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Periodic Solutions of the Generalized MackeyGlass Equation with
n Delays
Alexeev V.V., Preobrazhenskaia M.M., Zelenova V.K.
Center of Integrable Systems, Yaroslavl State University
MackeyGlass equation was rst considered in [1] and was used to describe the concentration of
blood cells. It is a dierential equation with delay

du
αu(t − h)
.
= −βu +
dt
1 + (u(t − h))γ

(1)

Here parameters α, β, γ, h and unknown function u(t) are positive.
We consider a generalization of the MackeyGlass equation:


α u(t − h1 ) + . . . + u(t − hn )
du
γ .
= −βu +
dt
1 + u(t − h1 ) + . . . + u(t − hn )

(2)

Here n is natural, 0 < h1 < . . . < hn . The dierence from the traditional MackeyGlass equation
(1) is the number of delays.
For a generalized equation, we consider the case of the large parameter γ . As γ tends to innity,
1
the function 1+w
γ on the right side of the dierential equation tends to the threshold function


 1, 0 < w < 1,
1
def
1
, w = 1,
=
F (w) = lim
γ→+∞ 1 + w γ
 2
0, w > 1.
As a limit object for (2), we obtain the equation

u̇ = −βu + αwF (w),

(3)

where w(t) = u(t − h1 ) + . . . + u(t − hn ).
We study the question of the existence and stability of a periodic solution of the equation (3).
This work was supported by the Russian Science Foundation (project No. 21-71-30011)

References
[1] Mackey M. C. and Glass L. Oscillation and chaos in physiological control systems. Science.
1977. V. 197, No. 4300. P. 287289.
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On bifurcations of solutions of impulsive systems
Anashkin O.V.
Crimean Federal University,
Simferopol'
In this report, we will try to give an overview of the current state of the theory of bifurcations
of solutions to impulsive systems.
Many evolution processes are subject to short-term perturbations whose duration is negligible
in comparison with the duration of the process. Impulsive dierential equations [1, 2] are powerful
tools to model this type of evolution processes. Impulsive dierential equations see applications in
numerous elds where the systems of study exhibit rapid jumps in state. Such jumps may be intrinsic
to the system, such as in the ring of a neuron in a biological neural network, or synthetic, such as the
application of an insecticide or antibiotic treatment in a biological model. One of the most common
applications of the theory of impulsive dierential equations arises in the case, where a continuous
autonomous system is perturbed by impulses in an impulsive control setting [3, 4]. Despite the large
number of publications devoted to impulsive systems of the considered type [5]- [8], the qualitative
theory, in particular, the theory of bifurcations is far from being suciently developed. Only recently
there have appeared very meaningful studies devoted to this direction [9]- [11].
Mathematical models are considered, the results of computer modeling and examples of applications
are given.

References
[1] A. M. Samoilenko and M. O. Perestyuk, Dierentsial'nye uravneniya s impul'snym vozdeistviem,
Kyev: Vysha Shkola (1987) (in Russian).
[2] A. M. Samoilenko and M. O. Perestyuk, Impulsive dierential equations, River Edge: World
Scientic (1995).
[3] A. Lakmeche and O. Arino, Nonlinear mathematical model of pulsed-therapy of heterogeneous
tumors, Nonlinear Anal. Real World Appl., 2, 455-465 (2001).
[4] Y. Xie, L. Wang, Q. Deng, Z. Wu, The dynamics of an impulsive predator-prey model with
communicable disease in the prey species only, Appl. Math. Comput. 292, 320-335 (2017).
[5] S. G. Hristova, Qualitative investigations and approximate methods for impulsive equations.
New York: Nova Science Publishers, Inc. (2009).
[6] M. Akhmet, Principles of Discontinuous Dynamical Systems. New-York: Springer, (2010).
[7] Z. Hu, M. Han. Periodic solutions and bifurcations of rst-order periodic impulsive dierential
equations. International Journal of Bifurcation and Chaos 19, No.8, 2515-2530 (2009).
[8] O.V. Anashkin and O.V. Yusupova,
Stability in the Critical Case and
Bifurcations in Impulsive Systems. Lobachevskii J Math 42, 3574-3583 (2021).
https://doi.org/10.1134/S1995080222030039
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[9] K.E.M. Church and Xinzhi Liu. Bifurcation Analysis and Application for Impulsive Systems
with Delayed Impulses, International Journal of Bifurcation and Chaos 27, 1750186 (2017).
[10] K.E.M. Church and X. Liu. Bifurcation theory of impulsive dynamical systems. IFSR
International Series in Systems Science and Systems Engineering, Vol. 34. Springer Nature
(2021).
[11] M. Akhmet, A. Kashkynbayev, Bifurcation in Autonomous and Nonautonomous Dierential
Equations with Discontinuities. Springer Nature Singapore Pte Ltd. and Higher Education
Press (2017).

