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Основы теории обобщённых функций 2

𝑓𝑓, 𝜑𝜑 = 𝑓𝑓 𝑟𝑟Ԧ , 𝜑𝜑 𝑟𝑟Ԧ ≔ න𝑓𝑓 𝑟𝑟Ԧ 𝜑𝜑 𝑟𝑟Ԧ
ℝ𝑛𝑛

𝑑𝑑𝑛𝑛𝑟𝑟Ԧ

𝑓𝑓 𝐴𝐴𝑦𝑦Ԧ+ 𝑏𝑏 , 𝜑𝜑 𝑦𝑦Ԧ =
1

det 𝐴𝐴
𝑓𝑓 𝑥𝑥Ԧ , 𝜑𝜑 𝐴𝐴−1 𝑥𝑥Ԧ− 𝑏𝑏 , 𝑓𝑓 𝑎𝑎𝑦𝑦 + 𝑏𝑏 , 𝜑𝜑 𝑦𝑦 =

1
𝑎𝑎

𝑓𝑓 𝑥𝑥 , 𝜑𝜑
𝑥𝑥 − 𝑏𝑏

𝑎𝑎

𝜕𝜕𝑖𝑖1+⋯+𝑖𝑖𝑛𝑛𝑓𝑓
𝜕𝜕𝑟𝑟𝑖𝑖 1 … 𝜕𝜕𝑟𝑟𝑖𝑖 𝑛𝑛

1 𝑛𝑛

, 𝜑𝜑 = −1 𝑖𝑖1+⋯+𝑖𝑖𝑛𝑛 𝑓𝑓,
𝜕𝜕𝑖𝑖1+⋯+𝑖𝑖𝑛𝑛𝜑𝜑
𝜕𝜕𝑟𝑟𝑖𝑖 1 … 𝜕𝜕𝑟𝑟𝑖𝑖 𝑛𝑛

1 𝑛𝑛

, 𝑓𝑓′ , 𝜑𝜑 = − 𝑓𝑓, 𝜑𝜑′ , 𝑓𝑓 𝑚𝑚 , 𝜑𝜑 = −1 𝑚𝑚 𝑓𝑓, 𝜑𝜑 𝑚𝑚

𝑔𝑔 𝑦𝑦Ԧ 𝑓𝑓 𝑥𝑥Ԧ , 𝜑𝜑 𝑥𝑥Ԧ, 𝑦𝑦Ԧ = 𝑓𝑓 𝑥𝑥Ԧ 𝑔𝑔 𝑦𝑦Ԧ , 𝜑𝜑 𝑥𝑥Ԧ, 𝑦𝑦Ԧ = 𝑔𝑔 𝑦𝑦Ԧ , 𝑓𝑓 𝑥𝑥Ԧ , 𝜑𝜑 𝑥𝑥Ԧ, 𝑦𝑦Ԧ

