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Àííîòàöèÿ.Ôóíêöèè èç ñòåïåííîãî êëàññà Òàêàãè ïî êîíñòðóêöèè àíàëîãè÷-

íû íåïðåðûâíîé, íî íèãäå íå äèôôåðåíöèðóåìîé ôóíêöèè Òàêàãè, îïèñàííîé

â 1903 ã. Îíè èìåþò îäèí âåùåñòâåííûé ïàðàìåòð p > 0 è îïðåäåëÿþòñÿ ñ

ïîìîùüþ ðÿäà Sp(x) =
∑∞

n=0(T0(2
nx)/2n)p, ãäå T0(x) � ðàññòîÿíèå ìåæäó

òî÷êîé x ∈ R è áëèæàéøåé ê íåé öåëîé òî÷êîé. Ïðè ðàçëè÷íûõ çíà÷åíèÿõ

ïàðàìåòðà p ìû èçó÷àåì òàêèå ñâîéñòâà ôóíêöèé Sp(x), êàê íåïðåðûâíîñòü,

îáîáùåííîå óñëîâèå Ã¼ëüäåðà, ãëîáàëüíûå ìàêñèìóìû è äèôôåðåíöèðóåìîñòü

â òî÷êàõ x = 1/3, x = 2/3.

Êëþ÷åâûå ñëîâà: ñòåïåííîé êëàññ Òàêàãè, íåïðåðûâíîñòü, îáîáùåííîå óñëî-

âèå Ã¼ëüäåðà, ãëîáàëüíûé ìàêñèìóì, äèôôåðåíöèðóåìîñòü

Mathematics Subject Classi�cation MSC2020: 26A15, 26A16, 26A27

Abstract. By construction, functions of power Takagi class are similar to Takagi's

continuous nowhere di�erentiable function. These functions have one real parameter

p > 0. They are de�ned by the series Sp(x) =
∑∞

n=0(T0(2
nx)/2n)p, where T0(x)

is the distance from x ∈ R to the nearest integer. We study such properties of

functions Sp(x) as continuity, generalized H�older condition, global maximums and

di�erentiability at the points x = 1/3, x = 2/3, for various values of p.

Keywords: Takagi power class, continuity, generalized H�older condition, global

maximum, di�erentiability
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1. Ââåäåíèå

Äàííàÿ ñòàòüÿ ïîñâÿùåíà èçó÷åíèþ ôóíêöèé èç ñòåïåííîãî êëàññà Òàêàãè. Ýòè
ôóíêöèè ïî êîíñòðóêöèè àíàëîãè÷íû íåïðåðûâíîé, íî íèãäå íå äèôôåðåíöèðóåìîé
ôóíêöèè Òàêàãè, îïèñàííîé â 1903 ã ([1]). Îíè èìåþò îäèí âåùåñòâåííûé ïàðàìåòð
p > 0 è îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì.

Îïðåäåëåíèå 1. Ñòåïåííûì êëàññîì Òàêàãè ìû íàçûâàåì ñåìåéñòâî ôóíêöèé Sp(x),
èìåþùèõ îäèí âåùåñòâåííûé ïàðàìåòð p > 0 è çàäàííûõ íà ÷èñëîâîé îñè R ðàâåí-
ñòâîì

Sp(x) =
∞∑
n=0

(
T0(2

nx)

2n

)p

, x ∈ R, (1)

ãäå T0(x) = |x− [x + 1/2]| = |{x + 1/2} − 1/2| = ρ(x,Z) � ðàññòîÿíèå ìåæäó òî÷êîé
x è áëèæàéøåé ê íåé öåëîé òî÷êîé, [y] � öåëàÿ ÷àñòü ÷èñëà y ∈ R, {y} � äðîáíàÿ
÷àñòü ÷èñëà y.
Ôóíêöèÿ T0 ìîæåò áûòü îïðåäåëåíà òàêæå ñëåäóþùèì îáðàçîì:

T0(x) =

{
x− n ïðè x ∈ [n, n+ 1/2], n ∈ Z;
1− (x− n) ïðè x ∈ [n+ 1/2, n+ 1], n ∈ Z.

(2)

Çàìåòèì, ÷òî ïðè p = 1 ôóíêöèÿ Sp(x) ñîâïàäàåò ñ ôóíêöèåé Òàêàãè.
Hata and Yamaguti [2, Sec. 2] replaced the sequence of coe�cients {1/2n} in the de�nition

of the Takagi function with an arbitrary sequence of constants and got a new family of
functions, calling it Takagi class.
The real functions Tv(x) which have on the real parameter v ∈ (−1; 1) and can be de�ned

by the formula

Tv(x) =
∞∑
n=0

vnT0(2
nx), x ∈ R. (3)

form a narrower class, namely exponential Takagi-Landsberg class (see [3], [4], [5], [6], [7]).
Note that for v = 0, the function Tv(x) matches T0(x), and for v = 1/2 it matches with the
Takagi function T (x).
In this article, Ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà p ìû èçó÷àåì òàêèå ñâîéñòâà

ôóíêöèé Sp(x), êàê íåïðåðûâíîñòü, îáîáùåííîå óñëîâèå Ã¼ëüäåðà, ãëîáàëüíûå ìàêñè-
ìóìû è äèôôåðåíöèðóåìîñòü â òî÷êàõ x = 1/3, x = 2/3.
We can say that the problem of �nding extremes for Tv was set by J. Tabor and

J. Tabor (see [8, Problem 1.2, p. 731]. In order to accurately estimate continuous semi-
convex functions, they introduced the functions ωp, which can be set as ωp(x) = 2 ·T1/2p(x),
and obtained the formula for global maxima of the functions ωpn on [0; 1] for one speci�c
sequence {pn} (see [8, Theorem 3.1]).
Here are some more results about the extremes of the Tv functions.
1) In the case of v = 1/2 Kahane (see [9, Lieu 1]) found points of local and global

extremes for Tv(x) = T (x).
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2) Further results on local extremes and sets of the Takagi function level can be found
in the reviews [10] and [11].
3) In [12, Theorem 4] it is proved that for v ∈ [−1/2; 1/4], the point 1/2 is the point of

the global maximum of the function Tv on [0; 1], and for v ∈ (−1;−1/2) ∪ (1/4; 1) is not.
4) In the case of v = −1/2, it follows from Allaart's remark [13, Remark 5.6, p.28] that

the set of minimum points of the function Tv is a Cantor type set obtained by removing
the ¾middle half¿, and therefore is uncountable.
5) Han and Schied in [5], [6] gave a new approach to characterizing and computing the set

of global maximizers and minimizers of the functions in the Takagi class and, in particular,
in the exponential Takagi�Landsberg class. They showed that the function Tv has a unique
maximizer in [0, 1/2] if and only if there does not exist a Littlewood polynomial that has
2v as a certain type of root, called step root. Their general results lead to explicit and
closed-form expressions for the maxima of the exponential Takagi�Landsberg functions
with v ∈ (−1, 1/4] ∪ (1/, 12).
Similar results for maximums and minimums of functions in exponential Takagi�Landsberg

class were obtained in [7].
The Takagi function and its generalizations are used in various �elds of mathematics:

mathematical analysis, probability theory, number theory, and others. A large number of
publications are dedicated to these functions, and this number continues to increase. Lots
of interesting results and links available in the reviews [10] and [11]. See also recent papers,
for example [14], [15], [16].
Let us brie�y describe the structure and main results of the work. The work consists of

six sections.
Section 1 is an introduction.
Section 2 contains the graphs of functions y = Sp(x) in exponential Takagi class for

p = 0.2, p = 0.4, p = 0.7 and p = 1.
In section 3 we prove that the functions Sp(x) is everywhere de�ned in R, continuous

and has a period of 1.
In section 4 we prove that for every p ∈ (0; 1) the functions Sp(x) satisfy the generalized