Application of the classical theory of solitons to study the dynamics
in passive-dispersed and active-relaxation media during the
formation of twist in a toroidal plasma
Sergey Belyakin1,3 , Alexander Stepanov2,3
1. Department of General Physics, Physics Faculty
2. Department of Oscillation Physics, Physics Faculty
3. Lomonosov Moscow State University, Moscow,Russia
This paper presents a dynamic classical soliton model of the conditions for the formation of a
swirl in a toroidal vortex of a stellarator. It is represented by the geometric construction of the
evolution of the Smale-Williams hyperbolic attractor [1,2]. Two coupled Van der Pol generators are
used as the main model qn+1 = 2qn . Based on non-linear dynamics, the Bernoulli map represents
the evolution of the torus. The use of the dynamic classical soliton model makes it possible to nd
the conditions for the formation of a swirl in a toroidal vortex.

Mathematical dynamic model of a soliton for a toroidal vortex
The mathematical classical dynamic model of the soliton is represented by the equation [3]:

2
2

ẍ − (A1 cos ωt − x )ẋ + ω0 x = ε1 y cos ω0 t,
ÿ − (−A2 cos ωt − y 2 )ẏ + ω02 y = ε2 x2 ,


u = xy sinh x sinh y sin ω1 t cos ω1 t.
Here x, y , u - dynamic variables, A1 , A2 , ε1 and ε2 - coecient of connection, ω , ω0 and ω1 -inherent
frequency oscillations.
The use of this hyperbolic model translates into practical implementation. This system can be
used to study toroidal vortex processes with the formation of a stellarator twist.
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References
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Annals Reviews and Research, 5, 2020, No4, Pp.0049-0056.
[2] S.P.Kuznetsov. A system of three non-Autonomous oscillators with hyperbolic chaos. A model
with dynamics on the attractor described by the mapping on the torus "Arnold's cat". Izvestiya
vuzov. Applied nonlinear dynamics, 20, 2012, No6,
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Shilnikov attractors in a minimal network of coupled neuron models
Bobrovsky A.A., Shchegoleva N.A., Stankevich N.V.
HSE University - Nizhny Novgorod, Russia
In the work we consider minimal ensemble of Hodgkin-Huxley-type of neuron models. Typical
for such systems is that the anti-phase synchronization is suspected here. In works [1-3], it was
shown that, taking into account various types of coupling between subsystems (both excitatory and
inhibitory), it is possible to single out in-phase synchronization. It is also shown that multistability
between in-phase and anti-phase oscillatory modes is possible in this system. Also such models can
demonstrate in-phase and anti-phase synchronous bursting behavior. Both bursting and spiking
attractors can be chaotic. We analyze chaotic dynamics and reveal dierent types of chaos including
hyperchaos. We study in detail route to hyperchaos which associated with the torus destruction and
formation Shilnikov attractors [4].
As a base for analysis we use Hodgkin-Huxley-type models: Hindmarsh-Rose model and Sherman
model. We consider dierent parameters of sub-systems, when they demonstrate bursting oscillations
of dierent type, or spiking oscillations. We analyse parameter space for dierent type of coupling
(inhibitory and excitatory). We have shown the formation of Shilnikov chaotic attractors which
leads to the appearance hyperchaos [5].
The work is supported by the grant of Russian Science Foundation (Project No. 20-71-10048).

References
[1] Izhikevich EM. Dynamical systems in neuroscience. MIT press; 2007.
[2] Jalil S., Belykh I., Shilnikov A. Physical Review E. 2012. Vol. 85. No. 3. PP. 036214.
[3] Belykh I., Reimbayev R., Zhao K. Physical Review E. 2015. Vol. 91. No. 6. PP. 062919.
[4] Gonchenko A., Gonchenko S., Kazakov A., Turaev D. (2014) // Int. J. of Bif. and Chaos, 24(08),
1440005.
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[5] Stankevich N., Kazakov A., Gonchenko S. (2020) // Chaos, 30(12), 123129.

On Soft Loss of Stability in Ocean Circulation Box Model with
Turbulent Fluxes
Davydov A.A.1,2 , Zosimov S.O.1
1. Lomonosov Moscow State University
2. National University of Science and Technology MISIS
We consider a two dimensional system of ordinary dierential equations that provides a qualitative
description of the thermohaline circulation locally in the upper layer of water in ocean [1], [2], [3].
We show that in a generic nite parametric case of transfer functions from the system the soft loss
of stability of a steady state in this system is described by the appearance of nonzero xed points
of composition of pair of two involutions of the real line with xed point at zero, which are dened
by the system. The respective bifurcation diagrams in the space of parameters are also described.
The study was nancially supported by the Russian Science Foundation, project no. 19-11-00223