𝛿𝛿 𝑥𝑥 , 𝜑𝜑 𝑥𝑥 = 𝜑𝜑 0 , 𝛿𝛿 𝑟𝑟Ԧ ≔ 𝛿𝛿 𝑟𝑟1 ⋅ … ⋅ 𝛿𝛿 𝑟𝑟𝑛𝑛

𝜇𝜇 𝑟𝑟Ԧ 𝛿𝛿𝑆𝑆 , 𝜑𝜑 𝑟𝑟Ԧ = න𝜇𝜇 𝑟𝑟Ԧ 𝜑𝜑 𝑟𝑟Ԧ 𝑑𝑑𝑆𝑆
𝑆𝑆



Импульсная характеристика апертуры 3

𝐸𝐸 𝑟𝑟Ԧ, 𝑡𝑡 = න𝑑𝑑𝐸𝐸 𝑟𝑟Ԧ𝑎𝑎,𝑟𝑟Ԧ,𝑡𝑡 = න
𝑆𝑆𝑎𝑎 𝑆𝑆𝑎𝑎

𝑞𝑞 𝑟𝑟Ԧ𝑎𝑎 ⋅ 𝑠𝑠 𝑡𝑡 − 𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎
𝑐𝑐

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎
𝑑𝑑𝑆𝑆𝑟𝑟Ԧ𝑎𝑎

𝑠𝑠 𝑡𝑡 = 𝑠𝑠 ∗ 𝛿𝛿
∞

𝑡𝑡 ≔ න𝑠𝑠 𝑟𝑟 𝛿𝛿 𝑡𝑡 − 𝑟𝑟 𝑑𝑑𝑟𝑟
−∞

𝐸𝐸 𝑟𝑟Ԧ, 𝑡𝑡
∞

= න𝑠𝑠 𝑟𝑟 𝑑𝑑𝑟𝑟 න
−∞ 𝑆𝑆𝑎𝑎

𝑞𝑞 𝑟𝑟Ԧ𝑎𝑎

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎
⋅ 𝛿𝛿 𝑡𝑡 − 𝑐𝑐

− 𝑟𝑟 𝑑𝑑𝑆𝑆𝑟𝑟Ԧ𝑎𝑎 𝛿𝛿= 𝑠𝑠 ∗ 𝐸𝐸 𝑡𝑡

𝛿𝛿𝐸𝐸 𝑟𝑟Ԧ,𝑡𝑡 = න
𝑆𝑆𝑎𝑎

𝑞𝑞 𝑟𝑟Ԧ𝑎𝑎

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎
⋅ 𝛿𝛿 𝑡𝑡 − 𝑐𝑐

𝑑𝑑𝑆𝑆𝑟𝑟Ԧ𝑎𝑎



Элемент объёма многообразия
4

𝑆𝑆 = 𝑟𝑟Ԧ∈ ℝ𝑛𝑛 𝑟𝑟Ԧ= 𝑟𝑟Ԧ 𝑢𝑢 , 𝑢𝑢 ∈ 𝑈𝑈 ⊆ ℝ𝑘𝑘

𝗀𝗀 𝑢𝑢 𝑚𝑚
𝑝𝑝

= 𝗀𝗀 𝑢𝑢
𝑝𝑝 ≤
𝑘𝑘

𝑚𝑚≤𝑘𝑘
, 𝑚𝑚

𝑝𝑝 𝑖𝑖
=1

𝑛𝑛
𝜕𝜕𝑟𝑟𝑖𝑖 𝑢𝑢 𝜕𝜕𝑟𝑟𝑖𝑖 𝑢𝑢

𝗀𝗀 𝑢𝑢 = ෍ 𝜕𝜕𝑢𝑢𝑚𝑚 𝜕𝜕𝑢𝑢𝑝𝑝
=

𝜕𝜕𝑟𝑟Ԧ 𝑢𝑢 𝜕𝜕𝑟𝑟Ԧ 𝑢𝑢
,

𝜕𝜕𝑢𝑢𝑚𝑚 𝜕𝜕𝑢𝑢𝑝𝑝

න𝜑𝜑 𝑟𝑟Ԧ 𝑑𝑑𝑆𝑆 = න𝜑𝜑 𝑟𝑟Ԧ 𝑢𝑢
𝑆𝑆 𝑈𝑈

⋅ det 𝗀𝗀 ⋅ 𝑑𝑑𝑘𝑘 𝑢𝑢 = න𝜑𝜑 𝑟𝑟Ԧ 𝑢𝑢
𝑈𝑈

⋅ 𝒟𝒟𝑟𝑟Ԧ 𝑢𝑢 𝖳𝖳 𝒟𝒟𝑟𝑟Ԧ 𝑢𝑢 ⋅ 𝑑𝑑𝑘𝑘𝑢𝑢

𝑟𝑟Ԧ′ 𝑡𝑡 , 𝑟𝑟Ԧ′ 𝑡𝑡 = 𝑟𝑟Ԧ′ 𝑡𝑡 𝑑𝑑𝑡𝑡𝑘𝑘 = 1, 𝑟𝑟Ԧ= 𝑟𝑟Ԧ 𝑡𝑡 ⟹ 𝑑𝑑𝐿𝐿 = det 𝑟𝑟Ԧ′ 𝑡𝑡 𝖳𝖳 ⋅ 𝑟𝑟Ԧ′ 𝑡𝑡 𝑑𝑑𝑡𝑡 =