H older condition with the exponent p.
In section 5 we get some functional equation that the functions Sp(x) satisfy for every

p ∈ (0; 1).
The section 6 is devoted to �nding the global maxima of the functions Sp(x) and the sets

where they are reached. Moreover, here we prove that for any p ∈ (0; 1) the function Sp(x)
has no derivative at points x = 1/3 and x = 2/3.
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2. Ãðàôèêè ôóíêöèé y = Sp(x) ñòåïåííîãî êëàññà Òàêàãè

Â äàííîì ðàçäåëå ìû ïðèâîäèì ýñêèçû ãðàôèêîâ ôóíêöèé y = Sp(x) èç ïîêàçà-
òåëüíîãî êëàññà Òàêàãè äëÿ p = 0.2, p = 0.4, p = 0.7 è p = 1. Äâóìÿ âåðòèêàëüíûìè
ëèíèÿìè óêàçàíû òî÷åê ãëîáàëüíîãî ìàêñèìóìà x = 1/3 è x = 2/3.

Ðèñ. 1. Ãðàôèê ôóíêöèè y = Sp(x) ïðè p = 0.2.

Ðèñ. 2. Ãðàôèê ôóíêöèè y = Sp(x) Òàêàãè, ïðè p = 0.4.
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Ðèñ. 3. Ãðàôèê ôóíêöèè y = Sp(x) Òàêàãè, ïðè p = 0.7.

Ðèñ. 4. Ãðàôèê ôóíêöèè y = Sp(x) Òàêàãè, ïðè p = 1.

3. Íåïðåðûâíîñòü ôóíêöèé ñòåïåííîãî êëàñà Òàêàãè

Òåîðåìà 1. Ïðè ëþáîì p > 0 ôóíêöèÿ Sp(x) èç ñòåïåííîãî êëàññà Òàêàãè âñþäó îïðå-
äåëåíà íà R, íåïðåðûâíà, èìååò ïåðèîä 1 è îáëàäàåò ñëåäóþùèì ñâîéñòâîì ñèììåò-
ðèè:

S(x) = S(q − x) ïðè âñåõ q ∈ Z è âñåõ x ∈ R. (4)

Êðîìå òîãî, ïðè âñåõ p > 0 è x ∈ R âûïîëíÿåòñÿ íåðàâåíñòâî |Sp(x)| 6 1/(2p − 1).

Äîêàçàòåëüñòâî. 1) Ñíà÷àëà âîñïîëüçóåìñÿ ïðèçíàêîì Âåéåðøòðàññà, ÷òîáû äîêà-
çàòü ðàâíîìåðíóþ ñõîäèìîñòü ôóíêöèîíàëüíîãî ðÿäà (1).
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Î÷åâèäíî, ïðè âñåõ p > 0 è x ∈ R âûïîëíÿåòñÿ íåðàâåíñòâî |T0(x)| 6 1/2. Ïîýòîìó∣∣∣∣(T0(2nx)2n

)∣∣∣∣p 6 (1/2

2n

)p

=
1

2(n+1)p
.

Ðÿä
∑∞

n=0 1/2
(n+1)p ñõîäèòñÿ, è åãî ñóììà ðàâíà 1/(2p − 1). Ñëåäîâàòåëüíî, ðÿä (1),

îïðåäåëÿþùèé Sp(x), ñõîäèòñÿ ðàâíîìåðíî íà âñåì R, ïðè÷åì Sp(x) 6 1/(2p − 1) ïðè
âñåõ x ∈ R.
2) Èç ðàâíîìåðíîé ñõîäèìîñòè ðÿäà (1) è íåïðåðûâíîñòè åãî ñëàãàåìûõ, ñîãëàñ-

íî òåîðåìå î íåïðåðûâíîñòè ñóììû ôóíêöèîíàëüíîãî ðÿäà, âûòåêàåò íåïðåðûâíîñòü
ôóíêöèè Sp(x) =

∑∞
n=0

(
T0(2

nx)/2n
)p

ïðè âñåõ x ∈ R.
3) Ïåðèîäè÷íîñòü ôóíêöèè Sp(x) ñëåäóåò èç ôîðìóëû (1) è íàëè÷èÿ ïåðèîäà 1 ó

ôóíêöèè T0. �

4. Îáîáùåííàÿ ã¼ëüäåðîâîñòü ôóíêöèé ñòåïåííîãî êëàññà Òàêàãè

Ëåììà 1. Äëÿ ëþáûõ ÷èñåë x, y ∈ R è p > 0 âûïîëíÿåòñÿ íåðàâåíñòâî

|T p
0 (x)− T

p
0 (y)| 6

1

2p
. (5)

Äîêàçàòåëüñòâî. Ïîñêîëüêó T0(x) ∈ [0, 1/2] ïðè âñåõ x ∈ R, òî T p
0 (x) ∈ [0, 1/2p].

Ñëåäîâàòåëüíî, ïðè âñåõ x, y ∈ R âûïîëíÿåòñÿ íåðàâåíñòâî |T p
0 (x)−T

p
0 (y)| 6 1/2p. �

Ëåììà 2. Äëÿ ëþáûõ ÷èñåë x, y ∈ R è p ∈ (0; 1] âûïîëíÿåòñÿ íåðàâåíñòâî

|T p
0 (x)− T

p
0 (y)| 6 |x− y|p (6)

Äîêàçàòåëüñòâî. 1) Äîêàæåì ñíà÷àëà, ÷òî âåðíî íåðàâåíñòâî

|ap − bp| 6 |a− b|p ïðè âñåõ a > 0, b > 0 è p ∈ (0; 1]. (7)

Ïðåäïîëîæèì, ÷òî a > b. Ñëó÷àé a = 0 òðèâèàëåí.
Ïóñòü a > 0. Ðàçäåëèâ îáå ÷àñòè íåðàâåíñòâà (7) íà ap > 0, ïîëó÷èì ðàâíîñèëü-

