the bifurcation diagram coincide occurs when
the area integral ` is zero and a = 0; b < 0, i.e. when the center of mass is placed at the
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origin of the coordinate system associated with a rigid body, but the parameter b, which
is responsible for the e�ect of the vibrating potential on the suspension point, must be
negative. This leads to the existence of the singular �bre with a doubly pinched torus in
the preimage of an isolated critical value P+ = P− = P

(
0;− b

2

)
of the momentum map F .
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According to Weyl's theorem, the Lebesgue measure does not exist in an in�nite-
dimensional Hilbert space. Thus a measure is considered as an additive function of a set
de�ned on a ring of subsets of a Hilbert space. The space of functions that are integrable
with respect to the translationally invariant measure is introduced. It is shown that the
result of averaging of shift operators on a random vector with Gaussian distributions is a
semigroup of self-adjoint contractions. The criterion of strong continuity of a semigroup is
established. Using the introduced di�usion semigroup, we de�ne Sobolev spaces and the
space of smooth functions on a Hilbert space. Conditions of the embedding and of the
densely embedding of the space of smooth functions into the Sobolev space are obtained
[1]. The absence of densely embedding of the space of smooth functions into the space
of Sobolev function is called Lavrent'ev e�ect [2]. The applications of this e�ect to the
variational description of solutions of boundary value problems are considered [2, 3].

References

[1] Busovikov V.M., Sakbaev V.Zh. Sobolev spaces of functions on a Hilbert space endowed
with a translation-invariant measure and approximations of semigroups, Izv. Math.,
84:4 (2020), 694�721.

[2] Zhikov V.V. The Lavrent'ev e�ect and averaging of nonlinear variational problems.//
Di�er. Equ., 27:1 (1991), 32�39

[3] Busovikov V.M., Sakbaev V.Zh. Dirichlet Problem for Poisson Equation on the
Rectangle in In�nite Dimensional Hilbert Space// Applied Mathematics and Nonlinear
Sciences. https://doi.org/10.2478/amns.2020.2.00016

69



Classes of integrable systems with dissipation on the tangent bundles of
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We prove the integrability of certain classes of dynamical systems on the tangent
bundles of four-dimensional manifolds (systems with four degrees of freedom). The force
�eld considered possessed so-called variable dissipation; they are generalizations of �elds
studied earlier. This paper continues earlier works of the author devoted to systems on the
tangent bundles of two-and three-dimensional manifolds.

Con�guration spaces of of many dynamical systems are four-dimensional smooth manifolds;
naturally, their phase spaces are tangent bundles of these manifolds. For example, the
motion of a �ve-dimensional generalized spherical pendulum in a nonconservative force
�eld is described by a dynamical system on the tangent bundle of the four-dimensional
sphere whose metric is induced by an additional symmetry group (see [1, 2, 3]). In this
case, dynamical systems that describe the motion of such a pendulum possess variable
dissipation, and a complete list of �rst integrals consists of transcendental functions that
can be expressed as �nite combinations of elementary functions.

In this activity, we prove the integrability of certain classes of dynamical systems on
tangent bundles of smooth four-dimensional manifolds in the case of systems with variable
dissipation (see [4, 5, 6]), which are generalizations of systems studied earlier. Similar
results for manifolds of dimensions 2 and 3 were obtained by the author earlier.
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Uniformization of holomorphic foliations with hyperbolic leaves

Shcherbakov A.A.

MCCME

We consider foliations of compact complex manifolds by analytic curves. We suppose
that the line bundle tangent to the foliation is negative. We show that in a generic case
the manifold of universal coverings with the base B is di�eomorphic to B ×D (D is the
unit disk) wit some almost complex structure quasiconformic on the �bers. Also there
exists a �nitely smooth homeomophism, holomorphic on the �bers and mapping �berwise
the manifold of universal coverings onto some domain in B×C with continuous boundary.
The problem can be reduced to a study of the Beltrami equation with parameters on the
unit disk in the case, when derivatives of the corresponding Beltrami coe�cient grow no
faster than some negative power of the distance to the boundary of the disk.
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Connectivity notions and properties - a new approach by coverings

Shekutkovski N.

University of St. Cyril and Methodius

The standard de�nition of connectedness was given in the beginning of 20th century
by Riesz and Hausdor�. The main minus of the de�nition is that de�nition is given by
negative sequence Another de�nition of connectedness was given by Cantor about 1880,
equivalent with standard de�nition in the case of compact metric spaces.

(Cantor de�nition of connectedness) Space is connected if for any two points x and
y and any r > 0 there is a �nite number of points x = x1, x2, , . . . , xn = y such that
d(xi, xi+1) < r for 1 ≤ i ≤ n− 1 .