References
[1] Davydov A.A., Melnikov N.B., Soft Loss of Stability in an Ocean Circulation Box Model with
Turbulent Fluxes, Proc. Steklov Inst. Math., 259 (2007), 6-15
[2] Davydov A.A., Melnikov N.B., Andronov-Hopf bifurcation in simple double diusion models,
Russian Math. Surveys, 62:2 (2007), 382-384
[3] Welander P.A., A simple heat-salt oscillator // Dyn. Atmos. and Oceans. 1982. V. 6, N 4. P.
233-242.
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Nonlinear dynamics and typical bifurcations in the model of three
coupled ultrasound contrast agents
Garashchuk I.R., Sinelshchikov D.I.
NRU HSE
We study dynamics in the model describing oscilaltions of three coupled encapsulated microbubbles
under the inuence of external pressure eld [1, 2]. We study three conguration of bubbles: in the
vertices of an equilateral triangle, in the vertices of an isosceles triangle and in the nodes of a chain
with equal distances between the neighboring bubbles.
In the symmetrical case of equilateral triangle, the dynamics can be fully synchronous, partially
synchronous, or asynchronous. In the other two spatial congurations it could be either partially
synchronous or asynchronous. We nd that the main mechanism of destruction of synchronization in
the completely symmetrical conguration is the bubbling transition scenario. An interesting feature
of the implementation of this scenario in this model is that the asynchronous component of the
trajectory has three positive Lyapunov exponents. On the other hand, the partial synchronization
in case of the chain or an isosceles triangle congurations, is usually destroyed via a special case of
period-doubling bifurcation, when the initial limit cycle becomes unstable in the direction transversal
to the partial synchronization hyperplane.
We show that fully synchronous or partially synchronous chaotic attractors usually emerge
via a period-doubling cascade. While asynchronous chaotic regimes emerge either via a period
doubling cascade of an asynchronous limit cycle or the AfraimovichShilnikov scenario, starting from
a partially synchronous limit cycle. Hyperchaotic attractors with two positive Lyapunov exponents
typically occur via the scenario involving emergence of the discrete Shilnikov attractor [3]. We
also observed hyperchaotic attractors with three positive Lyapunov exponents in dierent spatial
congurations, although the details of scenario of their emergence are not yet clear.

References
[1] H. Takahira, S. Yamane, and T. Akamatsu, JSME Int. J. Ser. B 38, 432 (1995).
[2] N.A. Pelekasis, A. Gaki, A. Doinikov, and J.A. Tsamopoulos, J. Fluid Mech. 500, 313 (2004).
[3] I.R. Garashchuk, D.I. Sinelshchikov, A.O. Kazakov, and N.A. Kudryashov, Chaos An
Interdiscip. J. Nonlinear Sci. 29, 063131 (2019).
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On rationally integrable planar dual and projective billiards
Alexey Glutsyuk.
A caustic of a strictly convex planar bounded billiard is a smooth curve whose tangent lines are
reected from the billiard boundary to its tangent lines. The famous Birkho Conjecture states
that if the billiard boundary has an inner neighborhood foliated by closed caustics, then the billiard
is an ellipse. It was studied by many mathematicians, including H.Poritsky, M.Bialy, S.Bolotin,
A.Mironov, V.Kaloshin, A.Sorrentino and others.
We study its following generalized dual version stated by S.Tabachnikov. Consider a closed
smooth strictly convex curve γ ⊂ RP2 equipped with a dual billiard structure: a family of non-trivial
projective involutions acting on its projective tangent lines and xing the tangency points. Suppose
that its outer neighborhood admits a foliation by closed curves (including γ ) such that the involution
of each tangent line permutes its intersection points with every leaf. Then γ and the leaves are conics

forming a pencil.

We prove positive answer in the case, when the curve γ is C 4 -smooth and the foliation admits a
rational rst integral. To this end, we show that each C 4 -smooth germ γ of planar curve carrying a
rationally integrable dual billiard structure is a conic and classify all the rationally integrable dual
billiards on conics. They include the dual billiards induced by pencils of conics, two innite series
of exotic dual billiards and ve more exotic ones.

Determinantal processes and decomposition of functions into series
dened by values in points of a random conguration
Klimenko A.V.
1. Steklov Mathematical Institute of RAS, Moscow
2. National Research University Higher School of Economics, Moscow
Determinantal processes is a class of random point elds, that is, probability measures on a set
of discrete subsets (or congurations ) of some phase space E , which show a mix of random and
deterministic behavior.
A determinantal process is dened by a contraction operator on the space L2 (E). In most known
examples this operator is an orthogonal projection onto some subspace H ⊂ L2 (E), which consists
of suciently regular functions, so that one can dene the values of a function f ∈ H in each point
of the space E . This allows us to close the loop between the measure on the space of congurations
and the subspace H : is f ∈ H uniquely dened by its values on X , for almost all congurations X ?
This is known to be true for a wide class of determinantal processes, and moreover, as A.
Bufetov [1] has shown, there is a constant k ≥ 0, which is called an excess of the process, such
that for almost any conguration X and any choice of k points x1 , . . . , xk ∈ X a function f ∈ H is
11

uniquely dened by its values on X \ {x1 , . . . , xk }, and if we remove any (k + 1) points from almost
any conguration, there exists a function f ∈ H that vanishes on X \ {x1 , . . . , xk+1 }.
We are dealing with a more delicate question: is it possible to reconstruct a function f from its
values on Y = X \ {x1 , . . . , xk }? This problem is linear, so one can start with functions gs such that
gs (y) = δs,y for s, y ∈ Y . Then one can expect that
X
f (x) =
f (s)gs (x) for all x ∈ E.
s∈Y