íîå íåðàâåíñòâî: |1 − (b/a)p| 6 |1 − b/a|p. Ïîñêîëüêó b/a ∈ [0; 1] è p ∈ (0; 1], òî ýòî
íåðàâåíñòâî âûòåêàåò èç äâîéíîãî íåðàâåíñòâà 1− (b/a)p 6 1− b/a 6 (1− b/a)p.
Ëåãêî âèäåòü, ÷òî â ñëó÷àå a < b íåðàâåíñòâî (7) òàêæå âûïîëíÿåòñÿ, â ñèëó ñèì-

ìåòðèè: |ap − bp| = |bp − ap| 6 |b− a|p = |a− b|p.
2) Ïðè âñåõ x, y ∈ R äîêàæåì íåðàâåíñòâî

|T0(x)− T0(y)| 6 |x− y|. (8)

Òàê êàê ôóíêöèÿ T0(x) íåïðåðûâíà íà R è ñóùåñòâóåò ïðîèçâîäíàÿ T ′0(s) = ±1 âî âñåõ
òî÷êàõ s ∈ R, êðîìå òî÷åê âèäà s = q/2, ãäå s ∈ Z, òî âåðíû ñîîòíîøåíèÿ

|T0(x)− T0(y)| = |
∫ y

x

T ′0(s)ds| 6 |
∫ y

x

|T ′0(s)|ds| = |x− y|.

3) Îïèðàÿñü íà ðåçóëüòàòû ïóíêòîâ 1) è 2) íàøåãî äîêàçàòåëüñòâà, äîêàæåì íåðà-
âåíñòâî (6) ïðè âñåõ x, y ∈ R.
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Ïîëîæèì a = T0(x) è b = T0(y). Òîãäà a > 0 è b > 0, ïîýòîìó èç íåðàâåíñòâà (7)
âûòåêàåò îöåíêà |T p

0 (x) − T
p
0 (y)| 6 |T0(x) − T0(y)|p. Îòñþäà, âîçâîäÿ íåðàâåíñòâî 8 â

ñòåïåíü p, âûâîäèì íóæíîå ñîîòíîøåíèå (6):

|T p
0 (x)− T

p
0 (y)| 6 |T0(x)− T0(y)|p 6 |x− y|p.

�

Ëåììà 3. Ïðè ëþáîì p ∈ [0; 1] âûïîëíÿåòñÿ íåðàâåíñòâî p · ln 2 · 2p > 2p − 1.

Äîêàçàòåëüñòâî. Äîêàçûâàåìîå íåðàâåíñòâî ðàâíîñèëüíî íåðàâåíñòâó 2p(1−p·ln 2) 6
1.
Çàäàäèì ôóíêöèþ g(p) = 2p(1−p · ln 2). Ýòà ôóíêöèÿ íå âîçðàñòàåò íà îòðåçêå [0; 1],

òàê êàê

g′(p) = 2p((1− p · ln 2) ln 2− ln 2) = −p · 2p lnp 2 6 0.

Êðîìå òîãî, g(0) = 1. Ïîýòîìó g(p) = 2p(1− p · ln 2) 6 1 ïðè âñåõ p ∈ [0; 1]. �

Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f : R → R óäîâëåòâîðÿåò óñëîâèþ
Ã¼ëüäåðà ñ ïîêàçàòåëåì p è êîíñòàíòîé C, åñëè ïðè âñåõ x, y ∈ R âûïîëíÿåòñÿ
íåðàâåíñòâî

|f(x)− f(y)| 6 C|x− y|p.

Îïðåäåëåíèå 3. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f : R→ R óäîâëåòâîðÿåò îáîáùåí-
íîìó óñëîâèþ Ã¼ëüäåðà ñ ïîêàçàòåëåì p è êîíñòàíòîé C, åñëè ïðè âñåõ ðàçëè÷íûõ
x, y ∈ R, òàêèõ ÷òî |x− y| 6 1/2, âûïîëíÿåòñÿ íåðàâåíñòâî

|f(x)− f(y)| 6 C|x− y|p · log2
1

|x− y|
.

Òåîðåìà 2. Ïðè ëþáîì p ∈ (0; 1] ôóíêöèÿ Sp(x) =
∑∞

k=0(T0(2
kx)/2k)p èç ñòåïåííî-

ãî êëàññà Òàêàãè óäîâëåòâîðÿåò îáîáùåííîìó óñëîâèþ Ã¼ëüäåðà ñ ïîêàçàòåëåì p è
êîíñòàíòîé C = 1/p · log2

(
p · ln 2/(2p − 1)

)
+ 2p/(p · ln 2) + 1.

Äîêàçàòåëüñòâî. Ïóñòü äâå ðàçëè÷íûå òî÷êè x, y ∈ R óäîâëåòâîðÿþò óñëîâèþ |x −
y| 6 1/2. Çàôèêñèðóåì èõ. Òîãäà áóäóò âåðíû ñîîòíîøåíèÿ

|Sp(x)− Sp(y)| =

∣∣∣∣∣
∞∑
k=0

(
T0(2

kx)

2k

)p

−
∞∑
k=0

(
T0(2

ky)

2k

)p
∣∣∣∣∣ =

∣∣∣∣∣
∞∑
k=0

T p
0 (2

kx)− T p
0 (2

ky)

2kp

∣∣∣∣∣ 6
6

∞∑
k=0

|T p
0 (2

kx)− T p
0 (2

ky)|
2kp

=
n−1∑
k=0

|T p
0 (2

kx)− T p
0 (2

ky)|
2kp

+
∞∑
k=n

|T p
0 (2

kx)− T p
0 (2

ky)|
2kp

.

(9)

Ñëàãàåìûå ïåðâîé ñóììû â ïðàâîé ÷àñòè (9) îöåíèì, èñïîëüçóÿ íåðàâåíñòâî (6) èç
ëåììû 2:

|T p
0 (2

kx)− T p
0 (2

ky)| 6 |2kx− 2ky|p.
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Ñëàãàåìûå âòîðîé ñóììû â ïðàâîé ÷àñòè (9) îöåíèì, èñïîëüçóÿ íåðàâåíñòâî (5) èç
ëåììû 1:

|T p
0 (2

kx)− T p
0 (2

ky)| 6 1

2p
.

Èñïîëüçóåì ýòè äâå îöåíêè, ïîëó÷àåì èç (9) ñëåäóþùèå ñîîòíîøåíèÿ:

|Sp(x)− Sp(y)| 6
n−1∑
k=0

|2kx− 2ky|p

2kp
+
∞∑
k=n

1/2p

2kp
= n · |x− y|p + 1

2pn(2p − 1)
. (10)

Âûáåðåì ÷èñëî n ∈ N, òàê, ÷òîáû óìåíüøèòü ïðàâóþ ÷àñòü ýòîé îöåíêè. Äëÿ ýòîãî
íàéäåì ìèíèìóì ôóíêöèè f(t) = t · |x− y|p + 1/2pt(2p − 1).
Èìååì:

f ′(t) = |x− y|p − p · ln 2
2pt(2p − 1)

.