𝑘𝑘 = 2, 𝑛𝑛 = 3, 𝑟𝑟Ԧ= 𝑟𝑟Ԧ 𝑢𝑢, 𝑣𝑣 ⟹ 𝑑𝑑𝑆𝑆 = 𝑢𝑢 𝑣𝑣𝑟𝑟Ԧ′,𝑟𝑟Ԧ′ 𝑑𝑑𝑢𝑢𝑑𝑑𝑣𝑣

𝑘𝑘 = 𝑛𝑛 − 1, 𝑆𝑆 = 𝑟𝑟Ԧ∈ ℝ𝑛𝑛 𝐹𝐹 𝑟𝑟Ԧ = 0 ⟹ 𝑑𝑑𝑆𝑆 =
❑𝑟𝑟Ԧ𝐹𝐹 𝑟𝑟Ԧ 𝑢𝑢

𝑟𝑟1
𝐹𝐹′ 𝑟𝑟Ԧ 𝑢𝑢

𝑑𝑑𝑛𝑛−1𝑢𝑢



Связь дельта-функции 
нелинейного n-мерного выражения 
с простым слоем на поверхности, 

где оно обращается в ноль

5

𝛿𝛿 𝑓𝑓 𝑥𝑥 = ෍
𝑓𝑓 𝑥𝑥0 =0

𝛿𝛿 𝑥𝑥 − 𝑥𝑥0

𝑓𝑓′ 𝑥𝑥0

𝛿𝛿 𝐹𝐹 𝑟𝑟Ԧ , 𝜑𝜑 𝑟𝑟Ԧ = න
ℝ𝑛𝑛−1

𝑑𝑑𝑛𝑛−1𝑢𝑢
∞

න𝛿𝛿 𝐹𝐹 𝑟𝑟1, 𝑢𝑢
−∞

𝜑𝜑 𝑟𝑟1, 𝑢𝑢 𝑑𝑑𝑟𝑟1

𝛿𝛿 𝐹𝐹 𝑟𝑟Ԧ =
1

∇𝑟𝑟Ԧ𝐹𝐹 𝑟𝑟Ԧ
⋅ 𝛿𝛿 𝑟𝑟Ԧ∈ℝ𝑛𝑛 ȁ𝐹𝐹 𝑟𝑟Ԧ =0



Случай плоской апертуры 6

𝐸𝐸𝛿𝛿 𝑟𝑟Ԧ,𝑡𝑡 = න
𝑈𝑈

𝑞𝑞 𝑢𝑢, 𝑣𝑣, 0
𝑅𝑅

⋅ 𝛿𝛿 𝑡𝑡 −
𝑅𝑅
𝑐𝑐

2 +𝑑𝑑𝑢𝑢𝑑𝑑𝑣𝑣 , 𝑅𝑅 = 𝑥𝑥 − 𝑢𝑢 𝑦𝑦 − 𝑣𝑣 2 + 𝑧𝑧2

𝑐𝑐
𝑅𝑅

𝑡𝑡 − = 0 ⟹ 𝑢𝑢; 𝑣𝑣 𝑎𝑎∈ 𝐶𝐶 : ቊ 𝑡𝑡𝑢𝑢 = 𝑥𝑥 + 𝜌𝜌 ⋅ cos 𝜙𝜙 ,
𝑣𝑣 = 𝑦𝑦 + 𝜌𝜌𝑡𝑡 ⋅ sin 𝜙𝜙 , 𝑡𝑡𝜌𝜌 ≔ 𝑐𝑐𝑡𝑡 2 − 𝑧𝑧2, 𝜙𝜙 ∈ Φ ⊆ 0; 2𝜋𝜋

