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Ââåäåíèå
Ãëàäêèé ïîòîê

Ïócòü Mn � ñâÿçíîå çàìêíóòîå ãëàäêîå îðèåíòèðóåìîå

ìíîãîîáðàçèå ðàçìåðíîñòè n ≥ 1. Ïîòîê f t : Mn → Mn

íàçûâàåòñÿ ãëàäêèì, åñëè ïðè êàæäîì t ∈ R îòîáðàæåíèå f t �
äèôôåîìîðôèçìîì.



Ââåäåíèå
Ãðàäèåíòíî-ïîäîáíûå ïîòîêè

Ãëàäêèé ïîòîê f t íà Mn íàçûâàåòñÿ ãðàäèåíòíî-ïîäîáíûì,

åñëè åãî íåáëóæäàþùåå ìíîæåñòâî Ωf t ñîñòîèò èç êîíå÷íîãî

÷èñëà ãèïåðáîëè÷åñêèõ ñîñòîÿíèé ðàâíîâåñèÿ, è èíâàðèàíòíûå

ìíîãîîáðàçèÿ ñîñòîÿíèé ðàâíîâåñèÿ ïåðåñåêàþòñÿ

òðàíñâåðñàëüíî.



Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ãðàäèåíòíî-ïîäîáíûõ

ïîòîêîâ
Ñëó÷àé n = 1

Ìàéåð À. Ã. �Ãðóáîå ïðåîáðàçîâàíèå îêðóæíîñòè â îêðóæíîñòü�,

Ó÷¼í. çàï. ÃÃÓ, 1939, �12, 215-229.



Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ãðàäèåíòíî-ïîäîáíûõ

ïîòîêîâ
Ñëó÷àè n = 2, 3

1. Å. À. Ëåîíòîâè÷, À. Ã. Ìàéåð �Î òðàåêòîðèÿõ,

îïðåäåëÿþùèõ êà÷åñòâåííóþ ñòðóêòóðó ðàçáèåíèÿ ñôåðû

íà òðàåêòîðèè�, Äîêë. ÀÍ ÑÑÑÐ, Ò. 14, � 5 (1937),

251-257;



Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ãðàäèåíòíî-ïîäîáíûõ

ïîòîêîâ
Ñëó÷àè n = 2, 3

1. Å. À. Ëåîíòîâè÷, À. Ã. Ìàéåð �Î òðàåêòîðèÿõ,

îïðåäåëÿþùèõ êà÷åñòâåííóþ ñòðóêòóðó ðàçáèåíèÿ ñôåðû

íà òðàåêòîðèè�, Äîêë. ÀÍ ÑÑÑÐ, Ò. 14, � 5 (1937),

251-257;

2. M. Peixoto �On the classi�cation of �ows on two-manifolds�,

Dynamical systems Proc. Symp. held at the Univ.of Bahia,

Salvador, Brasil, 1973, 389-419;



Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ãðàäèåíòíî-ïîäîáíûõ

ïîòîêîâ
Ñëó÷àè n = 2, 3

1. Å. À. Ëåîíòîâè÷, À. Ã. Ìàéåð �Î òðàåêòîðèÿõ,

îïðåäåëÿþùèõ êà÷åñòâåííóþ ñòðóêòóðó ðàçáèåíèÿ ñôåðû

íà òðàåêòîðèè�, Äîêë. ÀÍ ÑÑÑÐ, Ò. 14, � 5 (1937),

251-257;

2. M. Peixoto �On the classi�cation of �ows on two-manifolds�,

Dynamical systems Proc. Symp. held at the Univ.of Bahia,

Salvador, Brasil, 1973, 389-419;

3. G. Fleitas �Classi�cation of gradient-like �ows in dimension

two and three�, Bol. Soc. Mat. Brasil, Ò. 6 (1975), 155-183;

4. ß. Ë. Óìàíñêèé �Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ

òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè òðåõìåðíûõ

äèíàìè÷åñêèõ ñèñòåì Ìîðñà-Ñìåéëà ñ êîíå÷íûì ÷èñëîì

îñîáûõ òðàåêòîðèé�, Ìàò. ñá., Ò. 181, � 2 (1990), 212-239.



Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ãðàäèåíòíî-ïîäîáíûõ

ïîòîêîâ
Ñëó÷àé n > 3 â ïðåäïîëîæåíèè, ÷òî âñå ñåäëà èìåþò òèï (1, n − 1) èëè (n − 1, 1)

1. Ñ. Þ. Ïèëþãèí �Ôàçîâûå äèàãðàììû, îïðåäåëÿþùèå

ñèñòåìû Ìîðñà-Ñìåéëà áåç ïåðèîäè÷åñêèõ òðàåêòîðèé íà

ñôåðàõ�, Äèôôåðåíöèàëüíûå óðàâíåíèÿ, Ò. 14, � 2 (1978);