Ïðèðàâíèâàÿ f ′(t) ê íóëþ, íàõîäèì îòñþäà òî÷êó ìèíèìóìà:

t0 =
1

p
· log2

( p · ln 2
(2p − 1) · |x− y|p

)
. (11)

Òàê êàê |x− y| 6 1/2, òî t0 > 1/p · log2
(
p · ln 2 · 2p/(2p − 1)

)
. Îòñþäà, â ñèëó ëåììû 3,

ïîëó÷àåì, ÷òî t0 > 0.
Äàëåå, ïîëîæèì n0 = [t0] =

[
1/p · log2

(
p · ln 2/((2p − 1) · |x − y|p)

)]
. Òîãäà n0 > 0 è

âûïîëíÿåòñÿ íåðàâåíñòâî t0 − 1 < n0 6 t0. Îòñþäà è èç ôîðìóëû (11) ñëåäóåò, ÷òî

1

p
· log2

( p · ln 2
(2p − 1) · |x− y|p

)
− 1 < n0 (12)

è

n0 6
1

p
· log2

( p · ln 2
(2p − 1) · |x− y|p

)
. (13)

Ñîãëàñíî (10) èìååì:

|Sp(x)− Sp(y)| 6 n0 · |x− y|p +
1

2pn(2p − 1)
. (14)

Èç íåðàâåíñòâà (12) ñëåäóåò, ÷òî

1

2pn0(2p − 1)
<

2p|x− y|p

p · ln 2
. (15)

Óìíîæàÿ îáå ÷àñòè íåðàâåíñòâà (13) íà |x− y|p, ïîëó÷èì:

n0 · |x− y|p 6
(
1

p
· log2

p · ln 2
2p − 1

+ log2
1

|x− y|

)
· |x− y|p. (16)

Ïîäñòàâëÿÿ íåðàâåíñòâà (15) è (16) â ôîðìóëó (14), ïîëó÷àåì îöåíêó

|Sp(x)− Sp(y)| 6
(
1

p
· log2

p · ln 2
2p − 1

+
2p

p · ln 2
+ log2

1

|x− y|

)
· |x− y|p.
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Îáîçíà÷èì b = 1/p · log2
(
p · ln 2/(2p−1)

)
+2p/(p · ln 2). Òîãäà ïîñëåäíþþ îöåíêó ìîæíî

ïåðåïèñàòü â âèäå

|Sp(x)− Sp(y)| 6
(
b+ log2

1

|x− y|

)
· |x− y|p. (17)

Òàê êàê |x− y| 6 1/2, òî log2(1/|x− y|) > 1. Ïîýòîìó èç (17) ñëåäóåò íåðàâåíñòâî

|Sp(x)− Sp(y)| 6 (b+ 1) · |x− y|p log2
1

|x− y|
= C · |x− y|p log2

1

|x− y|
,

ãäå

C = b+ 1 =
1

p
· log2

(
p · ln 2
2p − 1

)
+

2p

p · ln 2
+ 1.

×òî è òðåáîâàëîñü äîêàçàòü. �

5. Ôóíêöèîíàëüíîå óðàâíåíèå äëÿ ñòåïåííîãî êëàññà Òàêàãè

Òåîðåìà 3. Ïðè ëþáûõ p > 0 è m ∈ N ôóíêöèè Sp(x) èç ñòåïåííîãî êëàññà Òàêàãè
óäîâëåòâîðÿþò ôóíêöèîíàëüíîìó óðàâíåíèþ

Sp(x) =
m−1∑
k=0

(
T0(2

kx)

2k

)p

+
Sp(2

mx)

2mp
, x ∈ R. (18)

ãäå m ∈ N ∪ {0}.

Äîêàçàòåëüñòâî. Â ñèëó ðàâåíñòâà (1), îïðåäåëÿþùåãî ôóíêöèþ Sp(x), èìååì:

Sp(2
mx) =

∞∑
n=0

(
T0(2

n · 2mx)
2n

)p

=
∞∑
n=0

(
T0(2

n+mx)

2n

)p

.

Ðàçäåëèâ îáå ÷àñòè íà 2mp > 0, ïîëó÷èì:

Sp(2
mx)

2mp
=
∞∑
n=0

(
T0(2

n+mx)

2n+m

)p

=
∞∑

k=m

(
T0(2

kx)

2k

)p

= Sp(x)−
m−1∑
k=0

(
T0(2

kx)

2k

)p

Îòñþäà ñëåäóåò ðàâåíñòâî (18), êîòîðîå ìû äîêàçûâàåì. �

Ñëåäñòâèå 1. Ïðè ëþáîì p > 0 ôóíêöèè Sp(x) èç ñòåïåííîãî êëàññà Òàêàãè óäîâëå-
òâîðÿþò ôóíêöèîíàëüíûì óðàâíåíèÿì

Sp(2x) = 2p
(
Sp(x)− T p

0 (x)
)
, x ∈ R (19)

è

Sp(4x) = 4p
(
Sp(x)− T p

0 (x)
)
− 2pT p

0 (2x), x ∈ R. (20)

Äîêàçàòåëüñòâî. Ôóíêöèîíàëüíîå óðàâíåíèå (19) ñëåäóåò èç ôîðìóëû (18) ïðè m =
1. Ôóíêöèîíàëüíîå óðàâíåíèå (20) ñëåäóåò èç ôîðìóëû (18) ïðè m = 2. �
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Ëåììà 4. Äëÿ ëþáîãî p > 0 çíà÷åíèÿ ôóíêöèè Sp(x) â òî÷êàõ x = 1/2, x = 1/3,
x = 1/5 è x = 2/5 ìîæíî âû÷èñëèòü ïî ñëåäóþùèì ôîðìóëàì: Sp(1/2) = 1/2p,
Sp(1/3) = 2p/(6p − 3p), Sp(1/5) = 2 · 4p/(20p − 5p) è Sp(2/5) = (8p − 2p)/(20p − 5p).

Äîêàçàòåëüñòâî. 1) Ðàâåíñòâî Sp(1/2) = 1/2p ñëåäóåò èç ôîðìóë (1) è (2).
2) Ïîäñòàâèâ â ôîðìóëó (19) çíà÷åíèå x = 1/3, ïîëó÷èì: Sp(2/3) = 2p

(
Sp(1/3) −

T p
0 (1/3)

)
. Îòñþäà, ïîñêîëüêó T p

0 (1/3) = 1/3 â ñèëó (2) è Sp(2/3) = Sp(1/3) â ñèëó

ñâîéñòâà ñèììåòðèè (4), ñëåäóåò ðàâåíñòâî Sp(1/3) = 2p
(
Sp(1/3) − T p

0 (1/3)
)
. Èç ýòîãî

ðàâåíñòâà íàõîäèì, ÷òî Sp(1/3) = 2p/(6p − 3p).
3) Ïîäñòàâèâ â ôîðìóëó (19) çíà÷åíèÿ x = 1/5 è x = 2/5 ïîëó÷èì ñëåäóþùèå äâà

ðàâåíñòâà: Sp(2/5) = 2p
(
Sp(1/5)− T p

0 (1/5)
)
è Sp(4/5) = 2p

(
Sp(2/5)− T p

0 (2/5)
)
.