This de�nition can be reformulated by use of coverings. Suppose F is a family of
subsets of X , and x and y are two points in X . A chain in F from x to y is a �nite
sequence F1, F2, , ..., Fn of members of F such that x ∈ F1, y ∈ Fn and Fi ∩ Fi+1 6= ∅ , for
1 ≤ i ≤ n − 1 . De�nition. X is connected if for any two points x and y in X and any
open covering of X there is a chain of members of the covering from x to y

This de�nition holds for all topological spaces. Using this de�nition we generalize
connectivity properties in more general topological spaces.
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Verbal width by set of squares of alternating group An and its subgroups

Skuratovskii Ruslan 1
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The width of the verbal subgroups V (G) is equal to a least value of m ∈ N∪ {∞}
such that every element of the subgroup V (G) is represented as the product of at most m
values of words V .

The Verbal Width of a free group was investigated by Sucharit Sarkar [1]. Sarkar proved
that an arbitrary commutator of free group of rank greater than 1 cannot be generated by
only 2 squares. The conditions when a commutator can be presented as a product of 2
squares were further found by him too [1]. The commutator subgroup of Sylow 2-subgroups
of an alternating group have been previously investigated by the author [2].

We consider a similar problem in the symmetric group Sn and alternating group An.
Upon taking into account that the commutator subgroup of Sn is the alternating group
An, when n > 4 [3], then the problem can be reformulated in terms of the alternating
group.

Therefore, we research the verbal width by squares of An.
Theorem 1. An arbitrary element of An can be presented in the form of a product of

two squares of elements from An.
Proposition 1. If for an element g ∈ An, there exists l ∈ N, such that l = 2k, k ∈ N

and g can be presented in the form of a product of independent cycles with an odd number

of l-cycles, then g cannot be presented in the form of square of h, h ∈ An, where h is

presented as a product of independent cycles.

Lemma 1. The square of a cycle of even length L is a product of two cycles of length
L
2 .

We denote by pl the number of pairs of l-cycles in cyclic presentation of g. We de�ne
residue of g (r (g) > 1) as the number of element of {1, ..., n}, where g acts trivial. We
de�ne mi as the number of cycles of length i in cyclic structure.

Theorem 2. If in cyclic structure of g ∈ An every even cycle appears even times i.e.

m2k ≡ 0 (mod 2) and one of the next conditions 1 or 2 holds:

1) [
a) r (g) > 1

b) max
k∈N

(m2k−1) > 1,

2)
L∑
l

p2l ≡ 0 (mod 2)

then this g can be presented as g = h2, h ∈ An. The vice versa is also true.
Theorem 3. An arbitrary element of An can be presented in form of a product of 2

squares of elements from An.
Lemma 2. If an element g ∈ An, ∃l ∈ N, l = 2k, k ∈ N can be presented in form of a

product of independent cycles with odd number of independent l-cycles, then g can not be
presented in form of square of h, h ∈ An, where h is presented as one cycle.

Theorem 4. The set of all squares S from An does not coincide with the whole

alternating group An and does not form a proper subgroup of An.
Proposition 2. Element g having asymmetric type of cycle structure can be constructed

in form of product of squares g = g1 ·g2 with using 2 joint elements in cyclic representation

of g1, g2, where cycles has odd length.

Theorem 5. The following statements are true.

1. An element g = (g1, g2) ∈ G′k i� g1, g2 ∈ Gk−1 and g1g2 ∈ B′k−1.
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2. Commutator subgroup G′k coincides with set of all commutators for k ≥ 1

Syl′2A2k = {[f1, f2] | f1 ∈ Syl2A2k , f2 ∈ Syl2A2k}.

Corollary. Commutator width of the group Syl2A2k equal to 1 for k ≥ 2.
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Chaos with additional zero Lyapunov exponents in radiophysical
generators

Stankevich N. V.

National Research University Higher School of Economics

One of the promising area of applied use of radiophysical generators is communication
systems based on the synchronization of chaotic signals [1, 2]. Tasks of this kind present
certain requirements for complex signal of generators. One of the most important properties
is the broadband of the generated signal. The broadband property may be associated
with a scenario resulting in a chaotic signal. For example, during the formation of a
chaotic signal as a result of a cascade of bifurcations of doubling of a two-frequency torus,
chaos may arise the spectrum of Lyapunov exponents of which contains an additional
zero Lyapunov exponents [3]. This scenario is universal and has been found in various
dynamic systems, including models of radiophysical generators. In this work, we study the
scenario of appearance and spectral characteristics of such signals for various radiophysical
generators.