Both parts agree for x ∈ Y , so the identity holds, provided that the series in converging. We have
shown that for some determinantal processes this series does converge in L2 (E) for a functions f
from a nite-codimension subspace of H .
The talk is based on a joint work in progress with Alexander Borichev and Alexander Bufetov.

References
[1] Alexander I. Bufetov, The sine-process has excess one. arXiv:1912.13454.

Zeta Invariants of Morse Forms
Kordyukov Y.A.
Institute of Mathematics, Ufa Federal Research Center, Russian Academy of Sciences, Ufa,
Russia
Given a closed real dierential 1-form η on a closed Riemannian manifold (M, g) of dimension
n, let
dz = d + z η∧, δz = δ − z̄ η⌟, ∆z = dz δz + δz dz , z ∈ C,
be the induced Witten's type perturbations of the de Rham derivative d, de Rham coderivative
δ = d∗ and Hodge Laplacian ∆ = dδ + δd, respectively, on the space Ω(M ) of dierential forms on
M . We introduce the zeta function ζ(s, z) by the formula

ζ(s, z) =

n
X

k
k
(−1)k Tr(η∧ δz ∆−s
z : Ω (M ) → Ω (M ))

k=1

which is well dened for ℜs ≫ 0 and z ∈ C. As a function of s, it is holomorphic for ℜs ≫ 0 and
admits the meromorphic extension to C.
Assuming that

(a) η is a Morse form (it has Morse type zeros), and g is Euclidean with respect to Morse coordinates
around the zero points of η ,

we prove that ζ(s, z) is smooth at s = 1 for |ℜz| ≫ 0.
We study the asymptotic behavior of the zeta invariant ζ(1, z) as |ℜz| → ∞. We assume that
there exists an auxiliary vector eld X such that:
12

(b) X has Morse type zeros, and is gradient-like and Smale;
(c) η is Lyapunov for X , and η and g are in standard form with respect to X ;
(d) for every zero point p of X , the maximum value of the integrals of η along the instantons of X
with α-limit {p} only depends on the Morse index k of p.

It is shown that, for any vector eld X satisfying (b) and for any cohomology class in H 1 (M, R),
there is a representative η of this class and a metric g satisfying (a), (c) and (d).
Under current assumptions on η and g , we prove that the zeta invariant ζ(1, z) converges to some
z ∈ R as ℜz → +∞, uniformly on ℑz . The limitting value z is described in terms of the instantons
of the vector eld X and the Mathai-Quillen current on T M dened by g .
If n is even, we can prescribe any real value for z by perturbing g , η and X ; moreover we can
also achieve the same limit as ℜz → −∞.
These results are used to dene and describe certain tempered distributions on the real line
induced by g and η . These distributions appear in [2] as the contributions from the compact leaves
preserved by the ow in a trace formula for simple foliated ows on closed foliated manifolds, which
gives a solution to a problem proposed by C. Deninger (see, for instance, [3]).

This is joint work with J.A. Alvarez
Lopez and E. Leichtnam [1].

References

[1] J.A. Alvarez
Lopez, Y.A. Kordyukov, and E. Leichtnam, Zeta invariants of Morse forms,
preprint arXiv:2112.03191, 2021.