Â ñèëó (2) èìååì: T p
0 (1/5) = 1/5 è T p

0 (2/5) = 2/5. Êðîìå òîãî, Sp(4/5) = Sp(1/5) â
ñèëó ñâîéñòâà ñèììåòðèè (4). Ñ ó÷åòîì ýòîãî, èç ïðåäûäóùèõ äâóõ ðàâåíñòâ ïîëó÷àåì
ñëåäóþùèå äâà ðàâåíñòâà: Sp(2/5) = 2p

(
Sp(1/5) − (1/5)p

)
è Sp(1/5) = 2p

(
Sp(2/5) −

(2/5)p
)
. Ðåøàÿ ïîëó÷åííóþ ñèñòåìó èç äâóõ óðàâíåíèé îòíîñèòåëüíî Sp(1/5) è Sp(2/5),

íàõîäèì, ÷òî Sp(1/5) = 2 · 4p/(20p − 5p) è Sp(2/5) = (8p + 2p)/(20p − 5p). �

6. Ãëîáàëüíûå ìàêñèìóìû ôóíêöèé ñòåïåííîãî êëàññà Òàêàãè äëÿ

çíà÷åíèé ïàðàìåòðà 0 < p < 1

Ëåììà 5. Äëÿ ëþáûõ äåéñòâèòåëüíûõ ÷èñåë a, b, s è p, óäîâëåòâîðÿþùèõ óñëîâèÿì
0 < s 6 a < b è 0 < p < 1, âûïîëíÿåòñÿ íåðàâåíñòâî

(a+ s)p − (a− s)p > (b+ s)p − (b− s)p.

Äîêàçàòåëüñòâî. Çàäàäèì íà îòðåçêå [0, a] ôóíêöèþ f(s) =
(
(a+s)p− (a−s)p

)
−
(
(b+

s)p − (b− s)p
)
. Íàì äîñòàòî÷íî äîêàçàòü íåðàâåíñòâî f(s) > 0 äëÿ ëþáîãî s ∈ (0, a].

Âû÷èñëèì ïðîèçâîäíóþ f ′(s) ïðè s ∈ (0, a]:

f ′(s) = p ·
(
(a+ s)p−1 − (b+ s)p−1 + (a− s)p−1 − (b− s)p−1

)
.

Ïîñêîëüêó (a+s)p−1 > (b+s)p−1 è (a−s)p−1 > (b−s)p−1 ïðè âñåõ s ∈ (0, a], òî f ′(s) > 0.
Òàê êàê ôóíêöèÿ f(s) íåïðåðûâíà ïðè s ∈ [0, a], òî f(s) ñòðîãî âîçðàñòàåò íà îòðåçêå
[0, a]. Â ñèëó ðàâåíñòâà f(0) = 0 îòñþäà âûòåêàåò íåðàâåíñòâî f(s) > 0 äëÿ ëþáîãî
s ∈ (0, a]. ×òî è òðåáîâàëîñü äîêàçàòü. �

Ëåììà 6. Ïóñòü 0 < p < 1. Äëÿ êàæäîãî öåëîãî íåîòðèöàòåëüíîãî n çàäàäèì íà
ïîëóèíòåðâàëå (0; 1] ôóíêöèþ

Dn(s) =
n∑

k=0

((
2n−k+2− (−1)n+k + (−1)k · 3s

)p− (2n−k+2− (−1)n+k − (−1)k · 3s
)p)

. (21)

Òîãäà äëÿ ëþáîãî s ∈ (0; 1] âûïîëíÿòñÿ íåðàâåíñòâî Dn(s) > 0, åñëè n ÷åòíî, è
íåðàâåíñòâî Dn(s) < 0, åñëè n íå÷åòíî.
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Äîêàçàòåëüñòâî. Äëÿ êàæäîãî öåëîãî k = 0, 1, . . . , n è ëþáîãî s ∈ (0; 1] ïîëîæèì

dn,k(s) =
(
2n−k+2 − (−1)n+k + (−1)k · 3s

)p − (2n−k+2 − (−1)n+k − (−1)k · 3s
)p
. (22)

Òîãäà èç ôîðìóëû (21) ñëåäóåò ðàâåíñòâî Dn(s) =
∑n

k=0 dn,k(s).
1) Ñíà÷àëà äîêàæåì, ÷òî Dn(s) < 0 ïðè íå÷åòíûõ n. Äëÿ ýòîãî ðàçîáüåì ñóì-

ìó
∑n

k=0 dn,k(s), çàäàþùóþ Dn(s), íà ïàðû ñëàãàåìûõ: Dn(s) =
∑(n−1)/2

i=0

(
dn,2i(s) +

dn,2i+1(s)
)
. Íàì äîñòàòî÷íî ïîêàçàòü, ÷òî ñóììà êàæäîé ïàðû îòðèöàòåëüíà, òî åñòü

dn,2i(s) + dn,2i+1(s) < 0 ïðè ëþáûõ s ∈ (0; 1] è ëþáûõ i = 0, 1, . . . , (n− 1)/2.
Ïîëîæèì an,i = 2n−2i+1 − 1 è bn,i = 2n−2i+2 + 1. Òîãäà, â ñèëó ôîðìóëû (22), âåðíî

ðàâåíñòâî

dn,2i(s) + dn,2i+1(s) = (2n−2i+2 + 1 + 3s)p − (2n−2i+2 + 1− 3s)p + (2n−2i+1 − 1− 3s)p−
−(2n−2i+1 − 1 + 3s)p =

(
(bn,i + 3s)p − (bn,i − 3s)p

)
−
(
(an,i + 3s)p − (an,i − 3s)p

)
.

Ïîñêîëüêó 0 < 3s 6 3 6 an,i < bn,i äëÿ ëþáûõ s ∈ (0; 1] è ëþáûõ i = 0, 1, . . . , (n− 1)/2,
òî ïðèìåíèìà ëåììà 5. Ñîãëàñíî ýòîé ëåììå, âåðíà îöåíêà (an,i + 3s)p − (an,i − 3s)p >
(bn,i + 3s)p − (bn,i − 3s)p. Îòñþäà ïîëó÷àåì íóæíîå íåðàâåíñòâî dn,2i(s) + dn,2i+1(s) < 0
äëÿ ëþáûõ s ∈ (0; 1] è ëþáûõ i = 0, 1, . . . , (n− 1)/2.
2) Òåïåðü äîêàæåì, ÷òî Dn(s) > 0 ïðè ÷åòíûõ n. Äëÿ ýòîãî â ñóììå

∑n
k=0 dn,k(s),

çàäàþùåéDn(s), ïåðâîå ñëàãàåìîå âûäåëèì îòäåëüíî, à îñòàëüíûå ñëàãàåìûå ðàçîáüåì

íà ïàðû: Dn(s) = dn,0(s) +
∑n/2

i=1

(
dn,2i−1(s) + dn,2i(s)