2. Â. Ç. Ãðèíåñ, Å. ß. Ãóðåâè÷ �Êîìáèíàòîðíûé èíâàðèàíò

ãðàäèåíòíî-ïîäîáíûõ ïîòîêîâ íà ñâÿçíîé ñóììå

Sn−1 × S1�, Ìàòåìàòè÷åñêèé ñáîðíèê, Ò. 214, �5 (2023),

97-127.
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Ðèñ.: Ïîñòðîåíèå ãðàäèåíòíî-ïîäîáíîãî ïîòîêà ñ äèêî-âëîæåííîé

ñåïàðàòðèñîé êîðàçìåðíîñòè 2



Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ãðàäèåíòíî-ïîäîáíûõ

ïîòîêîâ
Ñëó÷àé n > 3 â ïðåäïîëîæåíèè, ÷òî åñòü ñ¼äëà òèïà, îòëè÷íîãî îò (1, n − 1) è

(n − 1, 1)

Å. Â. Æóæîìà, Â. Ñ. Ìåäâåäåâ �Íåïðåðûâíûå ïîòîêè

Ìîðñà-Ñìåéëà ñ òðåìÿ ñîñòîÿíèÿìè ðàâíîâåñèÿ�,

Ìàòåìàòè÷åñêèé ñáîðíèê, Ò. 207, �5 (2016), 69-92.



Ôóíêöèÿ Ìîðñà, ñâÿçàííàÿ ñ ãðàäèåíòíî-ïîäîáíûì

ïîòîêîì

Óòâåðæäåíèå 1.

Äëÿ ëþáîãî ãðàäèåíòíî-ïîäîáíîãî ïîòîêà f t ñóùåñòâóåò
ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ : Mn → [0, n] � ôóíêöèÿ Ìîðñà,

îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:

1. φ ñòðîãî óáûâàåò âäîëü íåçàìêíóòûõ òðàåêòîðèé ïîòîêà f t ;



Ôóíêöèÿ Ìîðñà, ñâÿçàííàÿ ñ ãðàäèåíòíî-ïîäîáíûì

ïîòîêîì

Óòâåðæäåíèå 1.

Äëÿ ëþáîãî ãðàäèåíòíî-ïîäîáíîãî ïîòîêà f t ñóùåñòâóåò
ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ : Mn → [0, n] � ôóíêöèÿ Ìîðñà,

îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:

1. φ ñòðîãî óáûâàåò âäîëü íåçàìêíóòûõ òðàåêòîðèé ïîòîêà f t ;

2. ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè φ ñîâïàäàåò ñ

ìíîæåñòâîì Ωf t ;



Ôóíêöèÿ Ìîðñà, ñâÿçàííàÿ ñ ãðàäèåíòíî-ïîäîáíûì

ïîòîêîì

Óòâåðæäåíèå 1.

Äëÿ ëþáîãî ãðàäèåíòíî-ïîäîáíîãî ïîòîêà f t ñóùåñòâóåò
ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ : Mn → [0, n] � ôóíêöèÿ Ìîðñà,

îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:

1. φ ñòðîãî óáûâàåò âäîëü íåçàìêíóòûõ òðàåêòîðèé ïîòîêà f t ;

2. ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè φ ñîâïàäàåò ñ

ìíîæåñòâîì Ωf t ;

3. φ(p) = dimW u
p äëÿ ëþáîãî p ∈ Ωf t ;



Ôóíêöèÿ Ìîðñà, ñâÿçàííàÿ ñ ãðàäèåíòíî-ïîäîáíûì

ïîòîêîì

Óòâåðæäåíèå 1.

Äëÿ ëþáîãî ãðàäèåíòíî-ïîäîáíîãî ïîòîêà f t ñóùåñòâóåò
ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ : Mn → [0, n] � ôóíêöèÿ Ìîðñà,

îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:

1. φ ñòðîãî óáûâàåò âäîëü íåçàìêíóòûõ òðàåêòîðèé ïîòîêà f t ;

2. ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè φ ñîâïàäàåò ñ

ìíîæåñòâîì Ωf t ;

3. φ(p) = dimW u
p äëÿ ëþáîãî p ∈ Ωf t ;

4. äëÿ ëþáîãî íåêðèòè÷åñêîãî çíà÷åíèÿ c ∈ (0, n) ôóíêöèè φ
ïîâåðõíîñòü óðîâíÿ Σc = φ−1(c) ÿâëÿåòñÿ ãëàäêèì

ïîäìíîãîîáðàçèåì Mn, òðàíñâåðñàëüíûì ê òðàåêòîðèÿì

ïîòîêà f t .



Ôóíêöèÿ Ìîðñà, ñâÿçàííàÿ ñ ãðàäèåíòíî-ïîäîáíûì

ïîòîêîì

S. Smale, �On gradient dynamical systems�, Annals of mathematics,

V. 74 (1961), 199-206.

K. R. Meyer, �Energy functions for Morse-Smale systems�, Amer. J.

Math., V. 90 (1968), 1031-1040.



Ïîëÿðíûå ïîòîêè

Ãðàäèåíòíî-ïîäîáíûé ïîòîê íàçûâàåòñÿ ïîëÿðíûì, åñëè

ìíîæåñòâî åãî ñîñòîÿíèé ðàâíîâåñèÿ ñîñòîèò â òî÷íîñòè èç

îäíîãî èñòî÷íèêîâîãî, îäíîãî ñòîêîâîãî è ïðîèçâîëüíîãî ÷èñëà

ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ.