𝑐𝑐
𝑅𝑅

𝛿𝛿 𝑡𝑡 − =
𝛿𝛿𝐶𝐶𝑎𝑎

∇ 𝑢𝑢;𝑣𝑣 𝑡𝑡 − 𝑅𝑅
𝑐𝑐

=
𝑐𝑐 ⋅ 𝑅𝑅 ⋅ 𝛿𝛿𝐶𝐶𝑎𝑎

2 +𝑥𝑥 − 𝑢𝑢 𝑦𝑦 − 𝑣𝑣 2

𝑐𝑐𝑅𝑅𝛿𝛿𝐶𝐶𝑎𝑎
=

𝜌𝜌𝑡𝑡

𝑑𝑑𝐶𝐶𝑎𝑎 = 𝜌𝜌𝑡𝑡𝑑𝑑𝜙𝜙 ⟹ 𝐸𝐸𝛿𝛿 𝑟𝑟Ԧ, 𝑡𝑡 = 𝑐𝑐 ⋅ න𝑞𝑞 𝑥𝑥 + 𝜌𝜌𝑡𝑡 ⋅ cos 𝜙𝜙 , 𝑦𝑦 + 𝜌𝜌𝑡𝑡 ⋅ sin 𝜙𝜙 , 0
Φ

⋅ 𝑑𝑑𝜙𝜙
𝑆𝑆𝑎𝑎

𝑐𝑐𝑡𝑡

𝑟𝑟Ԧ

𝑂𝑂
𝜌𝜌



Круглая апертура 7

𝐸𝐸𝛿𝛿 𝑟𝑟Ԧ,𝑡𝑡 =

𝑡𝑡 ∈ ;
𝑧𝑧 𝑧𝑧2 + 𝑎𝑎 − 𝜌𝜌
𝑐𝑐

2
,

𝑧𝑧2 + 𝜌𝜌 − 𝑎𝑎 2

𝑐𝑐
;