)
. Íàì äîñòàòî÷íî ïîêàçàòü, ÷òî

çäåñü âñå ñëàãàåìûå ïîëîæèòåëüíû, òî åñòü dn,0(s) > 0 è dn,2i−1(s) + dn,2i(s) > 0 ïðè
ëþáûõ s ∈ (0; 1] è ëþáûõ i = 0, 1, . . . , n/2.
Â ñèë ðàâåíñòâà (22) èìååì: dn,0(s) = (2n+2 − 1 + 3s)p − (2n+2 − 1− 3s)p > 0.
Äàëåå, ïîëîæèì an,i = 2n−2i+2 − 1 è bn,i = 2n−2i+3 + 1. Òîãäà âåðíî ðàâåíñòâî

dn,2i−1(s) + dn,2i(s) = (2n−2i+3 + 1− 3s)p − (2n−2i+3 + 1 + 3s)p + (2n−2i+2 − 1 + 3s)p−
−(2n−2i+2 − 1− 3s)p =

(
(an,i + 3s)p − (an,i − 3s)p

)
−
(
(bn,i + 3s)p − (bn,i − 3s)p

)
.

Ïîñêîëüêó 0 < 3s 6 3 6 an,i < bn,i äëÿ ëþáûõ s ∈ (0; 1] è ëþáûõ i = 0, 1, . . . , n/2, òî
ïðèìåíèìà ëåììà 5. Ñîãëàñíî ýòîé ëåììå, âåðíà îöåíêà (an,i + 3s)p − (an,i − 3s)p >
(bn,i + 3s)p − (bn,i − 3s)p. Îòñþäà ïîëó÷àåì íóæíîå íåðàâåíñòâî dn,2i−1(s) + dn,2i(s) > 0
äëÿ ëþáûõ s ∈ (0; 1] è ëþáûõ i = 0, 1, . . . , n/2. Ëåììà äîêàçàíà. �

Ëåììà 7. Äëÿ êàæäîãî n = 0, 1, 2, . . . çàäàäèì îòðåçîê [an, bn] ñ êîíöàìè

an =
1

3
+

(−1)n+1

3 · 2n+2
− 1

2n+2
è bn =

1

3
+

(−1)n+1

3 · 2n+2
+

1

2n+2
. (23)

Òîãäà
1) Ïðè êàæäîì n = 0, 1, 2, . . . äëèíà îòðåçêà [an, bn] ðàâíà 1/2n+1, à åãî ñåðåäèíîé

ÿâëÿåòñÿ òî÷êà cn = 1/3+(−1)n+1/(3 ·2n+2), êîòîðàÿ ìîæåò áûòü çàïèñàíà òàêæå
â âèäå cn = qn/2

n+2, ãäå qn � íåêîòîðîå öåëîå ÷èñëî.
2) Åñëè n � ÷åòíî, òî an+1 = cn è bn+1 = bn, òî åñòü îòðåçîê [an+1, bn+1] ÿâëÿåòñÿ

ïðàâîé ïîëîâèíîé îòðåçêà [an, bn]. Åñëè n � íå÷åòíî, òî an+1 = an è bn+1 = cn, òî
åñòü îòðåçîê [an+1, bn+1] ÿâëÿåòñÿ ëåâîé ïîëîâèíîé îòðåçêà [an, bn].
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3) Îòðåçêè [an, bn] âëîæåíû (òî åñòü [0, 1/2] = [a0, b0] ⊃ [a1, b1] ⊃ . . . ⊃ [an, bn] ⊃
[an+1, bn+1] ⊃ . . .), è âûïîëíåíî ðàâåíñòâî

⋂∞
n=0[an, bn] = {1/3}.

Äîêàçàòåëüñòâî. 1) Â ýòîì ïóíêòå â äîêàçàòåëüñòâå íóæäàåòñÿ ëèøü òî, ÷òî ÷èñëî
cn = 1/3 + (−1)n+1/(3 · 2n+2) ìîæíî ïðåäñòàâèòü â âèäå cn = qn/2

n+2, ãäå qn � öåëîå
÷èñëî. Èç ðàâåíñòâà cn = 1/3 + (−1)n+1/(3 · 2n+2) = qn/2

n+2 íàõîäèì, ÷òî qn = (2n+2 +
(−1)n+1)/3. Åñëè n � ÷åòíîå, òî 2n+2 ïðè äåëåíèè íà 3 äàåò îñòàòîê 1 è (−1)n+1 = −1,
ïîýòîìó qn � öåëîå. Àíàëîãè÷íî, åñëè n � íå÷åòíîå, òî 2n+2 ïðè äåëåíèè íà 3 äàåò
îñòàòîê 2 è (−1)n+1 = 1, çíà÷èò â ýòîì ñëó÷àå qn � òîæå öåëîå.
2) Åñëè n � ÷åòíîå, òî èç ôîðìóëû (23) âûòåêàþò ñëåäóþùèå ðàâåíñòâà: cn =

1/3− 1/(3 · 2n+2), bn = 1/3− 1/(3 · 2n+2)+ 1/2n+2 = 1/3+ 1/(3 · 2n+1), an+1 = 1/3+ 1/(3 ·
2n+3)−1/2n+3 = 1/3−1/(3 ·2n+2) è bn+1 = 1/3+1/(3 ·2n+3)+1/2n+3 = 1/3+1/(3 ·2n+1).
Òàêèì îáðàçîì, ïðè ÷åòíîì n èìååì: an+1 = cn è bn+1 = bn. Ïðè íå÷åòíîì n ïðîâåðêà
ðàâåíñòâ an+1 = an è bn+1 = cn äåëàåòñÿ àíàëîãè÷íî.
3) Âëîæåííîñòü îòðåçêîâ [an, bn] ñëåäóåò èç ïóíêòà 2 óòâåðæäåíèÿ íàñòîÿùåé ëåììû.

Ðàâåíñòâî
⋂∞

n=0[an, bn] = {1/3} ñëåäóåò èç òåîðåìû Êàíòîðà î âëîæåííûõ îòðåçêàõ è
èç ñîîòíîøåíèÿ

lim
n→∞

an = lim
n→∞

(
1/3 + (−1)n+1/(3 · 2n+2)− 1/2n+2

)
= 1/3. �

Òåîðåìà 4. Äëÿ ëþáîãî p ∈ (0; 1) ãëîáàëüíûé ìàêñèìóì ôóíêöèè Sp(x) íà îòðåç-
êå [0; 1] äîñòèãàåòñÿ òîëüêî â òî÷êàõ x = 1/3 è x = 2/3, à åãî çíà÷åíèå ðàâíî
maxx∈[0;1] Sp(x) = Sp(1/3) = 2p/(6p − 3p).