Ïóñòü f t � ïîëÿðíûé ïîòîê, φ : Mn → [0, n] � åãî

ñàìîèíäåêñèðóþùàÿñÿ ýíåðãåòè÷åñêàÿ ôóíêöèÿ. Îíà çàäàåò

ðàçáèåíèå Mn íà ðó÷êè.



Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ïîëÿðíûõ ïîòîêîâ

1. Åñëè ñ¼äåë íåò, òî Mn ∼= Sn è âñå òàêèå ïîòîêè

ýêâèâàëåíòíû;

2. åñëè ñåäëî îäíî, òî n ∈ {2, 4, 8, 16}, è ýòî ñåäëî èìååò òèï
(n
2
, n
2
)

2.1 ïðè n = 2 M2 ∼= RP2 è âñå òàêèå ïîòîêè ýêâèâàëåíòíû;

2.2 ïðè n = 4 ñóùåñòâóåò ôóíêöèÿ Ìîðñà ñ òðåìÿ

êðèòè÷åñêèìè òî÷êàìè íà CP2, ãðàäèåíòíûé ïîòîê

êîòîðîé ÿâëÿåòñÿ ãðàäèåíòíî-ïîäîáíûì ïîòîêîì ñ òðåìÿ

ñîñòîÿíèÿìè ðàâíîâåñèÿ, à êëàññ òàêèõ ïîòîêîâ âñåãî îäèí;

2.3 ïðè n = 8 (16) ñóùåñòâóåò 6 (60) ðàçëè÷íûõ ãîìîòîïè÷åñêèõ
òèïîâ ìíîãîîáðàçèé, íåñóùèõ òàêèå ïîòîêè.

J. Eels, N. Kuiper �Manifolds which are like projective planes�,

Institut des Haute studes Scienti�ques Publications Mathematiques,

V. 14 (1962), 5-46:



Â ðàáîòå ðàññìàòðèâàåòñÿ êëàññ P(M4) ïîëÿðíûõ ïîòîêîâ íà
ñâÿçíûõ çàìêíóòûõ ÷åòûðåõìåðíûõ ìíîãîîáðàçèÿõ ïðè

óñëîâèè, ÷òî äëÿ ëþáîãî f t ∈ P(M4) âñå ñ¼äëà èìåþò òèï
(2, 2). Ëåãêî ïîêàçàòü, ÷òî M4 îäíîñâÿçíî.

Äëÿ f t ∈ P(M4) îïÿòü æå ïîëàãàåì φ : M4 → [0, 4] �
ñàìîèíäåêñèðóþùàÿñÿ ýíåðãåòè÷åñêàÿ ôóíêöèÿ.
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Ðèñ.: Ôàçîâûå ïîðòðåòû íåýêâèâàëåíòíûõ ïîòîêîâ



Íåîáõîäèìîå óñëîâèå ýêâèâàëåíòíîñòè ïîòîêîâ êëàññà

P(M4)

Ïðåäëîæåíèå 1.

Ïóñòü ïîòîêè f t , f ′t ∈ P(M4) òîïîëîãè÷åñêè ýêâèâàëåíòíû.

Òîãäà ñóùåñòâóåò ãîìåîìîðôèçì h : Σc1 → Σ′
c1 òàêîé, ÷òî

h(Lc1) = L′c1 .



Äèàãðàììà Êèðáè ïîòîêîâ êëàññà P(M4)

Ñîâîêóïíîñòü {lp,c1 , l̃p,c1}p∈Ω2

f t
íà ñôåðå Σc1 áóäåì íàçûâàòü

äèàãðàììîé Êèðáè ïîòîêà f t .

Ðèñ.: Äèàãðàììà Êèðáè ïîòîêà f t ∈ P(M4).



Ïîëíûé èíâàðèàíò ïîòîêîâ êëàññà P(M4)

Òåîðåìà 1.

Ïîòîêè f t , f ′t ∈ P(M4) òîïîëîãè÷åñêè ýêâèâàëåíòíû òîãäà è

òîëüêî òîãäà, êîãäà ñóùåñòâóåò ãîìåîìîðôèçì h : Σc1 → Σ′
c1

òàêîé, ÷òî:

1. h(Lc1) = L′c1 ;

2. h(l̃p,c1) = l̃ ′p′,c1 äëÿ êàæäîé ïàðû óçëîâ lp,c1 ⊂ Lc1 ,
l ′p′,c1 = h(lp,c1) ⊂ L′c1 .



Ðèñ.: Èëëþñòðàöèÿ ê òåîðåìå 1



Âûâîä

S ´2 S2

#CP2CP2 ¾#CP2CP2

S ´2 S2~

Ðèñ.: Îñíàù¼ííûå çàöåïëåíèÿ, ïðåäñòàâëÿþùèå ðàçíûå êëàññû

ýêâèâàëåíòíîñòè ïîëÿðíûõ ïîòîêîâ