𝑐𝑐
𝑧𝑧2 + 𝜌𝜌 + 𝑎𝑎 2

𝑐𝑐
,

2𝜋𝜋𝑐𝑐 ⋅ Θ 𝑎𝑎 − 𝜌𝜌 ,

2𝑐𝑐 ⋅ Δ𝜙𝜙, 𝑡𝑡 ∈

0, 𝑡𝑡 ∈ 0; 𝖴𝖴
𝑧𝑧 𝑧𝑧2 +
𝑐𝑐

𝜌𝜌 + 𝑎𝑎 2

𝑐𝑐
; +∞ ,

𝛼𝛼

𝜌𝜌𝑡𝑡

𝑥𝑥; 𝑦𝑦

𝑦𝑦𝑎𝑎

𝜌𝜌
𝑂𝑂

𝑥𝑥𝑎𝑎

𝑆𝑆𝑎𝑎
𝑎𝑎

𝐶𝐶𝑎𝑎

𝜙𝜙 𝜌𝜌

𝜌𝜌𝑡𝑡
𝑎𝑎

𝑆𝑆𝑎𝑎

Δ𝜙𝜙

𝑂𝑂

𝜌𝜌2 + 𝜌𝜌2 − 𝑎𝑎2
Δ𝜙𝜙 = arccos 𝑡𝑡

2𝜌𝜌𝜌𝜌𝑡𝑡

𝜌𝜌 = 𝑥𝑥2 + 𝑦𝑦2
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𝜌𝜌 < 𝑎𝑎

𝜌𝜌 > 𝑎𝑎



Круглая апертура 9



Круглая апертура 10



Круглая апертура 11



Сферическая апертура 12

= Θ 𝑡𝑡 −
𝑟𝑟 − 𝑎𝑎

𝑐𝑐
⋅ Θ

𝑟𝑟2 − 𝑎𝑎2

𝑐𝑐
− 𝑡𝑡

𝑐𝑐𝑎𝑎
2𝜋𝜋

න 𝑞𝑞 𝑟𝑟Ԧ𝑎𝑎 𝜃𝜃𝑎𝑎𝑟𝑟
0

0 𝑡𝑡 , 𝜙𝜙𝑎𝑎 𝑑𝑑𝜙𝜙𝑎𝑎

0𝜃𝜃𝑎𝑎 𝑡𝑡 = arccos
𝑎𝑎2 + 𝑟𝑟2 − 𝑐𝑐𝑡𝑡 2

2𝑟𝑟𝑎𝑎
𝑑𝑑𝑆𝑆 = 𝑎𝑎2 sin 𝜃𝜃 𝑑𝑑𝜃𝜃 𝑑𝑑𝜙𝜙𝑎𝑎 𝑎𝑎 𝑎𝑎

𝑥𝑥𝑎𝑎 = 𝑎𝑎 sin 𝜃𝜃𝑎𝑎 cos 𝜙𝜙𝑎𝑎 ;
𝑎𝑎 𝑎𝑎 𝑎𝑎ቐ𝑦𝑦 = 𝑎𝑎 sin 𝜃𝜃 sin 𝜙𝜙 ;

𝑧𝑧𝑎𝑎 = 𝑎𝑎 cos 𝜃𝜃𝑎𝑎 ; 𝑟𝑟Ԧ= 0; 0; 𝑟𝑟

0

2𝜋𝜋

𝑎𝑎

𝑎𝑎

𝐸𝐸 𝑟𝑟Ԧ, 𝑡𝑡 = න 𝑑𝑑𝜙𝜙 න
0

𝜃𝜃 𝑚𝑚 𝑎𝑎 𝑥𝑥

𝑞𝑞 𝑟𝑟Ԧ𝑎𝑎 (𝜃𝜃𝑎𝑎 , 𝜙𝜙𝑎𝑎

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎
⋅ 𝑠𝑠 𝑡𝑡 − 𝑐𝑐 𝑎𝑎 𝑎𝑎𝑎𝑎2 sin 𝜃𝜃 𝑑𝑑𝜃𝜃 =

𝑟𝑟2−𝑎𝑎2
𝑐𝑐

= න 𝑠𝑠 𝑡𝑡 − 𝑟𝑟
𝑟𝑟−𝑎𝑎

𝑐𝑐
0

2𝜋𝜋

𝑟𝑟
𝑐𝑐𝑎𝑎

න 𝑞𝑞 𝑟𝑟Ԧ𝑎𝑎 𝑎𝑎𝜃𝜃 0 𝑟𝑟 , 𝜙𝜙𝑎𝑎
−∞

∞

𝑑𝑑𝜙𝜙𝑎𝑎 𝑑𝑑𝑟𝑟 = න𝑠𝑠 𝑡𝑡 − 𝑟𝑟 𝐸𝐸𝛿𝛿 𝑟𝑟, 𝑟𝑟 𝑑𝑑𝑟𝑟

0

2𝜋𝜋 𝑎𝑎

𝐸𝐸𝛿𝛿 𝑟𝑟, 𝑡𝑡 = න𝑑𝑑𝜙𝜙𝑎𝑎 න
0

𝜃𝜃 𝑚𝑚𝑎𝑎𝑥𝑥

𝑞𝑞 𝑟𝑟Ԧ𝑎𝑎

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎
⋅ 𝛿𝛿 𝑡𝑡 − 𝑐𝑐 𝑎𝑎 𝑎𝑎𝑎𝑎2 sin 𝜃𝜃 𝑑𝑑𝜃𝜃 =