[2] J.A. Alvarez
Lopez, Y.A. Kordyukov, and E. Leichtnam, A trace formula for foliated ows, in
preparation, 2022.
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Graphs of Dynamical Systems on Surfaces and Ecient Algorithms
for Their Distinguishing
Malyshev D.S.
National Research University Higher School of Economics
I was privileged, and I am honoured to be a coauthor of Prof. O.V. Pochinka in the papers [1]
[6]. They are devoted to combinatorial (predominantly, graph) invariants of some dynamical systems
classes and ecient (mostly, polynomial-time) algorithms for solving the isomorphism problem for
them. My talk will be devoted to these results, which will be dedicated to 50th-anniversary of O.V.
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Approximative properties of the invariant norms determined by the
orbitopes of the polar representations of the compact simple Lie
groups
Meshcheryakov M.V.
National research Mordovia State University
According to [1], the group of Hamiltonian dieomorphisms Ham (M, ω) of a compact symplectic
manifold M has a natural Finsler metric, called the Hofer metric, whose geodesic geometry reects
various dynamical properties of Hamiltonian vector elds. The Lie algebra of this group consists
of Hamiltonian elds, and the norm of a vector eld is L∞ (M ) - norm of its Hamiltonian. In the
situation of a Hamiltonian action of a semisimple compact Lie group K on (M, ω), the Hofer metric
induces a biinvariant the Finsler metric on the compact group K and the generalized Hofer norm
on its Lie algebra K, which is invariant under the adjoint action of K on K. The work [2] is devoted
to such a study. On the other hand, the properties of the class of unitarily invariant norms on the
classical matrix algebras are actively studied in matrix analysis (see, for example, [3]).
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In [4] E. B. Vinberg obtained a description of the class of invariant norms on simple compact Lie
algebras in terms of norms invariant under the action of Weyl group on the Cartan subalgebras of
these Lie algebras.
An interesting class of such nite-dimensional norms is obtained by taking as their unit balls the
convex hulls of the orbits of the action of the Weyl group on the Cartan subalgebras. Polytopes of
this kind turn out to be quite useful combinatorial invariants in the study of dynamical properties
of Hamiltonian vector elds, dening a special class of Hofer metrics.
The above class of biinvariant Finsler metrics on compact groups K , independently arose in
a number of problems about geodesics on compact homogeneous Riemannian and Finsler spaces
(see [5]). As part of the study of the geometry of non-compact symmetric spaces equipped with
invariant Finsler metrics, in [6] pointed out how the properties of convexity of unit balls of invariant
norms aect on the number of properties of geodesics of these metrics.
In this report our aim is to analyze the combinatorial and approximative properties of the
invariant norms determined by the orbitopes of the polar representations of the compact groups K .
We obtained a constructive description for the class of all linear subspaces with the property
of uniqueness of the best approximation for the indicated class of invariant norms. Our results
generalize some of the results of [7], where solved the problem of the best Chebyshev approximation
with respect to the spectral norm on the space of square matrices. In addition, the connection
between these questions and the well-known topological problem on the number of independent
vector elds on spheres was also established there.
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Graded Lie algebras and critical points of the Ricci
Millionshchikov D.V.
1. Lomonosov Moscow State Universitu
2. Gubkin Oil and Gas University
3. Soa Kovalevskaya Math Center of Pskov State University
The ane variety Ln of Lie algebra products on a xed n-dimensional vector space V consists
of skew-symmetric bilinear maps µ : V ∧ V → V satisfying the Jacobi identity. One can dene the
ane subvariety Nn of nilpotent Lie algebras [4]. We xe rthonormal basis e1 , . . . , en in V with
respect to some Euclidian scalar product on V [1, 2].
The Ricci curvature operator Rµ for a nilpotent Lie algebra product µ ∈ Nn is dened by
n

n

i=1

i=1

1X
1X ∗
Rµ =
adei ad∗ei −
adei adei ,
4
2

adX(Y ) = µ(X, Y ).

Consider a function F on the variety Nn of nilpotent Lie algebras F (µ) = tr Rµ2 . In coordinates
cijk = gis csjk , [ej , ek ] = csjk es it can be written


 2
X 1
1

− cpij crij + cijp cijr  , µ = {cijk } ∈ Nn ,
2
4


F (µ) = trRµ2 =

X
pr

ij

Lauret proved [1, 2] that if a nilpotent Lie algebra law µ ∈ Nn , ||µ|| = 1 is a critical point of the
functional F then L = (V, µ) is a positively graded Lie algebra L = ⊕+∞
i=1 Li . Its orbit with respect
to the GLn -action on Nn can be considered as the isomorphism class of L
It was shown [1, 3] that in low dimensions ≤ 6 every GLn -orbit in Nn contains a critical point
of F . Lauret also considered a gradient ow dened by the function F .
We will discuss the relations of this techniques to the deformation theory of Lie algebras.
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On New Results in the Restricted Problem of Three Magnetic
Vortices
Palshin G.P.
Moscow Institute of Physics and Technology (national research university)
This work is a continuation of the study of the restricted problem of three magnetic vortices [1].
We consider vortices at positions rα = (xα , yα ), α = 1, . . . , N , with constant vorticities Γα and
polarities λα , which take values ±1 depending on a direction of magnetization. The restriction
consists in xing one of the vortices at the origin. In general, this model describes a motion of point
vortices in ferromagnets [2]. In particular case, when λα = λβ ∀α, β , the model also describes the
motion of vortices in an ideal uid [3]. This system is Hamiltonian:

H=

Γ1
Γ2
Γ1 Γ2
ln |r1 | +
ln |r2 | +
ln |r1 − r2 |,
λ1
λ2
λ1 λ2

Γα ẋα =

∂H
,
∂yα

Γα ẏα = −

∂H
,
∂xα

α = 1, 2,

(1)

with an integral of the angular momentum of vorticity F = Γ1 r12 + Γ2 r22 . Thus, it is a completely
Liouville integrable system with two degrees of freedom.
The bifurcation diagram Σ of the momentum map F(x) = (F (x), H(x)) was found in a case
of positive vorticities Γ1 , Γ2 > 0 and positive polarities λ1 = λ2 = 1. We denote the vorticity
ratio γ = ΓΓ12 . In the case of γ = 1, the bifurcation diagram (Fig. 1) contains bifurcation 3T2 →