We consider two the simplest examples, its are generators described by ordinary di�erential
equations of forth order [4]. The next example of a radiophysical generator, in which such
dynamics observed is two coupled generators of quasiperiodic oscillations [3], which are
described by a system of ordinary di�erential equations of the sixth order. And the last
example of a model in which it is possible to observe the development of chaos with an
additional zero Lyapunov exponent in the spectrum is an ensemble of �ve van der Pol
oscillators coupled in a ring [5].

The work presents the results of a comparative analysis of the study of di�erent
radiophysical generators in which chaotic oscillations characterized by a spectrum of Lyapunov
exponents with additional zero exponents can be observed. A study of the power spectra
of chaotic signals with an additional zero Lyapunov exponent, as well as comparison with
chaos without additional zero and with hyperchaos.

The work was supported by grant of Russian Foundation for Basic Research (project
No. 19-31-60030)
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A Morse-Bott function for topological �ows with a �nite hyperbolic
chain-recursive set

Zinina S. Kh.

National Research Mordovia State University

The Lyapunov Function of a dynamical system de�ned on a closed topological manifold
Mn is called a continuous function ϕ : M → R, which is constant on each chain component
of the system and decreases along its orbits outside the chain-recurrent set. Due to the
results of C. Conley [1], the Lyapunov function exists for any dynamical system, and the
fact of its existence is called the "Fundamental theorem of dynamical systems". Critical
values of the ϕ Function. Conley named the numbers that belong to the image of a chain-
recurrent set. However, for a smooth function, its critical value is usually called the image
of the critical point (the point where the gradient of the function vanishes), which, generally
speaking, does not have to belong to a chain-recurrent set. In this connection, along with
the Lyapunov function, the smooth category uses the concept of energy function, that is, a
smooth Lyapunov function whose set of critical points coincides with the chain-recurrent
set of the system.

The �rst results on the construction of the energy function belong to S. Smale [2],
who in 1961 proved the existence of the Morse energy function for gradient-like �ows. K.
Meyer [3] in 1968 generalized this result by constructing the Morse-Bott energy function
for an arbitrary Morse-Smale �ow. In the work [4] O. V. Pochinka and S. Kh. Zinina
considered topological �ows with a �nite hyperbolic chain-recurrent set on closed surfaces
and proved that they have an energy (continuous) Morse function.

We introduce a class G of continuous �ows f t on Mn that generalize the concept of
Morse-Smale �ows. Such �ows have a hyperbolic (in the topological sense) chain-recurrent
set Rf t consisting of a �nite number of orbits (chain components). Each non-wandering
orbit is either a �xed point or a periodic orbit O for which the concept of stable W s

O and
unstable W u

O manifolds is correctly de�ned. We can prove that the chain components of
the considered �ows do not form cycles, and can therefore be totally ordered O1 ≺ · · · ≺ Ok
with preservation of the ratio of Smale: W s

Oi ∩W
u
Oj 6= ∅ ⇒ i < j.

True the following theorem that establishes basic dynamic properties of �ows in class
G.

Theorem Let f t ∈ G. Then

1) M =
k⋃
i=1

W u
Oi =

k⋃
i=1

W s
Oi ;

2) For any �xed point Oi, there is a number λi ∈ {0, . . . , n} (Morse index of the
point Oi) such that its unstable manifold W u

Oi is a topological submanifold of a variety M

that is homeomorphic to Rλi and a stable variety W s
Oi is a topological submanifold of M ,

homeomorphic to Rn−λi ;
3) for a periodic orbit Oi, there is a number λi ∈ {0, . . . , n − 1} (Morse index of the

orbit Oi) and a pair of numbers µi, νi ∈ {−1,+1} (orbit type Oi) such that its unstable
manifold W u

Oi is a topological submanifold of M , homeomorphic to Rλi × S1 for µi = +1

and Rλi×̃S1 for µi = −1; stable manifold W s
Oi is a topological submanifold of a manifold

M homeomorphic to Rn−λi × S1 for νi = +1 and Rn−λi×̃S1 for νi = −1;

4) (cl(W u
Oi) \W

u
Oi) ⊂

i−1⋃
j=1

W u
Oj ; (cl(W s

Oi) \W
s
Oi) ⊂

k⋃
j=i+1

W s
Oj .

The main result is the following theorem.
Theorem Each �ow f t ∈ G has a Morse-Bott energy function whose critical points

are either nondegenerate or have a degeneracy degree of 1.
Acknowledgments. S.Kh. Zinina was supported by International Laboratory of Dynamical

Systems and Applications of National Research University Higher School of Economics,
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