𝑎𝑎𝜃𝜃 𝑚𝑚𝑎𝑎𝑥𝑥 = arccos
𝑎𝑎
𝑟𝑟



Цилиндрическая апертура 13

𝐸𝐸𝛿𝛿 𝑟𝑟, 𝑡𝑡 = න
Φ

2𝑎𝑎𝑐𝑐
𝑐𝑐𝑡𝑡 2 − 𝑎𝑎2 − 𝑟𝑟2 + 2𝑟𝑟𝑎𝑎 sin 𝜙𝜙𝑎𝑎

⋅ 𝑑𝑑𝜙𝜙𝑎𝑎 =

8𝑎𝑎𝑐𝑐 ⋅ ℱ Δ𝜙𝜙𝑎𝑎 𝑡𝑡 , 𝜅𝜅
2 −𝑐𝑐𝑡𝑡 𝑎𝑎 − 𝑟𝑟 2

, 𝑡𝑡 ∈
𝑟𝑟 − 𝑎𝑎

𝑐𝑐 ;
𝑎𝑎2 + 𝑟𝑟2

𝑐𝑐

8𝑎𝑎𝑐𝑐 ⋅ ℱ 𝜋𝜋
2 , 𝜅𝜅

𝑐𝑐𝑡𝑡 2 − 𝑎𝑎 − 𝑟𝑟 2
, 𝑡𝑡 >

𝑎𝑎2 + 𝑟𝑟2

𝑐𝑐 .

ℱ 𝛼𝛼, 𝜅𝜅 = න
0

𝛼𝛼
𝑑𝑑𝜃𝜃

1 − 𝜅𝜅2 sin2 𝜃𝜃
Δ𝜙𝜙𝑎𝑎 𝑡𝑡 = arccos

𝑎𝑎2 + 𝑟𝑟2 − 𝑐𝑐𝑡𝑡 2

2𝑟𝑟𝑎𝑎

𝑥𝑥𝑎𝑎 = 𝑎𝑎 cos 𝜙𝜙𝑎𝑎
;  ቐ𝑦𝑦𝑎𝑎 = 𝑎𝑎 sin 𝜙𝜙𝑎𝑎
;

𝑧𝑧𝑎𝑎 = 𝑧𝑧𝑎𝑎;

𝑑𝑑𝑆𝑆 = 𝑎𝑎 ⋅ 𝑑𝑑𝜙𝜙𝑎𝑎𝑑𝑑𝑧𝑧𝑎𝑎

−∞

∞

𝑎𝑎𝐸𝐸𝛿𝛿 𝑟𝑟, 𝑡𝑡 ⊜ න𝑑𝑑𝑧𝑧 න
0

𝜋𝜋
𝑎𝑎

𝑟𝑟Ԧ− 𝑟𝑟Ԧ𝑎𝑎
⋅

1

∇ 𝜙𝜙 ;𝑧𝑧𝑎𝑎

𝑎𝑎

1𝑡𝑡 − 𝑐𝑐
2𝑎𝑎2 + 𝑟𝑟2 + 𝑧𝑧𝑎𝑎 − 2𝑟𝑟𝑎𝑎 sin 𝜙𝜙𝑎𝑎

⋅ 𝛿𝛿𝐶𝐶𝑎𝑎𝑑𝑑𝜙𝜙𝑎𝑎

𝑎𝑎𝑑𝑑𝐶𝐶 = 1 +
∂𝑧𝑧𝑎𝑎

∂𝜙𝜙𝑎𝑎

2

𝑎𝑎𝑑𝑑𝜙𝜙 =
2𝑧𝑧𝑎𝑎 + 𝑟𝑟𝑎𝑎 cos 𝜙𝜙𝑎𝑎 2

𝑧𝑧𝑎𝑎
𝑑𝑑𝜙𝜙𝑎𝑎

2 2𝑎𝑎 𝑎𝑎
𝜋𝜋 𝜋𝜋 𝜋𝜋 𝜋𝜋

Φ = − Δ𝜙𝜙 𝑡𝑡 ; + Δ𝜙𝜙 𝑡𝑡 ∩ ;2 2
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