S1 × S1 ∪˙ S1 ∪˙ S1 → T2 . Here T2 denotes the presence of a two-dimensional Liouville torus in
the preimage of the momentum map. Such a bifurcation was found in another generalized vortex
model [4] and in the integrable case of Goryachev-Chaplygin-Sretensky in the dynamics of a rigid
body [5]. For a small perturbation in the parameter γ the critical integral
is unstable and
 surface

1
1
1
2
˙
separates into two disconnected critical integral manifolds S × S ∪ S ∪ T and S1 × S1 ∪˙ S1 .
This fact is conrmed by the work on the splitting of saddle singularities [6].
The author expresses his gratitude to Professor P. E. Ryabov for posing the problem and attention
to this work. The work was supported by the Russian Foundation for Basic Research, grant no.
20-01-00399.
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Figure 1: Bifurcation diagrams for dierent values of γ .
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Inverse Shadowing and Invariant Measures
Sergei Yu. Pilyugin
St. Petersburg State University, St. Petersburg, Russia
In this talk, we discuss various relations between the inverse shadowing property of discrete
dynamical systems on a smooth closed manifold and invariant measures.
First, we introduce the so-called ergodic inverse shadowing property (Birkho averages of continuous
functions along an exact trajectory and the approximating one are close). We demonstrate that this
property implies the continuity of the set of invariant measures in the Hausdor metric. We show that
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the class of systems with ergodic inverse shadowing is quite broad; it includes all dieomorphisms
with hyperbolic nonwandering sets.
Second, we study the so-called individual inverse shadowing (any exact trajectory can be traced
by approximate ones, but this shadowing is not uniform with respect to the initial point of the
trajectory). We demonstrate that, in terms of invariant measures, this property is closely related to
structural stability and Ω-stability of dieomorphisms.
The main results are published in [1].
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Remark on Resolvents of Degrees of Linear Operators
Rassadin A.E., Maruseev I.A.
National Research University Higher School of Economics, Nizhnii Novgorod
Let V is Banach space and A : V → V is a linear operator. Further let one suppose that the
resolvent operator Rλ (A) = (A − λ I)−1 for A is known explicitly. The aim of this report is to show
how to calculate the resolvent operator Rλ (Am ) = (Am − λ I)−1 for arbitrary natural degree m of
operator A using expression for Rλ (A). Examples demonstrating this procedure for both bounded
and unbounded operators have been done.

Review research of the bifurcation analysis of the model of a
Lagrange top with a vibrating suspension point
Pavel E. Ryabov1,3 , Sergei V. Sokolov2,3
1. Financial University under the Government of the Russian Federation
2. Moscow Institute of Physics and Technology (National Research University)
3. Institute of Machines Science, Russian Academy of Sciences
The present report is review research of the bifurcation analysis of the mechanical model of a
Lagrange top with a vibrating suspension point. Mechanical system describes the dynamics of a
rigid body in a uniform gravity eld. One of the points of the body lying on the axis of symmetry
(the suspension point) performs high-frequency vertical oscillations of small amplitude. System
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of dierential equations is a completely Liouville-integrable Hamiltonian system with two degrees
of freedom. Such a system can be subjected to bifurcation analysis and clearly demonstrate the
problems of stability research based on the analysis of the type of singularities. The type of rank-zero
singularities of the integral mapping, which are associated with equilibrium positions, are determined
in the paper [1]. In contrast to the classical approach used for stability analysis of the upper
equilibrium in [2], an analysis of the type of singularities of the integral mapping revealed relations
under which the lower equilibrium position becomes unstable. Additionally, a unique phenomenon
is observed in the considered mechanical system, namely, the realization of doubly pinched torus.
The bifurcation diagram and the atlas of bifurcation diagrams are explicitly dened. The problem
of stability of regular precessions is carried out on the basis of determining the type of singularity
and geometric interpretation of stability on the bifurcation diagram. The regular precessions will
be unstable for the branch of the bifurcation curve between the cusped points. At the remaining
points of the bifurcation curve, the regular precessions have an elliptical type, which corresponds to
the stability of regular precessions.
The research was supported by the Russian Science Foundation, grant no. 19-71-30012 and by
Russian Foundation for Basic Research, grant no. 20-01-00399A.
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On branching of periodic solutions of linear inhomogeneous
dierential equations with two small parameters
Shamanaev P.A.
National research Mordovia State University
The work is devoted to the construction of a T -periodic solution of a linear inhomogeneous
dierential equation
dx
A
= (B0 − ε1 B1 − ε2 B2 ) x − f (t),
(1)
dt
here x ∈ E1 ; A, B0 , B1 2  densely dened linear Fredholm operators acting from E1 to E2 ; f ∈ E2 ,
f (t + T ) = f (t), T > 0; ε1 , ε2  small real parameters; A  degenerate or identical operator.
Here the desired T -periodic solution x(t, ε1 , ε2 ) to equation (1), must satisfy the condition
x(t, 0, 0) = z(t), where z(t)  T -periodic solution of the equation [1]