Äîêàçàòåëüñòâî. 1) Ñíà÷àëà äîêàæåì, ÷òî ìíîæåñòâî òî÷åê ãëîáàëüíîãî ìàêñèìóìà
ôóíêöèè Sp(x) íà îòðåçêå [0; 1] ñîñòîèò òîëüêî èç òî÷åê x = 1/3 è x = 2/3. Îáîçíà-
÷èì ìíîæåñòâî òî÷åê ãëîáàëüíîãî ìàêñèìóìà ôóíêöèè Sp(x) íà îòðåçêå [0; 1/2] ÷åðåç
Argmax[0,1/2]Sp. Â ñèëó ñâîéñòâà ñèììåòðèè (4) èìååì: Sp(x) = Sp(1 − x) ïðè âñåõ
x ∈ [0; 1]. Ïîýòîìó íàì äîñòàòî÷íî äîêàçàòü, ÷òî Argmax[0,1/2]Sp = {1/3}. Äëÿ äîñòè-
æåíèÿ ýòîé öåëè ïîêàæåì, ÷òî ìíîæåñòâî Argmax[0,1/2]Sp ñîäåðæèòñÿ â êàæäîì èç
îòðåçêîâ [an, bn] (n = 0, 1, 2, . . .), çàäàííûõ â ëåììå 7. Îòñþäà, â ñèëó ïóíêòà 3 ëåì-
ìû 7, áóäåò ñëåäîâàòü ñîîòíîøåíèå Argmax[0,1/2]Sp ⊂

⋂∞
n=0[an, bn] = {1/3}, èç êîòîðîãî

ïîëó÷èòñÿ íóæíîå ðàâåíñòâî Argmax[0,1/2]Sp = {1/3}.
Âêëþ÷åíèå Argmax[0,1/2]Sp ⊂ [an, bn] ïðè êàæäîì n = 0, 1, 2, . . . äîêàæåì ïî èíäóê-

öèè.
Áàçà èíäóêöèè: n = 0. Âêëþ÷åíèå Argmax[0,1/2]Sp ⊂ [a0, b0] = [0, 1/2] âåðíî ïî îïðå-

äåëåíèþ ìíîæåñòâà Argmax[0,1/2]Sp.
Øàã èíäóêöèè: ïðè óñëîâèè, ÷òî âêëþ÷åíèå Argmax[0,1/2]Sp ⊂ [an, bn] âåðíî, íóæíî

äîêàçàòü âêëþ÷åíèå Argmax[0,1/2]Sp ⊂ [an+1, bn+1]. Äëÿ ýòîãî çàäàäèì íà ïîëóèíòåð-
âàëå (0; 1] ôóíêöèþ

fn(s) = Sp(cn + s/2n+2)− Sp(cn − s/2n+2), (24)

ãäå cn � ñåðåäèíà îòðåçêà [an, bn] (ñì. ëåììó 7). Çàìåòèì, ÷òî åñëè òî÷êà s ïðîáåãàåò
ïîëóèíòåðâàë (0; 1], òî òî÷êà cn + s/2n+2 ïðîáåãàåò ïðàâóþ ïîëîâèíó îòðåçêà [an, bn]
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(êðîìå åãî ñåðåäèíû), à òî÷êà cn − s/2n+2 ïðîáåãàåò ëåâóþ ïîëîâèíó îòðåçêà [an, bn]
(òàêæå êðîìå åãî ñåðåäèíû). Ïîýòîìó åñëè ïðè âñåõ s ∈ (0; 1] âåðíî íåðàâåíñòâî fn(s) >
0, òî ìíîæåñòâî Argmax[0,1/2]Sp ëåæèò â ïðàâîé ïîëîâèíå îòðåçêà [an, bn], à åñëè ïðè
âñåõ s ∈ (0; 1] âåðíî íåðàâåíñòâî fn(s) < 0, òî ìíîæåñòâî Argmax[0,1/2]Sp ëåæèò â
ëåâîé ïîëîâèíå îòðåçêà [an, bn] (èç äàëüíåéøåãî õîäà äîêàçàòåëüñòâà áóäåò âèäíî, ÷òî
âîçìîæíû òîëüêî ýòè äâà âàðèàíòà). Ñëåäîâàòåëüíî, íåîáõîäèìî èññëåäîâàòü çíàê
ôóíêöèè fn(s) ïðè s ∈ (0; 1]. Â ñèëó ôîðìóë (24) è (1) èìååì:

fn(s) =
∞∑
k=0

(
T0
(
2k(cn + s/2n+2)

)
2k

)p

−
(
T0
(
2k(cn + s/2n+2)

)
2k

)p

=

=
∞∑
k=0

1

2kp

(
T p
0 (2

kcn + 2k−n−2s)− T p
0 (2

kcn + 2k−n−2s)
)
.

(25)

Âîñïîëüçóåìñÿ ñèììåòðèåé ôóíêöèè T0 îòíîñèòåëüíî ïîëóöåëûõ ÷èñåë, òî åñòü ÷è-
ñåë âèäà q/2, ãäå q � ëþáîå öåëîå ÷èñëî (ñì. (4)). Â ñèëó ïóíêòà 1 ëåììû 7 ÷èñ-
ëî cn ìîæíî çàïèñàòü â âèäå cn = qn/2

n+2, ãäå qn � öåëîå ÷èñëî. Ïîýòîìó 2kcn =
2kqn/2

n+2 = 2k−n−1qn/2, è ïðè k ≥ n+ 1 ÷èñëî 2kcn áóäåò ïîëóöåëûì. Ñëåäîâàòåëüíî,
ïðè k ≥ n+1 ôóíêöèÿ T0 áóäåò ñèììåòðè÷íîé îòíîñèòåëüíî òî÷åê 2kcn, òî åñòü áóäåò
âûïîëíÿòüñÿ ðàâåíñòâî T0(2

kcn + 2k−n−2s) = T0(2
kcn − 2k−n−2s). Ïîýòîìó â ïðàâîé ÷à-

ñòè ðàâåíñòâà (25) âñå ñëàãàåìûå ñ íîìåðàìè k ≥ n + 1 ðàâíû íóëþ. Òàêèì îáðàçîì,
ôîðìóëó (25), â ñèëó ðàâåíñòâà cn = 1/3 + (−1)n+1/(3 · 2n+2) èç ïóíêòà 1 ëåììû 7,
ìîæíî ïåðåïèñàòü â âèäå

fn(s) =
n∑

k=0

1

2kp

(
T p
0 (2

kcn + 2k−n−2s)− T p
0 (2

kcn + 2k−n−2s)
)
=

=
n∑

k=0

1

2kp

(
T p
0

(2k
3

+
(−1)n+1 + 3s

3 · 2n−k+2

)
− T p

0

(2k
3

+
(−1)n+1 − 3s

3 · 2n−k+2

))
.