A

dz
= B0 z − f (t).
dt

(2)
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Let the numbers ±iαm (αm = km ω , ω = 2π
T , km ∈ N , m = 1, r ) are the A-eigenvalues of the
operator B0 ; umj are A-eigen elements of the operator B0

B0 umj = iαm Aumj ,

B0 umj = −iαm Aumj ,

j = 1, nm , m = 1, r; nm  geometric multiplicity of each number in a pair ±iαm (the number of
A-eigen elements that correspond to an eigenvalue iαm ).
To solve this problem, a modied Lyapunov-Schmidt method is used [2]. It is based on construction
of a complete generalized Jordan collection in the sense of the works [3, 4].
It is shown in the work that equation (1), provided that the point (ε1 , ε2 ) belongs to a suciently
small punctured neighborhood of zero, has a unique T periodic analytic in ε1 and ε2 solution.
Moreover, for ε1 = 0 and ε2 = 0 the solution to equation (1) goes over into the 2nparametric
family of T periodic solutions to equation (2).
If the side lengths of all generalized Jordan grids are equal to one, then equation (1) has a
unique T periodic solution that is analytic in ε1 and ε2 from a suciently small neighborhood of
zero. Moreover, the solution of the perturbed equation (1) tends to the solution of the unperturbed
equation (2) as ε1 and ε2 tend to zero.
If there is at least one generalized Jordan grid, the side length of which is greater than one, then
the solution to equation (1) has a pole either in ε1 , or in ε2 , or simultaneously in ε1 and ε2 .
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Extreme States of Interacting Solitons
Slunyaev A.V., Tarasova T.V., Didenkulova E.G., Pelinovsky E.N.
National Research University Higher School of Economics, N. Novgorod, Russian Federation
Institute of Applied Physics of the Russian Academy of Sciences, N. Novgorod, Russian
Federation
Interacting solitons (soliton gas or soliton turbulence) represent the opposite limit of interacting
linear waves which possess the Gaussian statistics. It is in the focus of current research related to
the problem of extreme phenomena (including the so-called rogue waves) in irregular waves, when
the fraction of coherent states cannot be neglected. Due to the inherent nonlinearity, the theoretical
description of a soliton gas in the general formulation is dicult and is still an open problem [1].
The kinetic description of ensembles of solitons cannot provide the requested information about the
wave amplitudes.
Simplied model problems are considered as a constructive approach to solving the problem.
In particular, in a rareed soliton gas, it is usually sucient to take into account only pairwise
soliton interactions. Collisions between pairs of solitons were understood in [2] as "elementary
acts" of soliton turbulence. Indeed, the picture of pair interactions agrees qualitatively with the
results of direct numerical simulations of large ensembles of solitons. At the same time, multiple
soliton collisions were also observed in numerical simulations [3, ?]. Due to the strong nonlinearity,
these situations are dicult for the direct numerical simulation [5]. However, they can lead to the
generation of extremely high waves when solitons have dierent signs [6, 7].
Solitons of the same sign (as in the classical Kortwegde Vries equation) do not form larger
waves during interaction, but can form states with a critical (maximum) density [1, 8]. In this
paper, we discuss some recent own results on the study of soliton states with a critical density.
The exact solutions of the Kortewegde Vries equation constructed using the original numerical
subroutine are investigated. Surprisingly, some key characteristics of such soliton elds can be
calculated analytically. These results should help further understanding of extreme soliton states
and, eventually, the development of an appropriate theoretical description.
The research was partly funded by Laboratory of Dynamical Systems and Applications NRU
HSE, of the Ministry of science and higher education of the RF grant ag. No 075-15-2019-1931 and
by RSF grant 19-12-00253.
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Âíåøíèå áèëüÿðäû îòíîñèòåëüíî ïðàâèëüíûõ ìíîãîóãîëüíèêîâ
Òèìîðèí Â. À.
NRU HSE
Âíåøíèå (èëè äâîéñòâåííûå) áèëüÿðäû îòíîñèòåëüíî âûïóêëûõ ôèãóð, ââåäåííûå Á. Íîéìàíîì â 1950-ûõ, ïîëó÷èëè ðàñïðîñòðàíåíèå áëàãîäàðÿ èíòåðïðåòàöèè Þ. Ìîçåðà, ñîãëàñíî
êîòîðîé îíè ñëóæàò óïðîùåííûìè ìîäåëÿìè äëÿ çàäà÷ íåáåñíîé ìåõàíèêè. Ñ äðóãîé ñòîðîíû, âíåøíèå áèëüÿðäû îòíîñèòåëüíî ìíîãîóãîëüíèêîâ ñîñòàâëÿþò ÷àñòíûé ñëó÷àé (åâêëèäîâûõ) ïåðåêëàäûâàíèé. Â ðàáîòàõ Ñ. Òàáà÷íèêîâà, Ð. Øâàðöà, Í. Áåäàðèäà, Æ. Êàññýíÿ è
äð. ðàññìàòðèâàþòñÿ äâîéñòâåííûå áèëüÿðäû âíå ïðàâèëüíûõ n-óãîëüíèêîâ. Åäèíñòâåííûìè
íåòðèâèàëüíûìè, íî õîðîøî ïîíÿòûìè ñëó÷àÿìè äîëãî îñòàâàëèñü ñëó÷àè n=5, 10, îïèñàíèå
êîòîðûõ îñíîâàíî íà åâêëèäîâîì ñàìîïîäîáèè. Â äèññåðòàöèè Ô. Ðóõîâè÷à ñ èñïîëüçîâàíèåì
êîìïüþòåðíûõ âû÷èñëåíèé îïèñàíû ñëó÷àè n=8, 12. Ìû ðàññìîòðèì ñëó÷àé 7-óãîëüíèêà, â
êîòîðîì áûëè íåäàâíî îáíàðóæåíû äâà ïðèíöèïèàëüíî ðàçíûõ ñàìîïîäîáèÿ. Êîýôôèöèåíòû
ýòèõ ñàìîïîäîáèé ïîðîæäàþò ïîäãðóïïó ïîëíîãî ðàíãà (=2) â ãðóïïå åäèíèö àëãåáðàè÷åñêîãî
ïîëÿ  ïîëÿ ðàçëîæåíèÿ ìíîãî÷ëåíà z7 − 1(, )....
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Morse-Bott energy function for topological ows with a hyperbolic
chain-recurrent set consisting of a nite number of orbits
Zinina S. Kh.
Ogarev Mordovia State University
Regular topological dynamical systems are dened as dynamical systems whose chain-recurrent
set is topologically hyperbolic and consists of a nite number of xed points and periodic orbits.
For such systems, provides an exhaustive description of the behavior of invariant manifolds of chain
components, both from the point of view of asymptotics and from the point of view of the topology
of their embedding in the carrier manifold.
Also it is proved that for a regular ow without periodic orbits, given on a topological manifold
of any dimension, there exists a (continuous) Morse energy function. The result obtained is an
ideological continuation of the work of S. Smale [1], in which he established the existence of a
smooth energy Morse function for any gradient-like ow on a manifold, and a partial solution of
the Morse problem on the existence of continuous Morse functions on any topological manifolds.
Namely, a topological manifold admits a continuous Morse function if and only if it admits a regular
topological ow without periodic orbits. This result was obtained in the present work within the
framework of constructing a continuous Morse-Bott energy function for an arbitrary continuous
regular ow on a topological manifold, and is an analogue of the theorem K. Meyer [2], who in 1968
constructed the Morse-Bott energy function for an arbitrary Morse-Smale ow on a smooth closed
n-manifold.
We proves the existence of a continuous energy function for any regular ow. This is result are
the ideological continuation of the works of S. Smale [1] and K. Meyer [2] on the existence of the
Morse energy function for gradient-like ows and the Morse-Bott energy function for Morse-Smale
ows, respectively.
A function φ is called a continuous Morse-Bott function if any connected component of the set
Crφ is either a non-degenerate critical point or belongs to a non-degenerate critical submanifold.
Statement. Any regular topological ow f t : M n → M n without periodic orbits has a continuous
energy Morse function.
The concept of a continuous Morse function was introduced by Morse back in 1959 in [4], at
the same time the validity of the Morse inequalities was proved for it, and later (in [5]) a number
of properties similar to the properties of the smooth Morse function . However, the question of
the existence of a continuous Morse function on an arbitrary topological manifold is still an open
question. Since the continuous Morse function generates a topological gradient-like ow on the
manifold [5], then Statement is a partial solution of the Morse problem: a topological manifold
admits a continuous Morse function if and only if it admits a topological ow with a nite hyperbolic
chain-recurrent set.
Statement follows directly from a more general result.
Theorem. Any regular ow f t ∈ Gt has a continuous energy Morse-Bott function whose critical

points are either non-degenerate or form non-degenerate one-dimensional manifolds.

The existence of an energy function fundamentally distinguishes continuous regular systems from
discrete ones. For the latter, an obstacle to the construction of the energy function is the possible
presence of wild saddle separatrices discovered by D. Pixton [6] in 1977 in dimension three. Examples
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of regular ows with wild separatrices are also known; such ows are constructed, for example, in
recent works by V. Medvedev and E. Zhuzhoma [7]. However, it follows from the results that for
regular ows, the wildness of the separatrices is not an obstacle to the existence of the Morse energy
function.
Thanks. This work is supported by the grant RFBR, project number 20-31-90069 and by
Foundation for the Advancement of Theoretical Physics and Mathematics BASIS (project 19-71-15-1).
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