(26)

Ââèäó íàëè÷èÿ ïåðèîäà 1 ó ôóíêöèè T0, â ýòîì ðàâåíñòâå ÷èñëà âèäà 2k/3 ìîæíî
çàìåíèòü íà èõ äðîáíûå ÷àñòè {2k/3}. Åñëè k ≥ 0 è ÷åòíî, òî {2k/3} = 1/3, ïîýòîìó
{2k/3} + ((−1)n+1 ± 3s)/(3 · 2n−k+2) ∈ [0, 1/2] è, â ñèëó ôîðìóëû (2) äëÿ ôóíêöèè T0,
âåðíû ðàâåíñòâà

T0

(2k
3

+
(−1)n+1 ± 3s

3 · 2n−k+2

)
=

1

3
+

(−1)n+1 ± 3s

3 · 2n−k+2
ïðè ÷åòíûõ k ≥ 0. (27)

Àíàëîãè÷íî, åñëè k ≥ 0 è íå÷åòíî, òî {2k/3} = 2/3, ïîýòîìó {2k/3}+((−1)n+1±3s)/(3 ·
2n−k+2) ∈ [1/2, 1] è, â ñèëó ôîðìóëû (2), âåðíû ðàâåíñòâà

T0

(2k
3

+
(−1)n+1 ± 3s

3 · 2n−k+2

)
= T0

({2k
3

}
+

(−1)n+1 ± 3s

3 · 2n−k+2

)
=

= 1−
(2
3
+

(−1)n+1 ± 3s

3 · 2n−k+2

)
=

1

3
− (−1)n+1 ± 3s

3 · 2n−k+2
ïðè íå÷åòíûõ k ≥ 0.

(28)
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Ó÷èòûâàÿ ôîðìóëû (27) è (28), ïðèõîäèì ê âûâîäó, ÷òî ïðè âñåõ öåëûõ k ≥ 0 âåðíî
ðàâåíñòâî

T0

(2k
3

+
(−1)n+1 ± 3s

3 · 2n−k+2

)
=

1

3
+ (−1)k (−1)

n+1 ± 3s

3 · 2n−k+2
.

Îòñþäà è èç ôîðìóëû (26) âûòåêàåò ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ:

fn(s) =
n∑

k=0

1

2kp

((1
3
+ (−1)k (−1)

n+1 + 3s

3 · 2n−k+2

)p
−
(1
3
+ (−1)k (−1)

n+1 − 3s

3 · 2n−k+2

)p)
=

=
1

3p · 2(n+2)p

n∑
k=0

((
2n−k+2 − (−1)n+k + (−1)k · 3s

)p−
−
(
2n−k+2 − (−1)n+k − (−1)k · 3s

)p)
=

Dn(s)

3p · 2(n+2)p
,

ãäå Dn(s) � ôóíêöèÿ, çàäàâàåìàÿ ðàâåíñòâîì (21) è èçó÷åííàÿ â ëåììå 6.
Åñëè n ÷åòíî, òî, â ñèëó ëåììû 6, ôóíêöèÿ Dn(s), à çíà÷èò è ôóíêöèÿ fn(s), ïîëî-

æèòåëüíà ïðè s ∈ (0; 1], ïîýòîìó ìíîæåñòâî Argmax[0,1/2]Sp ëåæèò â ïðàâîé ïîëîâèíå
îòðåçêà [an, bn], òî åñòü íà îòðåçêå [an+1, bn+1] (ïî ïóíêòó 4 ëåììû 7). Àíàëîãè÷íî, åñëè
n íå÷åòíî, òî, ñíîâà â ñèëó ëåììû 6, ôóíêöèÿ Dn(s), à çíà÷èò è ôóíêöèÿ fn(s), îò-
ðèöàòåëüíà ïðè s ∈ (0; 1], ïîýòîìó ìíîæåñòâî Argmax[0,1/2]Sp ëåæèò â ëåâîé ïîëîâèíå
îòðåçêà [an, bn], òî åñòü ñíîâà íà îòðåçêå [an+1, bn+1] (ïî ïóíêòó 4 ëåììû 7). Òàêèì
îáðàçîì, âêëþ÷åíèå Argmax[0,1/2]Sp ⊂ [an+1, bn+1] èìååò ìåñòî êàê ïðè ÷åòíûõ, òàê è
ïðè íå÷åòíûõ n.
Èòàê, øàã èíäóêöèè ñäåëàí, è ïåðâîå óòâåðæäåíèå òåîðåìû äîêàçàíî.
2) Âû÷èñëèì çíà÷åíèå ãëîáàëüíîãî ìàêñèìóìà ôóíêöèè Sp(x) íà îòðåçêå [0; 1]. Â

ñèëó ïåðâîãî ïóíêòà äàííîãî äîêàçàòåëüñòâà, ýòî çíà÷åíèå ðàâíî çíà÷åíèþ ôóíêöèè
Sp â òî÷êå x = 1/3, êîòîðîå, â ñèëó ëåììû 4, ðàâíî 2p/(6p − 3p).
×òî è òðåáîâàëîñü äîêàçàòü. �

Òåîðåìà 5. Ïðè ëþáîì p ∈ (0; 1) ôóíêöèÿ Sp(x) íå èìååò ïðîèçâîäíîé â òî÷êàõ
x = 1/3 è x = 2/3.

Äîêàçàòåëüñòâî. 1) Äîêàæåì îò ïðîòèâíîãî, ÷òî Sp(x) íå äèôôåðåíöèðóåìà â òî÷êå
x = 1/3. Ïóñòü ïðîèçâîäíàÿ S ′p(1/3) ñóùåñòâóåò. Òîãäà, äèôôåðåíöèðóÿ ôóíêöèîíàëü-
íîå óðàâíåíèå (19) â òî÷êå x = 1/3 ïîëó÷àåì, ÷òî ñóùåñòâóåò è ïðîèçâîäíàÿ S ′p(2/3),

ïðè÷åì âûïîëíÿåòñÿ ðàâåíñòâî 2S ′p(2/3) = 2p
(
S ′p(1/3) − pT p−1

0 (1/3)T ′0(1/3)
)
. Îòñþäà,

êàê êàê T0(1/3) = 1/3 è T ′0(1/3) = 1, ïîëó÷àåì ôîðìóëó

2S ′p(2/3) = 2p
(
S ′p(1/3)− p · 31−p

)
. (29)

Ïîñêîëüêó â ñèëó òåîðåìû 4 òî÷êè x = 1/3 è x = 2/3 ÿâëÿþòñÿ òî÷êàìè ýêñòðåìóìà,
òî äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà S ′p(1/3) = S ′p(2/3) = 0. Ïîäñòàâëÿÿ ýòè çíà÷åíèÿ â
ôîðìóëó (29), ïîëó÷àåì íåâåðíîå ðàâåíñòâî 0 = −2pp · 31−p.
Ïîëó÷åííîå ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî Sp(x) íå äèôôåðåíöèðóåìà â òî÷êå x =

1/3.
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2) Ïîñêîëüêó ïðîèçâîäíàÿ S ′p(1/3) íå ñóùåñòâóåò, òî, â ñèëó ðàâåíñòâà (29), íå ñó-
ùåñòâóåò è ïðîèçâîäíàÿ S ′p(2/3). �
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